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Abstract

Consider a source that produces independent copies of a triplet of jointly distributed
random variables, {X;,Y;, Z;}5°,. The process {X;} is observed at the encoder, and
is supposed to be reproduced at two decoders, decoder Y and decoder Z , where {Y;}
and {Z;} are observed, respectively, in either a causal or non-causal manner. The
communication between the encoder and the decoders is carried in two successive stages.
In the first stage, the transmission is available to both decoders and they reconstruct
the source according to the received bit-stream and the individual side information
({Z;} or {Y;}). In the second stage, additional information is sent to both decoders and
they refine the reconstructions of the source according to the available side information
and the transmissions at both stages. It is desired to find the necessary and sufficient
conditions on the communication rates between the encoder and decoders, so that the
distortions incurred (at each stage) will not exceed given thresholds. For the case of non-
degraded causal side information at the decoders, an exact single-letter characterization
of the achievable region for is derived for the case of pure source-coding. Then, for the
case of communication between the encoder and decoders carried over independent
memoryless discrete channels with random states known causally/non-causally at the
encoder and with causal side information about the source at the decoders, a single-letter
characterization of all achievable distortion in both stages is provided and it is shown
that the separation theorem holds. Finally, for non-causal degraded side information,
inner and outer bounds to the achievable rate-distortion region are derived. These
bounds are shown to be tight for certain cases of reconstruction requirements at the
decoders, thereby shading some light on the problem of successive refinement with non-
degraded side information at the decoders.

Index terms - causal/non-causal side information, channel capacity, degraded side-
information, joint source-channel coding, separation theorem, source coding, successive
refinement.

1 Introduction

We consider an instance of the multiple description problem, which is successive refine-

ment (SR) of information. The term “successive refinement of information” is applicable



to systems where the reconstruction of the source is done in a number of stages. In such
systems, a source is encoded by a single encoder which communicates with either a single
decoder or a number of decoders in a successive manner. At each stage, the encoder sends
some amount of information about the source to the decoder of that stage, which also has
access to all previous transmissions. The decoder bases its reconstruction on all available
transmissions, and, possibly, on some additional side information (SI). The quality of recon-
struction at each stage (at each decoder) is measured with respect to a predefined distortion
measure. In the case of pure source coding, the information transmitted by the encoder at
each stage arrives at the decoder noiselessly, while in the case of noisy channels connecting
the encoder and decoders, the transmission received at the decoder is corrupted and thus,
joint source-channel coding should be applied.

A number of works have dealt with the problem of successive refinement [1]-[4], and the
related problem of hierarchical coding [5]-[7]. In [4], the problem of successive source coding
was studied for the Wyner-Ziv setting, i.e., when SI is available to each decoder non-causally
[8]. The encoder transmits a source sequence, X, to two decoders in two successive stages.
Necessary and sufficient conditions were provided in [4], in terms of single-letter formulas,
for the achievability of information per-stage rates corresponding to given distortion levels
of each communication step. For the case of identical SI available at all decoders, the two-
stage coding scheme was extended to include any finite number of stages. Also, conditions
for a source to be successively refinable with degraded SI were introduced in [4] for the
two-stage case. Generally speaking, the notion of degraded SI means that the quality of SI
available at the decoders of later stages is better than that of earlier stages.

In [6], the problem of successive refinement with SI available non-causally at each de-
coder was studied from a different viewpoint. Instead of considering per-stage communica-
tion rates, the analysis of successive refinement was performed with respect to cumulative
(sum-) rates achievable at each stage, under per-stage source restoration assumptions. A
single-letter characterization of the achievable region with successive coding sum-rates and
distortions was provided for the case of degraded SI at the decoders. It turned out that
when the rate-sums are analyzed, it is possible to characterize an achievable rate-distortion
region for any number of stages as long as the SI at the decoders is degraded.

In [7], the problem of successive refinement was investigated for the case of SI available

causally at the decoders. It turned out that, unlike the above described non-causal settings,



when SI is available causally, the characterization of the achievable per-stage rate-distortion
region is possible without constraining SI to be degraded.

The works reported in the field of successive refinement thus far have considered refine-
ment of information when the transmission at each stage has been addressed to a single
decoder. There are, however, many applications where a single encoder conveys informa-
tion to several decoders in a single transmission. Heegard and Berger [9] and Kaspi [13]
studied independently the following scenario: a single encoder communicates via a single
transmission with two decoders one of which accesses the transmission only, while the other
has a non-causal access to some SI correlated with the source. The source sequence should
be reconstructed at both decoders with a certain accuracy and, under these distortion con-
straints, it is desired to reduce the communication rate as much as possible.

The minimum achievable communication rate, i.e., the rate-distortion function obtained
for this setup is referred to as the Heegard-Berger rate-distortion function. It was also
extended in [9] to include a coding theorem for more that two decoders, each having access
to a different SI with a degraded structure. Now, assume that there is a demand for a better
reconstruction at either one or both decoders, i.e., the source is required to perform a multi-
level successive refinement, still communicating with all decoders via a single transmission.
A question of obvious interest is the following: is it possible to characterize the achievable
rate-distortion region for this generalized problem of successive refinement?

In this work, we jointly extend the works of [9], [4], [6] and [7]. Specifically, we study the
scenario of two-decoders, two-stage successive refinement of information, with SI available
at all decoders in either a causal! or non-causal manner. For the causal case, we provide
a single-letter characterization of the achievable rate-distortion region, which is straightfor-
wardly extendable to any number of decoders accessible in each stage and any finite number
of stages. For the case of non-causal SI, we provide inner and outer bounds to the achievable
rate-distortion region for the case of degraded SI. Note that although the SI is degraded at
each stage, when both stages are viewed jointly, SI is no longer degraded (same SI is used at

both stages and thus it is not longer possible to say that at the later stage the SI is of better

!There are few reasons for our interest in the scenario of causal SI at the decoders. The first motivation
is an attempt to include the concept of SR in zero-delay sequential coding systems. Schemes with causal
SI can be also viewed as denoising systems, where each decoder performs SI sequential filtering with the
aid of rate-constrained information provided by the encoder. Introducing SR to such systems is of practical
importance, as it simplifies the decoding process in the sense of performing denoising of the SI symbols
causally, in a number of steps, rather than using the entire SI sequence.



quality), and therefore this setting is of particular interest. When considering the case of
causal SI, we provide the exact achievable region in terms of the per-stage rates, while for
the case of non-causal SI, we refer to the sum-rates. The difficulty in characterizing the
per-stage rates for a general scheme here is similar to that faced in [4].

For the case of causal SI we then extend the noise-free setting into a problem of com-
munication over noisy discrete memoryless channels with random states known causally
or non-causally at the encoder at all stages of communication. We obtain a single-letter
characterization of the region of all achievable distortions for both decoders at both stages
of communication. This characterization reveals that the separation principle is applicable
for this problem, i.e., it is possible to separately encode the source sequence with a good
SR source code and then to transmit the obtained bitstreams with a good channel code
at each stage of communication, without losing asymptotic optimality. This part of the
paper extends the results of [10] and [11] to the multi-stage multi-decoder communication.
Specifically, in [10] it was shown that the separation principle holds for a single-stage single
encoder-decoder communication over a simple discrete memoryless channel. This setting
has been extended in [11] to communication over a channel with random parameters known
causally or non-causally at the encoder and decoder having non-causal access to the SI
correlated with the source and there also it was shown that separate source channel coding
is, in fact, optimal.

Note that all known closed form (single-letter) results regarding SR (and its variations)
for decoders having non-causal access to different SI data, such as [9], [3], [4] and [6], treat
the case of degraded SI at the decoders. Thus, there is a special interest in the following sub-
case of the problem treated in this paper - SR with non-causal degrades SI at the decoders,
when decoders are accessed in the reversed order of degradedness of SI. Specifically, for
the two-stage scheme, assume that in the first stage some information is to be conveyed
to the decoder that has access to SI of a better quality. Then, at the refinement stage,
the decoder with less informative SI should reconstruct the source sequence based on the
transmissions of both stages. This problem has been also addressed in [14]. Specifically,
in [14], inner and outer bounds on the achievable rates and distortions have been derived
and it was shown that these bounds coincide when reconstruction at either stage should be
lossless at the matching decoder. The work presented in [14] has been performed in parallel

to the researched described in this paper and the inner bounds presented in [14] can be



easily derived from the results of this paper. The outer bound provided in this paper is
more precise than that provided in [14] as is discussed in detail in Section 4.

The outline of the paper is as follows: In Section 2, we give notation conventions used
throughout the paper. A formal definition of the problem is provided in Section 3. In
Section 4, for the case of causal SI at the decoders, we give the exact characterizations of
the achievable rate-distortion region and formulate the coding theorems for the successive-
refinement two-stage source coding and the joint source-channel coding; for the case of
non-causal SI at the decoders, we provide inner and outer bounds to the rate-distortion
region and show that in some cases these bounds are tight. The proofs are provided in

Sections 5 and 6 for the cases of causal and non-causal SI, respectively.

2 Notation Conventions and Preliminaries

Throughout the paper, random variables will be denoted by capital letters, specific values
they may take will be denoted by the corresponding lower case letters, and their alphabets
will be denoted by calligraphic letters. Similarly, random vectors, their realizations, and
their alphabets will be denoted, respectively, by boldface capital letters, the corresponding
boldface lower case letters, and calligraphic letters, superscripted by the dimensions. The
notations xf and X Zj , where ¢ and j are integers and ¢ < j, will designate segments (x;, ..., ;)
and (Xj, ..., Xj), respectively, where for ¢ = 1, the the subscript will be omitted. For
example, a random vector X = X4V = (X, ..., X), (N-positive integer) may take a specific
vector value x = :U{V = (z1,...,zN) in XN the Nth order Cartesian power of X, which is
the alphabet of each component of this vector. The cardinality of a finite set A will be
denoted by |AJ.

Sources and channels will be denoted generically by the letter P, subscripted by the name
of the random variable and its conditioning, if applicable, e.g., Px(x) is the probability of
X =z, Py x(y|z) is the conditional probability of Y = y given X = z, and so on. Whenever
clear from the context, these subscripts will be omitted. The class of all discrete memoryless
sources (DMSs) with a finite alphabet X will be denoted by P(X), with Py denoting a
particular DMS in P(X), i.e., P(X) = {Px : ) cx Px(x) =1, Vz € X : Px(x) > 0}.

For a given positive integer IV, the probability of an N-vector = (z1,...,zy) drawn from



a DMS Py, is given by
N AN
Pr{X;=um;, i=1,..,N} = [[ Px(z:) = Px(=). (1)
=1

A Markov chain formed by a triplet of random variables (RVs) (X,Y, Z) with a joint
distribution Pxyz(x,y, z) will be denoted by X +Y + Z.

A distortion measure (or distortion function) is a mapping from the set X x ) into the
set of non-negative reals: d : X x ) — RT. The additive distortion d(z, y) between two
vectors z € XV and y € YV is given by: d(z, y) = + SN d(z, yi).

The information-theoretic quantities, used throughout this paper, are denoted using the
conventional notations [12]: For a pair of discrete random variables (X,Y) with a joint
distribution Pyy (7,y) = Px(7)Py|x (y|z), the entropy of X is denoted by H(X), the joint
entropy - by H(X,Y), the conditional entropy of Y given X - by H(Y|X), and the mutual
information by I(X;Y), etc., where logarithms are defined to the base 2.

We next describe the notation related to the method of types, which is used throughout
this paper in the direct proofs. For a given memoryless source Py and a vector & € XN,
the empirical probability mass function is a vector Py = {Py(a),a € X'}, where Px(a) is the
relative frequency of the letter ¢ € X in the vector . For a scalar § > 0, the set TI‘ZX of all
S-typical sequences is the set of the sequences € X'V such that |Py(a) — Px(a)| < § for

every a € X. In this paper, we use some known results from [12]. First, for every x € T]‘_E,X,
o~ NH(X)+a] < Px(z) < 2_N[H(X)_€1]’ (2)

where €; = €(J) vanishes as 6 — 0 and N — oo. It is also well-known (by the weak law of
large numbers) that:
Pr{X¢T) }<e (3)
where €5 = €2(9), €2 — 0 as N — 0.
For a given conditional distribution Py|y and for each = € T/ ]‘ZX, the set T Iéxy of all

sequences y that are jointly d-typical with @, is the set of all y such that:
| Pxy(a,b) — Px(a)Py|x(bla)] <& (4)

for all a € X,b € ), where Pyy(a,b) denotes the fraction of occurrences of the pair (a,b) in

(z,y). For any x € TI‘ZX and any 6 > 4,

9= NI(X;Y)+es)] Z Py(y) < 9~ NI(X;Y)—es] (5)

y:(x,y)ET}‘ixy

6



where €3 = €3(, 5) vanishes as 6,6 — 0 and N — oo. These typicality definitions and
properties, are straightforwardly extendable for jointly typical sequences which come in

triplets, quadruplets and so on and we use these in the paper.

3 System Description and Problem Definition

We refer to the communication system depicted in Figure 1. Consider a source that produces
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Figure 1: Two-stage communication scheme.

independent copies {X;,Y;, Z;}i>1 of a triplet of RV’s, (X,Y, Z), taking values in a finite
alphabet X x Y x Z, and drawn under a joint distribution Pxyz. The process {X;} is
observed at the encoder and is supposed to be reproduced at the decoders, where {Y;}
and {Z;} are observed at decoders Y and Z, respectively. The source is available at the
encoder non-causally and at the decoders either causally or non-causally, at all stages. At
the first stage of SR, the reproductions at decoders Y and Z take values in the finite sets,

X and X, respectively, while at the second stage, the reproduction finite sets are X and X,



respectively.

The coding scheme with causal/non-causal SI at the decoders operates as follows: at the
first transmission, the encoder sends some amount of information to both decoders over the
channel. We consider block coding, i.e., an N-vector X (N is a positive integer) is encoded
at rate R; into a binary sequence of length M, where R) = % logy M. The binary sequence
then takes values in {0,1,...,2V%1 —1}. At the first stage, when non-causal SI is considered,
decoder Y receives the binary bitstream and reconstructs X = (X Ly eens X N) € xN , based on
it and the SI Y, while in the case of causal SI, the reconstruction of the i-th component, Xu is
based on the encoder transmission and only i first symbols of the SI, i.e., Y{. Similarly, with
non-causal SI, decoder Z uses the encoder transmission and Z in its entirety and reproduces
X = (Xl, - XN) € XN, while in the case of causal SI, only the bitstream and Zi are used
for reproduction of X;. The quality of reconstruction at each of the decoders is judged in
terms of the expectations of additive distortion measures d, 1 (X, X) = % Zi\il dy1(Xs, Xz)
and d.1(X, X) = & SN | d.1(X;, X;), where dy1(X, X) and d,1(X,X), X € X, X € X,
X e X, are non-negative, bounded distortion measures. At the second stage, the encoder
sends, at rate Ro— R1, an additional information about the source sequence to both decoders,

A . .
= oN(F2—R1) taking values in

also in the form of a binary bitstream, this time of length M
{0,1, ..., oN(Ba—F) _ 1} . The decoders reconstruct the source sequence with better accuracy
(in terms of the distortion measures) according to both transmissions of the encoder and
the individual SI’s. The distortions measures used at the decoders Y and Z at this stage
are also additive, d,o(X, X) = & SN | dyo(Xi, Xi) and d2(X, X) = £ 3N d. o(X;, X)),
where dy72(X,X) and d,2(X,X), X € X, X € X, X € X, are non-negative, bounded
distortion measures. This setting can be straightforwardly extended to any number of
refinement stages as well as any number of decoders at each stage. We confine ourselves to

the case of two decoders and two stages.

We begin with the case of non-causal SI.

Definition 1. An (N, My, Mo, {Ay 1, A, x}2_,) source code for a single encoder, two de-
coders and two-stage successive refinement with non-causal SI at the decoders, for the source

Pxy z, consists of a first-stage encoder-decoder triplet (fi,gy1,9:1):

fie XN = {1,2,.., M}, (6)
gy,l : yN X {1,2, ...,Ml} — .)E‘N, (7)
gon 2 ZN x {1,2,..., M} — XN, (8)



and a second-stage encoder-decoder triplet (fa, gy2,92.2):

fo: XN = {1,2,..., My}, (9)
gy VN x {1,2,.., M1} x {1,2,..., Mo} — &V, (10)
geo: ZN X {1,2,.., My} x {1,2,..., Mo} — XV, (11)
such that
Ed, (X, X) < NA,, Ed,;(X,X) < NA,,
and

Edy2(X,X) < NA, - Ed,»(X,X) < NA,».

When SI is available to the decoders causally, in analogy to Definition 1, it is possible
to define an (N, My, Ma, {Ay x,A, k}2_;), source code for coding with causal SI, where the
first-stage decoder pair (gy1,9-1) is now presented via {g, 1}, and {g.1,:},, where
gy,1,; and g, 1; denote the reconstruction functions for the i — th symbol of XN and XV ,

respectively:

gy,l,i : yi X {1727 "'7M1} - ‘)e‘v (12)

9z14: Z{ X {1,2, ...,Ml} — )E (13)

Similar adjustments of definitions should be applied to the second stage, considering now

(9y,2, g=,2) presented in terms of {gy,gﬂ-}i]\il and {gz,gﬂ-}i]il:

Gy Vi x {1,2,., My} x {1,2, ..., Ma} — X, (14)

Ge0i 21 x {1,2,.., M1} x {1,2,..., Mo} — X. (15)

The sum-rate pair (R1, R2) of the (N, M1, Ma, {Ay 1,2, x}3_;) code for two stage successive

refinement for two decoders is given by Ry = 3 logy (M) and Ry = + logy (M - Mo).

Definition 2. Given a distortion quadruplet D = {A, 5, A, x}e_y, a rate pair (R, Ra)
is said to be achievable with SI (Y,Z) if for every e > 0, there exists a sufficiently large
block length N, for which there is an (N,2NFite) gN(Rate) Ay1+e€ A1 +€,Ay2+e,
Ao+ €), source code for successive refinement with non-causal SI at the decoders for the

source Pxy 7.



The definition of the notion of an achievable region with causal SI per-stage rates can
be straightforwardly modified in parallel to Definition 2, referring to the first stage rate
R; and the second-stage rate AR = Ry — Ry = %logQ(Mg). The collection of all D-
achievable rate pairs is the achievable rate-region for successive-refinement coding with
non-causal (respectively, causal) SI and is denoted by R(D)y. (respectively, R(D).). The
collection of all (Ry, Ra, {A1k, Aok }_;)-achievable rate-distortion tuples is the achievable
rate-distortion region, and is denoted by RD,,. and RD,, referring to non-causal and causal
settings, respectively. In this work, we propose strategies for (asymptotically) achieving any
given point in RD, and certain points in RD,,..

It is also interesting to investigate the scenario where communication between the en-
coder and the decoders is carried over a noisy media. In this case, the source block X is fed
into a joint source-channel encoder, whereas the corresponding blocks of Y and Z are fed as
side information in either a causal or non-causal manner into the Y and Z decoders, respec-
tively. In the sequel, we confine ourself to the case of causal source SI at both decoders.?
In this paper, at each stage of communication, the noisy media is modeled by a discrete
memoryless channel whose output is governed by its input and a random parameter which
is known at the encoder either causally or non-causally.

Consider the communication scheme depicted in Figure 2. The channel used at the first
stage is channel 1, Pp|4 g, and at the second stage is used channel 2, Pg 5 5. The channels
are independent and we denote their capacities by C7 and C5, respectively. The channels
work as follows: The input of Channel 1 is a vector pair (A}, ST'), where n is a positive
integer and where A and S take values in the finite sets, A and S, respectively. Channel
1 produces a vector output B", whose components take values in the finite set B. The
conditional probability of (B") given (A", S") is characterized by Ppgnjan gn(b"|a™,s") =
[Ti2; Ppja,s(bilai, ;). The vector A™ is referred to as the channel input and S™ is referred to
as the channel state sequence, governed by another discrete memoryless process Pgn (s™) =
[T, Ps(s;), independently of (X~, Y™ Z¥). The operation of Channel 2 is described in
a similar fashion by the triplet (A™, B™ S™,) instead of (A", B™, S™) and corresponding
marginal and conditional probabilities. Note that in the context of Channel 2, all blocks

are of length m, where m is a positive integer. We denote the source-channel rate ratios by

2Since the complete characterization of RD,,. is still open, there is no point in analyzing the scenario of
communication over noisy channels for the case of non-causal source SI at the decoders.
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Figure 2: Communication over noisy channels with causal SI.

Now, instead of the binary bitstream generated in the noise-free case, the first-stage
joint source-channel encoder implements a deterministic function a” = fi(z, s") and the
second-stage joint source-channel encoder implements another deterministic function a™ =
fo(xN', &™), If the channel states are available at the encoder causally, each channel symbol

N i

a; depends only on 2V, ¢~ and s’, and each @; depends only on "V, @*~! and §'. In the

non-causal case, each channel symbol a; depends on %V, ¢~ ! and s”, and each a; depends
N, @1 and 8. The first-stage decoders Y and Z are defined now by deterministic
functions g,1(y",a") and g.1(z",a™), respectively, and the second stage decoders Y and
Z are defined by deterministic functions g, 2(y”,b",b™) and g, 2(2", ", b™), respectively.
The channel states S and S are independent and we interpret the independence of the
channels via the Markov relation (S, B) +~ X + (S, B).

In parallel to Definitions 1 and 2, we define the following:

11



Definition 3. For a given memoryless source Pxyyz and two memoryless channels with
random states Ppjs s and Pgia5 an (N,n,m, Ay 1,8, 1,8y 2,7, 2) joint source-channel
code for successive refinement with causal state information at the encoder and causal side

information at the decoders consists of a sequence of n first-stage encoding functions:

fli: XN xS = A, i=1,..,n, (16)
a sequence of N first-stage decoding functions

Gyai: Vi xB* =X, i=1,.. N, (17)
and

Geni: Z'xB" = X, i=1,..,N, (18)
a sequence of m second-stage encoder functions

foi: XN xS = A, i=1,..,m, (19)

and a sequence of N second-stage decoding functions:

Gyoi: V' xB"xB™ - X, i=1,..,N, (20)
and
G200 Z'xB"xB™ - X, i=1,..N, (21)
such that
Edy (X, X) < NA,;1  Ed. (X, X) < NA,,
and

Edys(X,X) < NAys Ed.»(X,X) < NA,,,
where the expectations are w.r.t. the source and the channels.

Definition 4. Given the source-channel rate ratios p1 and p2, a distortion quadruplet D =
{Ayk, AZJf}%:l is said to be achievable if for every e > 0, there exist sufficiently large N, n
and m, with p1 =n/N and po = m/N, and there ezists an (N,n,m, Ay 1+€, A, 1+€, Ay o+
€, A, 2+ €) joint source-channel code for successive refinement with causal/non-causal state
information at the encoder and causal side information at the decoders for the source Pxy 7
and the channels Pp|a s, Pg45- The distortion region, denoted D, is the closure of the set

of all achievable quadruplets D.

12



We provide a single-letter characterization of D for the cases of causal/non-causal chan-
nel state information availability at the encoder. In particular, we show that any given
point in D can be achieved by separate source coding for the source Pxyz (achieving RD,)

and capacity-achieving channel coding (independently of the source).

4 Main Result

4.1 Causal Side Information

4.1.1 Pure Source Coding

We begin with the case where availability of SI at the decoders is restricted to be causal.
Let a distortion quadruplet D 2 ({Ay ks AL }2_,) be given. Define R*(D). to be the set of
all rate pairs (R, R2) for which there exist RVs (W7, W), taking values in finite alphabets,
Wi, Ws, respectively, s.t the following holds simultaneously:

1. The following Markov chain holds:

(W1, W) + X + (Y, Z). (22)

2. There exist deterministic decoding functions Gy : Y x W) — X Gt Z2XxX W — X ,
and Gy2: Y X Wi x Wh —>2€, G.2: Zx W1 x W — X, such that

Edy1(X,Gy1(Y,W1)) <Ay (23)
Ed. (X,G.1(Z,W)) <AL (24)
Edy2(X,Gy2(Y, W1, W2)) <Ay (25)
Ed,»(X,G.2(Z,W1,Wa)) <A (26)

3. The alphabets W; and W, satisfy:
(Wi <[X]+5, Wa| < |X]- W] +2 (27)
4. The rates Ry and Ry satisfy
Ry > I(X;W1) Re— Ry > I(X; Wa|Wh). (28)
The main result of this subsection is the following:

13



Theorem 1. For any DMS Pxy 7,
R(D). = R*(D).. (29)

The proof of Theorem 1 appears in Section 5. Note that when SI is available at the
decoders causally, there is no degradedness assumption on SI, which is very different from
the case of SR with non-causal SI even when a single decoder is considered at each stage
[4]-[6], as well as for the multi-group SR discussed in the next section.

The relative simplicity of characterization of R(D). is better understood when studying
the achievability scheme: The direct part is based on the fact that the encoder transmits a
concatenation of indexes of the auxiliary codewords ? instead of bin numbers transmitted
in the non-causal setting [4]-[6]. Hence, each decoder can access all the auxiliary codewords
directly and, unlike in the non-causal setting, it does not use its SI to retrieve codewords, but
only for reconstruction. Unlike in the case of coding with non-causal SI at the decoders, the
results obtained for the two-decoder two-stage coding with causal SI are straightforwardly
extendable to any number of decoders and refinement stages and the number of auxiliary

RVs is determined solely by the number of communication stages?.
4.1.2 Joint Source-Channel Coding

We next address the problem of joint source channel coding, where at each communication
stage the encoder conveys its information to two decoders over a noisy stationary memoryless
channel governed by a random state, which is known causally or non-causally to the encoder.
The general scheme is described in Fig. 2. The necessary and sufficient conditions for

(A1, Ag) to be the achievable distortion levels are summarized in the following Theorem:

Theorem 2. Given a DMS Pxy z, the distortion levels ({Ay k, Az,k}i:ﬂ are achievable for
successively refinable communication with causal SI at the decoders over noisy stationary
memoryless channels Pg o|a,s and Ppg 54 5 with channel states known at the encoder either
causally or non-causally if and only if there exist auziliary RVs Wy and Wa, taking values
in finite alphabets Wy and Wa, of cardinalities given by (27) and satisfying (22), and de-

terministic decoding functions Gy 1, G»1, Gy and G 2, satisfying (23) - (26), respectively,

3The direct use of indexes of the auxiliary codewords, similarly as is done for coding without SI at the
decoder, was first introduced in [15], in the achievability proof of the characterization of the rate-distortion
function with causal SI at the decoder.

4While, as we show in the next section, in the non-causal setting, at each stage, for each decoder, at least
one auxiliary codeword is added to the direct scheme.
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such that

I(X;Wy) < p1Ch, (30)

I(X; Wo|[W1) < paCs. (31)

There is an obvious similarity between the characterization of D, and the character-
ization of the region of all achievable distortion levels described in Theorem 2, both for
the cases of causal and non-causal state information at the encoder. The only difference
in characterizations is the following: in the case of communication over noisy channel the
upper-bounds in (30) and (31) are p;Cy and p2Csy, while in the noise-free case, these bounds
are substituted by R; and Ry — Ry, respectively. Therefore, a possible achievability scheme
is the one based on separate source and channel coding.

The direct proof of Theorem 2 comes from a concatenation of the asymptotically opti-
mal source code designed for multi-group successive refinement, which is independent of the
channels, and a reliable channel codes, independent of the source, designed for each of the
channels (with channel state informations available to the encoder either causally or non-
causally). The channel codes should achieve (at least asymptotically) the capacity of the
relevant channels. Now, if such source and channel codes are used and the distortion con-
straints are maintained by the source code, as soon as I(X; W1) < p1Cy and I(X; Wa|W7) <
p2Co, it is always possible to select source and channel rates Rg; and R, for the first stage
and Ry — Rs1 and Ry for the second stage such that NI(X;W7) < NRg = nRa < nCy
and NI(X;Ws|W;) < N[Rs2 — Rs1] = mRe < mCy. Now, it is possible to compress the
source sequence into Rs bits per symbol for the first stage and into Rgo — Rs1 bits per
symbol for the refinement stage, such that the distortions {(A,;, A, ;)}7_, are satisfied
and then map the obtained bitstreams of length N Ry; and N|[Rs2 — Rs1] into channel code-
words of length nR. and mR., respectively. Since R,y < Cp and Re < (o, from the
standard coding theorem ([18] or [17]), there exist channel codes that cause asymptotically
negligible distortions. Also, by the source coding theorem (Theorem 1) all the distortions
for which NI(X;W1) < NRg and NI(X;W3|W;) < N[Rs2 — Rs1] are achievable. Thus,
the distortions {(Ay,;, Az ;) ?:1 such that NI(X; W) < nC; and NI(X; Wa|WWp) < mCy
are achievable. The details of the converse proof are provided in Section 5, and, similarly
as in the noise-free case, the proof is easily extendable to more than two communication

stages and more than two decoders at each stage.
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4.2 Non-Causal Degraded Side Information

Unlike in the case of causal SI, in the noncausal case, a closed-form characterization of the
achievable rate-distortion region with non-causal SI at the decoders is yet to be derived.
In this subsection, we provide outer and inner bounds to the achievable region, discuss the
differences between the bounds and show that in certain cases, the bounds coincide, i.e.,
the rate-distortion region is fully characterized for these special cases. We begin with the

outer bound.

4.2.1 Outer Bound

Define R**(D)y. to be the set of all rate pairs (R, Ry) for which there exist RVs {W;}1_,
and V, taking values in finite alphabets, {W;}}_; and V), respectively, such that (s.t.) the

following conditions are satisfied:

1.
(Wl,WQ,Wg,W4,V)+X+Z+Y (32)

is a Markov chain.
2. There exist deterministic decoding functions Gy 1 : Y xW; — X yGo1t ZX Wi x Wa X
V=X, Gya: YXWi xWixV —Xand Goo: ZXx Wi x Wo x Wy x Wy xV — X,

such that

Edy1 (X, Gy1(Y,W1)) < Ay (33)
Ed,(X,G.1(Z,W1,W3,V)) <A, (34)
Edy,2 (X7 Gy,Q(Y, W].a W37 V)) < Ay,Q (35)
EdZ,Q(Xv GZ,Z(Z, W17W2aW3aW4aV)) é AZ,Q (36)

3. The alphabets {W;}}_, and V satisfy:
Wi| < | X[ +5, (37)
V| <|X|- |W1| + 4, (38)
(Wa| < |X|- W] V| +3, (39)
Ws| < |X[|- W] - [Wel - V] + 2, (40)
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(Wal < |X|- [Wh[- Wal - W] - V] + 1. (41)
4. The rates Ry and Ry satisfy

Ry > I(X; W |Y) + I(X; Wa, VWL, Z) (42)

Ry > I(X; Wi, W3, VIY) + I(X; Wa, Wy|[W1, W3, V, Z) (43)
The outer bound to the rate-distortion region is summarized in the following Theorem:

Theorem 3. For any DMS Pxyyz s.t. X ~Z +Y, and a quadruplet of distortions D =
{Ay,k’ Az,k}%:p R(D)nc - R**(D)nc

The proof of this result follows the lines of the converse proof of Theorem 1 in [4] and
it is provided in Section 6. Consider now to the case where the distortion requirements are
Ay1=o00and A, s = A,;, ie., the case where at the first stage only Z-decoder is required
to reconstruct the source and at the second stage the Y-decoder is required to reconstruct
the source while Z-decoder is not required to improve its source reconstruction any further.
Define the degraded region R(D)y. of all rates and distortions matching A, ; = oo and
A.2=A.1 by R(Ay2,A1). This special instance of our problem has been studied in [14].
The outer bound obtained in [14] is the following: Define the region Rout(A1, Ag) to be
the set of all rate pairs (R, Rg) for which there exist random variables (W3, Wa) in finite
alphabets Wy, W s.t. the following conditions are satisfied:

1) (Wl,W2)+X+Z+Y.

2) There exist deterministic maps Gy : Z2 x W) — X and Gy : Y X Wy — X st.
Ed. (X, f1(Z,W1)) < Ay and Edy (X, fo(Y, W) < As.

3) Wil < |X|(1X] +3) +2, Wa| < [X]+ 3.

4) The non-negative rate vectors satisfy:
Ry > I(X;W1h|Z), Ry + Ro > I(X; WhlY) + I(X; Wh|Z, W),

Theorem 4. [1}] For any discrete memoryless stochastic source with SIs under the Markov
condition X + 7 =Y, R(A1,As) C Rout-

Note that this outer bound is straightforwardly obtainable from the outer bound of this pa-
per by taking Wy = const., V' = const., Wy = const. and renaming the pair (W, W3) to be
(W1, W) as well as setting (Ay 1, Az 1, Ay 2, A 2) to be equal (0o, A1, Ag, Ay), respectively,
and also disregarding (Gy,1,G>,2) while renaming (G 1, Gy 2) to be (G1,G2).
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4.2.2 Inner Bound

Let a distortion quadruplet D 2 {Ayk, A,k }2_, be given. Define R*(D),. to be the set
of all rate pairs (Ry, Rp) for which there exist RVs {W;}X | and V, taking values in finite
alphabets, {Wi}le and V, respectively, s.t. the following conditions are satisfied:

1. The following Markov conditions hold:
(Wl,WQ,Wg,W4,V)+X+Z+Y (44)
Wy + (X, Wi, V) = Ws (45)

2. There exist deterministic decoding functions G 1 : YxW; — 2\?, G.1: ZXWixWoxV —
X, Guo: Y XWi x Wi xV — X, Gro: Zx W x Wy x Wy x Wy x V — X such that

Edy1(X,Gy1(Y,W1)) < Ay (46)

Ed, (X,G,1(Z,W,W5,V)) <A, (47)
Edy o(X, Gy (Y, W1, W5, V)) < Ay o (48)
Ed,o(X,G,2(Z, Wi, Wo, W3, Wy, V)) < Ao (49)

3. The alphabets {W;}}_, and V satisfy:

(Wi| < |X]+6, (50)
VI < |X[- W] + 5, (51)
(Wal < |X]- W[ - V] +4, (52)
Ws| < [X]- W] - (Wal - V] + 3, (53)
(Wal < |X|- W] - Wal - W] - V] + 2. (54)
4. The rates Ry and Ry satisfy
Ry Z[(X;W1’Y)+I(X;WQ,V‘W1,Z) (55)

Ry > I(X;Wy,V,Ws|Y) + I(X; Wa W1, V, Z)

VI W WA, Wa, Wa, V, 2) (56)

The inner bound to the rate-distortion region is summarized in the following Theorem:
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Theorem 5. For any DMS Pxyyz s.t. X -~ Z +Y, and a quadruplet of distortions D =
{Ay,k) Az,k}z:p R*(D)nc - R(D)nc

The inner bound provided in this section demonstrates tradeoffs between various schemes
which are based on the notion of (strong or weak) typicality. Recall that in the achievabil-
ity schemes of successive refinement treated in [4] and [6] the generation of the auxiliary
codebooks is sequential: First, the codebook used at the first stage is generated; then, for
each codeword of that codebook another codebook conditional on the codeword is gener-
ated, and so on. Every generation of a codebook is conditioned on codewords of previously
generated codebooks. The encoder chooses the auxiliary codewords in a sequential manner,
first finding a good codeword in the first codebook; then in the second codebook (which was
generated conditioned on that good codeword), it finds another good codeword, and so on.
The encoder proceeds until it has found all codewords needed to describe the source at the
desired accuracy at all stages of successive refinement. The decoding process at each stage
is also performed in a sequential manner, i.e., first, the codeword in the first codebook is
found. Then, in a second codebook (matching that codeword), a second codeword is found
and so on.

When multi-group successive refinement is considered, it is unclear if the auxiliary code-
books achieving rate-distortion bounds should be generated “sequentially” (in the sense
described above) or “in parallel”, with two or more codebooks generated unconditioned on
one another. The achievability scheme of this paper demonstrates a semi-parallel approach
where some of the codebooks are generated sequentially and some in parallel. We proceed
with discussing the meaning of degraded SI at the decoders and then we briefly describe
the idea standing behind the achievability scheme.

When referring to degraded SI, the term usually used is that the stronger Z-decoder
(that has access to SI of higher quality) can do whatever the weaker Y-decoder can do
[4]-[7], i.e., the Z-decoder can find all the codewords that were addressed to Y-decoder.
To understand this property, consider the following scenario: Assume that one performs
Wyner-Ziv (W-Z) coding [8] for a pair (X,Y) where X is known at the encoder and Y is
known at the Y-decoder. Now, assume that the source generating the (X,Y’) pair is, in
fact, a ternary source, generating a triplet (X,Y, 7)), X +Z +Y and that Z is known at Z-
decoder. Finally, assume that the W-Z coding for Y-decoder is performed with a codebook

of auxiliary codewords generated independently of each other and each symbol of which is
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generated according to Py, s.t. W1 + X + Z +Y. Obviously, the long Markov chain also
satisfies the shorter Markov chain Wj + X + Y required by W-Z scheme for coding for the
Y-decoder. But, due to the Markov chain W1 + X +Z+Y, I(Z;W;) > I(Y; W;), and thus,

oNI(YsW1) generated for the

Z-decoder is able to find the correct codeword in the bin of size
Y-decoder. The question is the following - given that Z-decoder can always find codewords
addressed to the Y-decoder, how we can exploit this property rigorously?

We interpret the degradedness of SI as follows: bins associated with a code designed
for the Z-decoder are divided into bins associated with a code designed for the Y-decoder.
Specifically, a codebook of about 2V (XiW1) codewords is partitioned twice - first into “large”
bins of about 2N1(ZW1) codewords matching W-Z code for the Z-decoder, and each of these

YiW1) codewords each.

bins is further partitioned into smalle bins of about 2V
In W-Z coding designed for communication with Y-decoder only, the indexes of the
smaller bins are directly transmitted to the Y-decoder. Note that alternatively, one can
first send to Y-decoder an index of the larger bin and then “refine” it with the “internal”
index of the matching small bin. This observation immediately leads to the following con-
clusion: if a single codeword is simultaneously good for communication with both decoders
(in the sense of satisfying the reconstruction requirements), the encoder can communicate
with both decoders in a two-stage successive manner, by first transmitting the index of
a large bin (that contains a good codeword) to both decoders (the index is fully usable
only by the Z-decoder), and then, in a separate additional transition, sending the match-
ing “internal” index which is crucial for communication with the Y-decoder (and does not
provide new information to Z-decoder). The obvious question that arises is what hap-
pens when a single codeword is not sufficient for communication with two decoders and
more codebooks must be created. Firstly, under certain Markov conditions, the principle of
such an hierarchical (or nested) binning can be applied as well to conditional W-Z codes.
Specifically, when the Markov condition (W7, Ws..., W;) — X — Z — Y holds, we obtain that
HZ, Wi Wy, . Wi_q) > I(Y; W;|W1, ..., W;_1). Secondly, the real problem arises when not
all codewords sent to the Z-decoder must be revealed to the Y-decoder in the next step, and
in this case, sequential /hierarchical codesbooks generation is no longer obviously optimal.
The coding scheme is based on the following concept: At the first stage, three codebooks
are generated, essentially, according to the hierarchical Wyner-Ziv coding scheme. First a

codebook C,,, of ~ 2NV (XiW1) codewords is generated according to P%l, and is partitioned
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into bins of size of ~ 2N(YsW1) - Thus, there are ~ 2NH(XW1) =TI W1)l guch bins. Due to the
Markov chain Wy + X + Y, I(X; W) — [(Y;Wq) = I[(X; W1]Y). Next, for each wy € Cy,,
a codebook Cy,(w;) of ~ 2NI(XVIWL) codewords is generated according to P‘]/VWV1 and is
partitioned into bins of size of ~ 2NI(ZVIW1) " and each of these bins is partitioned into
smaller bins of size ~ 2V(ZVIW1) gach. Thus, there are ~ 2NIXVIWD-I(ZVIW1)] |ar0e bins
and ~ 2NU(ZVIW)—I3VIWDL gmall bins within each large bin. Due to the Markov chain
(44), the number of bins: ~ 2N/(X5VIW1.2) 1arge bins and ~ 2N1(ZVIWLY) gmall bins within

each large one. Finally, a codebook Ci, (w, v) of ~ 21(X;W2[W1.V)

codewords is generated
for each w; € Cy, and v € C,(w;) according to Pﬁ?IWLV’ and is partitioned into bins of
size ~ 2NIZW2AWLV) “s6 by (44), there are ~ 2V (XiW2lWi.V.2) guch bins.

At the second stage, another two codebooks are generated - for each w;, v(w;) and

wa (w1, v), in codebook Cy, (w1, v), the codewords are generated according to P, and

W3|W1,V7

. . N
in codebook C,, (w1, v, w2, w3), the codewords W; are generated according to PW4\W1,V, WaWs"

These codebooks are also partitioned into bins, specifically, C,(-) is partitioned into

~ ONI(X;Ws|W1,V)Y) e ~ oNI(Y;W3|W1,V)

bins of siz each. Similarly, C5 is partitioned into
~ QNIXWalWa, VW2, W3, 2) hing, each of them of size ~ 2V/(ZWalWi.V.W2,Ws) " The key feature
of this scheme is in fact that the Cy,(-) does not take into consideration statistics of Wa.
Since its codewords must yet be used by the Z-decoder, rising typicality considerations dur-
ing the encoding/decoding process, the additional Markov condition (45) is imposed on the
achievability scheme.

If the encoder succeeds to find good codewords in all five codebooks (the details appear
in the formal proof of Theorem 5), the rate of the first transmission, Ry, is composed of
three indexes of the bins that contain good codewords in the codebooks Cy,,, Cy(:) and
Cu, (), where for Cy(-) only the index of the large bin is used. In this manner, similarly
to the classical W-Z coding, only the codeword of C,, serves the Y-decoder, while all
three codewords are decoded by Z-decoder. Hence, R1 ~ I(X;W1|Y) + I(X;V|W3,Z) +
I(X;Wa|W1,V,Z) as is given by eq. (55). At the second transmission, the encoder first
refines the description of the bin of codebook C)(+), and then transmits the indexes of the
chosen bins in codebooks Cy,(-) and Cy,(-). Thus, the codewords in codes Cy,, Cy(-)
and Cy, () serve the reconstruction in the Y-decoder and all five codewords are retrieved
correctly by Z-decoder and are used for reconstruction of the source. The incremental rate

at the second stage is I(Z;V|W1,Y) + I[(X; W3|W1,V,Y) + I(X; Wy|W1,V, Wa, W3) and
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therefore, the cumulative rate at the second stage is as given by eq. (56).

The scheme that leads to the inner bound is interesting due to the following: The code-
book generation is not fully sequential, but some of the codebooks are generated in parallel
and are independent (unconditioned) of each other. Unfortunately, with this approach the
rate expressions of the inner and outer bounds obtained at the second stage are not identical
and the bounds differ in additional Markov conditions imposed on the auxiliary RVs of the
direct scheme. Yet, for the case of lossless reconstruction at either the first or the second
stage, i.e., A, 1 =0 or Ay o = 0, respectively, the achievability scheme achieves communi-
cation rates suggested by the outer bound and thus closes the gap between the inner and

the outer bounds.

4.2.3 Special Cases

We now confine our attention to a number of special cases in which the gap between the outer
bound and the inner bound vanishes. First, we consider the case of distortion requirements
A1 > Ayqor Ays = Ay, that is, SR with respect to only one of the decoder at either the
first or the second stages, respectively. We then consider the case of distortion requirements
A1 =0or Ayo = 0, that is, lossless reconstruction at Z-decoder at the first stage, or at
the Y-decoder at the second stage, respectively. For these cases, the achievability scheme

achieves the boundary curve of the outer bound.

Successive Refinement

When A1 > Ayq or Ays = Ay1, the multi-decoder SR problem degenerates to the
problem of refinement of information with respect to only one decoder at either the first
or the second stage, respectively. The requirement A, ; > A, fits the scenario where the
Z-decoder performs reconstruction of the source on the basis of the same transmission that
served the Y-decoder, so the average distortion it achieves is at least as small as that of
the Y-decoder. The requirement Ay, o = A, 1, fits the scenario where the Y-decoder is not
required to refine its reconstruction at the second stage. For these cases, the inner and the

outer bounds coincide, as is summarized in the following theorem:

Theorem 6. If A,1 > Ay1 or Ayos = Ay, then R(D)pe = R™*(D)pe = R*(D)ne.
Specifically, when A1 > Ay1, R(D)ne is given as in the Subsection 4.2.1 with the rate
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inequalities replaced by
R1 ZI(X; W1’Y) and RQ ZI(X;Wl,Wg‘Y)+I(X;W4‘W1,W3,Z), (57)

for the auxiliary RV’s satisfying (W1, W3, Wy) + X +Z +Y.
When Ayo = Ay1, R(D)pe is given as in the Subsection 4.2.1 with the rate inequalities
replaced by

R1 Z [(X; W1|Y) + I(X; WQ’Wl, Z) and R2 Z I(X; Wl‘Y) + I(X;W27W4’W1,Z). (58)
for the auxiliary RV’s satisfying (W1, Wo,Wy) + X + Z +Y.

The proof of the achievability part of Theorem 6 can easily be done by setting Wy =
V = const. for A, 1 > Ay 1 and setting W3 = V = const. for the requirement A, 2 = A, 1 in
R*(D)pe. The converse proof follows by considering a three-stage communication scheme
in the converse proof of [6] and combining two of its stages into a single stage for each of
the above cases. For the case A, > Ay 1, the first stage of Theorem 6 is essentially the
first stage of [6], with the transmission addressed to the Y-decoder. The second stage of
Theorem 6 is a combination of the second and the third stages in [6], where at the second
stage of [6], SR is performed with respect to the Y-decoder, and at the third stage of [6],
SR is performed with respect to the Z-decoder. For the case A, 2 = A, 1, the the first stage
of Theorem 6 matches cumulative rates of two stages of [6], there the first stage consists
of transmission of the Y-decoder and the second stage performs SR with respect to the Z-
decoder. The second stage of Theorem 6 consists of the third stage of [6] with SR performed
(again) with respect to the Z-decoder.

Lossless Reconstruction
Consider the case of lossless reconstruction at either the Z-decoder at the first stage or the
Y-decoder at the second stage. Similarly as in [14], it turns out that in these cases, the

inner and outer bounds coincide. This observation is summarized in the following theorem:

Theorem 7. If Ayo =0 or A, =0, then R(D)pe = R*(D)pe = R*(D)ne. Specifically,
when A, 1 =0, R(D)y is given as in the Subsection 4.2.1 with the rate inequalities replaced

by

R ZI(X;W1’Y)+H(X‘W1,Z) and Ry ZI(X; Wl,W3’Y)+H(X‘W1,W3,Z), (59)
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for the auxiliary RVs satisfying (Wh,W3) + X +Z =Y.
When Ay 2 =0, R(D)y is given as in the Subsection 4.2.1 with the rate inequalities replaced

by
Ry > I(X;Wh|Y) + I(X;Wo|Wh,Z) and Re > H(XI|Y), (60)
for the auxiliary RVs satisfying (Wh,Wa) + X +Z +Y.

The proof of the achievability part of Theorem 7 can easily be done by setting Wy =
const. and W = X and V' = Wj for the requirement A, ; = 0 and setting V' = W5 and W3 =
X for the requirement A, o = 0 in the inner bound R*(D),.. The converse proof follows by
applying the Heegard-Berger rate-bounds [9] at both stages with the corresponding demand
of lossless reconstruction at either the first or the second stage. When the outer bound is
considered for each of the stages independently, it degenerates to the Heegard-Berger bound
and thus an intersection of the Heegard-Berger bounds for the two stages provides a trivial
outer bound to the outer bound obtained in this paper. Since the direct scheme achieves
the communication rates suggested by the intersection, the bounds coincide.

The key property of these special cases is the fact that not all auxiliary RV’s that
determine both inner and outer bounds are active simultaneously. Specifically, V', which
stands for the information transmitted to the Z-decoder at the first stage and then repeated
for the Y-decoder at the second stage, takes very specific values. The requirement A, =0
means perfect reconstruction of the source performed by the Z-decoder at the first stage.
For this case, the Z-decoder obviously needs the full information about the source, in the
spirit of Slepian-Wolf [16] lossless coding. Therefore, the optimal scheme presents the
information sent to Z-decoder at the first stage as if consisting of two (mutually dependent)
parts - information V which is then revealed (refined) to the Y-decoder at the second
stage (W3 = V) and the information needed by the Z-decoder, i.e., Wo = X. For the
requirement A, o = 0, it is expected that the Y-decoder will receive at the second stage
all the information about the source, also in the spirit of [16]. As some of this information
is already revealed to the Z-decoder at the first stage, all this information is refined to
Y-decoder at the second stage (Ws = V') and then all remaining information is transmitted
to Y-decoder directly (W3 = X). Interestingly, the cases considered in Theorem 7 are
characterized by the same property: in both cases, the second stage transmission serves

only the weaker Y-decoder. In the case A, = 0, it is obvious that A.2 = 0 can be
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achieved as well. In the case A,; = 0, it is trivially obtained that A, > = 0 as well and

thus, only the Y-decoder benefits from the second stage transmission.

5 Proofs for the Causal Case

5.1 Proof of the Converse Part of Theorem 2

The pure source-coding problem is a special case of the joint source-channel problem. We
provide a proof of the converse part of Theorem 2, which includes the converse of Theorem
1 as a special case.

Let (f1,9y,1,921, f2, 9y,2, g=2) be given encoder and decoder functions for which the
distortion constraints are satisfied at both stages. In the proof, for the first and the second
steps of the communication protocol, we examine the mutual information I(X; B) and
I(X; B), respectively.

Firstly, for the case of causal state information at the encoder, we obtain

n
I(X;B) = ) I(X;BiB" ")

i=1
n

= Y UX.BB) - (B B)]

=1

< Y I(X,B"7', S B))
=1
v ZI(UM';B@)
=1
© (U Br|T)
©  I(Uyr; BIT)
< nl(Uyr,T;B)
Y I B)
(e)
< nCq, (61)

where (a) follows by denoting Uy ; 2 (X, Bt 8% ) fori € {1,2,...,n} (note that Uy ; and S;
are independent); (b) - by defining a time-sharing auxiliary random variable T', distributed
uniformly over {1,2,...,n} independently of all other random variables in the system and

noting that Y7 I(U1, B;) = nY.», 2I1(Uy 4, B;) = nI(Uy 1, Br|T); (c) - by noting that

i=1n

B = By since the DMC is stationary; (d) - by denoting random variable Uy 2 (U, T);
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and finally, (e) - by the standard channel coding theorem with causal state information at
the encoder [17] since U; + (A4, S) + B.

For non-causal availability of state information at the encoder, note that the above
defined RV’s {U, ;} are, in fact, the same RV’s as these used by Gelfand and Pinsker in [18]
with X substituting the message V' of [18]. In fact, with X substituting the message V, the
converse proof of [18] is straightforwardly applicable to our case as all the conditions of the
proof still hold. Therefore, we can as well upper-bound I(X; B) by

1% B) @ nlI(Uy: B) — 1(U: 8)] © ncy, (62)

where (a) and (b) follow by [18] and C} stands for the Gel’fand-Pinsker channel capacity.
On the other hand,

I(X;B) = H(X)- H(X|B) (63)

[H(X;|X{™") — H(X;|X{™!, B)] (64)

|
.MZ

s
Il
—

Iz
M) =

[H (X3) — (65)

=1
- H(Xi|Xi_17}/1i_17Z{'_l7B)]
N
= ZI(Xi;X%_17Y1i_17Zi_17B) (66)
=1
B
1=1
© "
= NI(Xp W, 5/T) (68)
D NIX W, 41T (69)
= NIX;W, 3T)—1(X;T)] (70)
9 NI W, 5, T) (71)
D NI W), (72)

where (a) follows from the fact that the source is memoryless and from the Markov chain
X; + (X7 B) + (¥{=1, Zi71); (b) - by denoting Wi,; 2 (X1, ¥{~1, ZI"1 B); (c¢) - by
defining a time-sharing auxiliary random variable T, distributed uniformly over {1,2,..., N}
independently of all other random variables in the system; (d) - by noting that X = X

since the DMS is stationary; (e) - is again due to the fact that the source is stationary and

thus I(X;7T) = 0; and finally, (f) - by denoting random variable W, 2 (W, 7, 7).
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Thus, for the first stage, we obtain NI(X;W7) < nCy and by dividing both sides of the
inequality by N we end up with I(X; W;) < p1Cq, where C denotes the channel capacity
for the case of causal or non-causal state availability at the encoder. IL.e, condition (30) of
Theorem 2 is satisfied.

As for the second stage, by similar considerations as in (61) and (62), we obtain that
I(X; B) < mCs, where C5 stands for the channel capacity of the second channel with state

information available at the encoder (again, either causally or non-causally). Also,

I(X;B) = H(B)- H(B|X) (73)

(a) _ _ _

> H(B|B) - H(B|X) + I(B; B|X) (74)

— H(B|B)- H(B|X, B) (75)

— I(X;B|B) (76)

= > I(X;;BIX{™, B) (77)
=1
N .

= Y [H(X|X{™, B) (78)
=1

- H(Xl’X{717BaB)] (79)
N

© SExGIxTLBY L 2 (80)
=1

— H(X;|X{ ', B,BY/ 'z ") (81)
N

= Y I(X;BIX{ LB Y/ 21 (82)
=1
N

© ZI(Xi§W2,i Wis) (83)
=1

(d) .

S NI(X; Wy 3 W, 7,T) (84)

O NIX W W) (85)

where (a) follows from the fact that conditioning reduces entropy and independence of the
channels described by the following Markov chain (B, S) + X = (B, S); (b) from the Markov
chains X; + (X1, B) = Y] ' Zi™  and X; + (Xi™%, B, B) = Y{"'Zi™!; (c) come from using
the above-defined auxiliary random variables {W7;}¥, and denoting Wa; 2 B;(d) comes
from using the above-defined random variables T’ as well as stationarity of the source, and
finally, (e) comes from using the above defined random variable W; and letting Wo 2 Wy -

We obtain, hence, that NI(X; W2|W;) < mCy and division of both sides of the inequality
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by N results in I(X; Ws|W7) < paCy, which is exactly the condition (31) of Theorem 2.

Also, note that the Markov structure (Wi, Wa;) + X; =+ (Y;, Z;) holds for every i =
1, ..., N. Due to this structure and the fact that the source Pxyz is stationary and memo-
ryless, the Markov chain (W7, Ws) + X + (Y, Z) also holds, and thus, the condition given
by (22) is satisfied.

We next show that there exist functions Gy 1, G.1, Gy2 and G2 that satisfy (23)
- (26), respectively. Denote by g, %, and g.,; the output of the decoders Y and Z, re-
spectively, at stages k = 1,2 and times ¢ = 1,..., N. The random variable W7 contains
(Xf_l,Yf_l, Zi_l, B) and W5 contains B. Choose the functions Gy, Gyo, G.1 and G 1

as follows:

G, 7(Y.W1) =g, 7(Y{T, B), (86)
Gz,1,T(Za Wy) = gz,l,T(Zrlfa B), (87)
G, o7 (Y, W1, Wa) = g, (Y], B, B), (s8)
G, o7 (2, W1, Wa) =g, T(Z1 , B, B). (89)

We then have for the average distortions®

Ed(X,Gy1(Y, W) ZEd (X, 9y1:(Y{, B)) < Ay, (90)

N
1
Ed(X,G.1(Z,W)) NZ d(X,9:14(Z1,B)) < A.1, (91)

Ed(X7 Gyﬂ(Ya W17W2)) = X ) 9y,2,i Yl) B, B) < Ay,2 (92)

||Mz

and

1 ) _
Ed(XvGZ,Z(Z7W1)W2)) = NZEd(X7gZ727Z(Zi)7B7 B) S AZ,27 (93)

®The definitions in (86)-(89) determine the outputs of the decoders functions at “stochastic” time T. For
example, the output of the Y-decoder at the first stage at time 7' is governed by the first T' symbols of the
source SI, i.e., Y, and the channel output B.
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i.e., the distortion constraints are satisfied.

In order to complete the proof, it is left to show that the cardinality of the alphabets
of auxiliary RVs W; and W» is limited. We use the support lemma [19], which is based on
Carathéodory’s theorem, according to which, given J real valued continuous functionals g,
j=1,...,J on the set P(X) of probability distributions over the alphabets X', and given any
probability measure p on the Borel o-algebra of P(X), there exist J elements Q1,...Q s of

P(X) and J non-negative reals, v, ..., a s, such that Z;-le a; =1 and for every j =1,...,J

J
/P o Q) = 3 (@) (94)

Before we actually apply the support lemma, we first rewrite the relevant conditional mutual
informations and the distortion functions in a more convenient form for the use of this

lemma, by taking advantage of the Markov structures. We begin with I(X;W;):
I(X;Wh) = H(X) — H(X|W), (95)
and in the same manner, I(X; W2|W;) becomes
I(X;Wo|Wy) = H(X|Wh) — H(X Wy, W)). (96)

For a given joint distribution of (X,Y,Z), H(X) is given and unaffected by W; and
Wj. Therefore, in order to preserve prescribed values of I(X;W7) and I(X; Wa|Wh), it is
sufficient to preserve the associated values of H(X|W7) and H (X |Wy, Ws).

We first invoke the support lemma in order to reduce the alphabet size of Wy, while
preserving the values of H(X|W7) and H(X|W7,Ws), as well as the distortions in both
decoders at both stages of communication. The alphabet of Wy is still kept intact at this
step. Define the following functionals of a generic distribution @) over X x W,, where X is

A
assumed, without loss of generality, to be {1,2,...,a}, a = |X|:

QZ(Q):ZQ(mva)v zéx:1,2,,a—1, (97)

1(Q) = =) Qz,wy)log ) Qz,ws), (98)

T, wo w2

and

Ga1(Q) = =) Qlz,ws)log Q(a]ws). (99)

T, w2
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Also, we define

Ja+2(Q Zmlnz Q(z,w2)P(y|x)dy,1(x, ),

T, w2

0015(Q) = Yo min Y Qo wn) Pl (,7),

T,wo

Gers(Q) = 3 min 3 Qa 2) POy (0.5

T, w2

and

QQ+5 ZmanQ z, w2 Z‘ZL’) 22(~T .7})

T, wa

(100)

(101)

(102)

(103)

which along with (98) and (99) help us to preserve the rate and distortion constraints.

Applying now the support lemma for the above defined functionals, we find that there

exists a random variable W7 (jointly distributed with (X,Y, Z, W5), whose alphabet size is

|[Wi| = |X| + 5 and it satisfies simultaneously:

> Pr{Wi = wi}qi(P(-|w1)) = Px (), i =1,2,..,a -1,
> Pr{Wh = w1 }ga(P(|wn)) = H(X[W),

S Pr{Wi = wi}gari(P(fwr)) = H(X Wi, Wa),

w1

> Pr{Wi = w1 }gat2(P(|wr)) = min Ed(X, Gy, (Y, W1)),
y,1

w1

> Pr{Wi = witgats(P(-|wr)) = min Ed(X, Gz1(Z, Wh)),
z,1

w1

> Pr{Wi = wi}gara(P(-|lwr)) = win Bd(X, Gy»(Y, Wi, W2))

w1

and

D Pr{W1 = w1 }qays(P(|wr)) = win Bd(X, G- 5(Z, W1, W2)).
z,2

w1

30

(104)

(105)

(106)

(107)

(108)
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Having found a random variable W7, we now proceed to reduce the alphabet of W5 in a
similar manner, where this time, we have 8 = |X| - |[W| — 1 constraints to preserve the
joint distribution of (X, W7), just defined, and 3 more constraints to preserve the second-
stage rate and distortions. Applying the support lemma, we obtain that W5 satisfies all the
desired rate-distortion constraints and the necessary alphabet size of W5 is upper-bounded

by
IWa| < |X| - (WL + 2. (111)

This completes the proof of the converse part of Theorem 2.

5.2 Proof of the Direct Part of Theorem 1

Let W1, Wa, Gy.1, Gy2, G.1 and G, 2 be some elements in the definition of R*(D). that
achieve a given point in that region. We next describe the mechanisms of random code

selection and the encoding and decoding operations.

Code Generation:

Let €4 > 0, e2 > 0 and § > 0 be arbitrary small and select Ry > I(X;W;) + €1 + 6 and
AR 2 Ry — Ry, Ap > I(X; Wo|W1) + €3 + 6. For the first stage, 2V, sequences of length
N, {Wi(k)}, k € [1,...,2N¥F1] are drawn independently from TI‘ZWI. Let us denote the set
of these sequences by C;. For each codeword Wi(k) = w, a set of 2V2R second-stage
codewords { Wa(k,j)}, 7 € [1,...,2V2] are independently drawn from TgWQ‘WI(wl). We
denote this set by Co(k) and its elements by { Wa(k,j)}. Note that the 2V%1 sets {Co(-)}

may not be all mutually exclusive.

Encoding:

Upon receiving a source sequence x, the encoder acts as follows:

1. If ¢z € Tl‘ix and the codebook C; contains a sequence Wjp(k) = w; s.t. the pair

(z,w) € Tﬁf{wl, the fist such index k is chosen for transmission at the first stage.

Next, if the codebook Co(k) contains a sequence Wa(k,j) = wo s.t. (x, wi, we) €

T36

Prw v, o the first such index j is chosen for transmission at the second stage.
1 2

2. Ifx ¢ Tl‘ix, or AWy(k) = w s.t. (z,wy) € T2

Pxw,>

or AWy(k,j) = wy s.t. (z,wy,wy) €

36

Prw. vy, Al arbitrary error message is transmitted at both stages.
1 2
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Decoding:

The decoders of the first stage retrieves the first-stage codeword according to its index

and generates the reproduction by X; = Gy (Ys,Wh,(k)) and X, = G2 (Z;, Wi (k)),

i € [1,2,...,N]. Similarly, the decoders of the second stage retrieve both the first-stage

and the second-stage codewords and creates the reconstruction of the source according to

X = Gyo (Yi, Wi, (k),Wa, (k,j)) and X; = G2 (Zi, Wi (k) , Wa (K, §)), i € [1,2, ..., N].
We now turn to the analysis of the error probability and the distortions. For each  and

a particular choice of codes C; and {Ca(+)}, the possible causes for error message are:

1. z¢ T]‘ix. Let the probability of this event be defined as P, .

2. ¢ € T5X, but in the codebook C; Aw; s.t. (x,wy) € Tl%f(wl' Let the probability of
this event be defined as F,.

but /HU)Q € CQ(’LUl)
. Let the probability of this event be defined as P,,.

3. x€ TI‘iX, and the codebook C; contains w; s.t. (x,wy) € Tﬁiwl,

30
st (@, w,wg) € TR

Note that if none of those events occur, then, for the sufficiently large N, by the Markov
Lemma [12, pp. 436, Lemma 14.8.1] applied twice, the following is satisfied at both stages:
with high probability (X, Z,X) € T}E;;S(lZ\:;xWﬂ and (X, Y,X) € T;’,i':‘;xw?l. In particular,
the first application of the Markov Lemma occurs due to the Markov chain (Wy, Ws) +
X + (Y, Z): Note that by the way of creation, X, Y and Z are jointly typical with high
probability and also, with high probability, X, W; and W, are jointly typical. Therefore, by
the Markov Lemma, (X, Y, Z, Wy, W5) are also jointly typical with high probability. Also,
note that due to the fact that the source is memoryless and by the way of creation of the
reconstructions, the following Markov chains hold: X+ (Y, W)+ X and X+ (Z, W;) + X,
and also, at the second stage, X + (Y, Wi, W) = X and X + (Z, Wi, W) = X. By the
second application of the Markov Lemma, we obtain that with high probability X is jointly
typical with X and X at the first stage and with X and X at the refinement stage. The
probability that one or more of the above typicality relations do not hold vanishes as N
becomes infinitely large. The joint typicality of (X, X), (X, 5(), (X,X) and (X, X) imposes
that the distortion constraints (23)-(26) are satisfied when NV is large enough.

It remains to show that the probability of sending an error message, P., vanishes when
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N is large enough. P. is bounded by
P. <P, +P.,+PF.,. (112)

The fact that P, — 0 follows from the properties of typical sequences [12]. As for P,.,, we

have: .
2 1
AN

P, = I Pr{@ wi) ¢ 78, - (113)

k=1

Now, for every k:
Pr {(m, Wi (k)) ¢ T}%iwl} — 1-Pr {(m, Wi(k)) € Tﬁiwl} (114)
L T8, |
T3, (175,

< 1-— 2—N[I(X;W1)+el]7

where the last equation follows from the size of typical sequences as are given in [12].
Substitution of (159) into (158) and application of the well-known inequality (1 — v) <

exp(—vNN), provides us with the following upper-bound for N — oc:
nR
Ije2 <|1- 2—N[I(X;W1)+€1]i|2 1 < exp {_2NR1 . 2—N[[(X;W1)+61]} N 0’ (115)

double-exponentially rapidly since Ry > I(X;W7) + €1 + 0.

To estimate P, we repeat the technique of the previous step:

2N Ro
A .
Py = TT Pr{(@ w, Walwr, ) ¢ T, o0, - (116)
j=1

Again, by the property of the typical sequences, for every j:
Pr {(m, wi, Wa(w, 7)) ¢ TI%;S(WIVWQ} <1 o NIWalWi)+es] (117)

and therefore, substitution of (162) into (161) gives

NRy

P, < {1 _ 27N[I(X;W2|W1)+52}]2 < exp {_QNR2 . Q*NU(X;W2|W1)+€2]} — 0, (118)

double-exponentially rapidly since Ry > I(X; Wa|W1) + €2 + 0.
Since P,; — 0 for ¢ = 1,2,3, their sum tends to zero as well, implying that there
exist at least one choice of a codebook C; and related choices of sets {Ca(-)}, that give

rise to the reliable source reconstruction at both stages with communication rates R; and

Ar = Ry — R;.

33



6 Proofs for the Non-Causal Case

6.1 Outer Bound
The proof of the outer bound follows the lines of the proof of Theorem 1 in [4]. Assume that
we have an (n, My, Ma, {Ay i, (Az7k}%:1)) SR code for the source X with SI (Y, Z), as in

Definition 1. We will show the existence of a quintuplet (W7, Wy, W3, Wy, V') that satisfies
the conditions 1-4 in the definition of R**(D),,. First, note that

NRy = H(fi) 2 I(X; 1l Y) = I(X; f1, 2] Y) — I(X; Z| f1, Y)

[[(Xi; f1, 21X Y) — I(X; Zi| f1, Y, 27 1)] . (119)

I
AM:

1

-
Il

For notational convenience, we denote Zi_lZiZYrl = ZN\i and use a similar notation for X
and Y. Since (X;,Y;) and (X*~1, YN\) are independent, we have, for the first term in the
summand of (119):

I(Xi f1, 2 X7 YY) = H(X|Y, XLy - JH(XG)Y, XL YN 2)
= H(X,|Y;) — H(X,|Y;, X7y N g Z)

= I(XpXTLYNY £ 2)Y). (120)
Next, due to the Markov structure
Zi + (X3, Yy) = (XNV py, Z2i7 1 y NG (121)
we have, for the second term in the summand of (119):

I(X;Zi|f1, Y, 27" = H(Zilf1, Y, 27" — H(Z| X, fr, Y, Z"7)
= H(Z|h, Y, 27" = H(Z| Xi, )1, Y, Z7)

= I(XiZil[, Y, 2. (122)
Substituting (120) and (122) in (119), we obtain

_I(Xi;Xi_17YN\i7 f17 Z|Y:L) - I(Xla Zi|f1a Y7 Zi_l)

NRy >

iM=

I
.MZ

@
Il
-

I
NE

(X35 1, YN 2N TG X 2\ 2, fr, YN 2

<.
Il
_
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The Markovity of X + Z +Y implies

Y+ Zi + (Xg, fr, YNV, 2070, (124)

and we have for the second term in (123)

(X X 2N, 1, Y, 27)

—
S
N

—
=

H(X;|f1,Y,Z") — H(X;|f1, Y, Z, X" 1)

H(X;, Y| fr, YNV, 20) = HYi| 1, YNV, 2) = H(XGl f1, Y. 2, X77)

H(Yi| X, f1, YNV, 20+ H(XG| 1, YNV, 20 = HOYG 1, YNV, 20) = H(XGlf, Y, 2, X071
H(Xi‘fl,YN\i,Zi) ~H(X|f, Y, Z, Xze1)

(XY, Z+1?Xi71|f17yN\i,Zi)

I(XlaZz+17Xi71‘f17YN\i7Zi) (125)

where in (a) was used the Markov chain X; < (f1, YNV, Z%) +Y;. To justify (b), note that

f1 is a function of X and due to this feature, the fact that the source is a DMS and the
Markov condition X + Z + Y, we obtain that X; + (f1, YNV, Z, X=1) + ¥;.

Substituting (125) in (123), we get

NRy

>

-

s
Il
A

(X 1, YN, 2N 4 (X 25, X AL YV, 2| (126)

-

s
I
—

(X f1, YN, 27N 41X 200, YV, 2] (127)

IS

s
Il
_

(X27f17YN\l|Y) +I(X ZZ 1|f17 I/) +I(ZHZZ 1‘f17 Y X ) +I(XZaZ+1|f17YN\i7Zi):|

|
.Pﬁ2

(szflayN\Z|Y) + I(XuZlaZz 1‘.]817 Y) +I(XlaZz+1|fl7YN\i7Zi):|

.
Il
—

I
,IMZ

s
Il
=

(X YNNI 4+ (23 27 i, Y0 + 1(X 2074 1, Y, Z0) + 1K 2811, Y, 20|

'IMZ

s
I
-

1(Xs f1, YNVYE) + 1(X5 270 1, Y, 2) 4+ 1 2 11,V 29)]

I=

s
I
—

(X 1, YNNIV + (X5 2070 1, YNV Z0) + 1 2807, YNV, 20)]

(X 1, YNVIY) + 1K 2V 1YY, 25)] (128)

s
Il
—

|
.'MZ
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where (a) is due to the Markov relation Z; + (f1, Y, X;) + Z°1 and (b) is due to the
Markov chain Y; + Z; + (f1, YNV, Z-1 X;) that implies Y; + (f1, YNV, Z;) + Z°1 and
Y; + (fi, YNV 7, X)) = 20

Before defining the auxiliary random variables, we bound Ry from below. We do that
by repeating the steps (119)-(126) of lower-bounding R; with a pair (f1, f2) substituting f;

in each step:

NRQ Z H(flufZ)EH(X7flaf2’m2I(X7f17f2)Z|Y)_I(X7Z‘f17f27}/)
N

S HG fus fo, YV, 2V 4 1 200, X, fo, YN, 20)] (129)
=1

Y

Define the random variables Wi ; = (f, YN\, v = 7771, Wy = Zﬁl, W3; = fo and

Wy =X =1 With these definitions , we have the Markov structure
(Whis, Wo i, Wa 3, Wy, Vi) + Xs + Z; + Y] (130)

and the bounds (128) and (129) become

Ry, > (X W4 |Ya) + (X Way, VilWhs, Z3) (131)

2| =

@
I
—

Ry > (X5 Wi, Vi, Wa 3| Y5) + (X Wa s, Wa il Wi, Wa i, Vi, Z3)] . (132)

2|~

i=1

Let J be a random variable, independent of X, Y, and Z, and uniformly distributed over the
set {1,2,..., N}. Define the random variables Wi = (J, W ), V = (J, V), Wa = (J, W2 1),
W3 = (J,Ws,5) and Wy = (J, Wy 5). The Markov relations (130) still hold, that is

(Wl,WQ,Wg,W4,V)+X+Z+Y, (133)

and therefore the condition 1 in the definition of R**(D),, is satisfied.

We proceed to show the existence of functions Gy 1, G- 1, Gy 2 and G 2 satisfying the
second condition. Denote by g, 1 and g. j; the output of the Y and Z decoders, respectively,
at iteration k and time I, k = 1,2, 1 <[ < N. The random variable W contains f; YN\,

At the same time, the triplet (Wy,V,Ws) contains f;ZV \/ and so on. Therefore, let us

SNote that different choices of auxiliary RVs are possible. For example, one may choose: W1,; = f1, y N\
Vi= Wi, Z7Y), Way = (Vi Zﬁl), Wi = (Vi, f2), Wai = (Wa,i, Ws,;, X*~1). This choice would result in
the following Markov chain: Wy ; + Vi = (Wa;, W3,;) = Wa, - X; +~ Z, + Y.
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choose the functions Gy 1, G- 1, Gy2 and G 2 as follows

Gy Y, Wh) = gy1,7(Y, f1) (134)

G102, Wi, W, V) = g.14(Z, f1). (135)
Gyog(Y, W1, W3, V) = gy2(Y, f1, f2) (136)
G272, W1, Wo, W3, W4, V) = g.2(Z, f1, f2). (137)

Then, for the distortions we have

Edy 1(X,Gy1(Y,W1)) = Edy1(X,9y.1,5(Y, f1)) < Ay1 (138)

<
I
-

=]~

Ed,1(X,G.1(Z,W1,W,,V)) = Ed.1(X,9:1,(Z, f1)) <A1 (139)

=

<
Il
_

2|~

Edy,2(Xa Gy,2(Ya Wh W?)a V)) = Edy,Q(Xa 9y,2,j( Ya fla f2)) < Ay,2

<
Il
-

(140)

]EdZ,Q(X7 GZ,Q(Za W17W27W37W47V)) = EdZ,Q(Xa 92,27j<Zﬂ f17f2)> S AZaQ

<
Il
-

=| -

(141)

Hence, condition 2 in the definition of R**(D),, is satisfied.
To prove that condition 4 of that definition holds, we have to show that the bounds (42)
and (43) can be written in a single letter form with Wy, Wy, W3 and Wy. The following

chain of equalities holds

I(X;WA]Y) = H(Wh|Y)— H(Wy|X,Y)
= HW|Y)— H(W,|X)
= I(Wy;X)—I(W;Y)

— H(X)— H(X|W))— H(Y) + H(Y|W))

= H(X)-HX|J W) -HY)+ HY[J,Wy,)

1 1 o 1 - 1w
= N HX) -5 D HXiWi) -+ ;HO@ + ;H(mwl,i)

=1 =1
LN

= NZI(XﬁWl,i’Yi) (142)
i=1
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where the last equality is due to (130). In a similar manner, we get

I(X; Wy, VW, Z

I(X; I Wo g, J,Vi| I Wh 5, Z) = I(X; Wo g, V|, W1 5, Z)

H(X|J W, 5,Z)— H(X|J, W 3, Ws 5,V;,Z)

N N
1 ) 1 )
N E H(X;|i, W14, Z;) — N § H(X;|i, W14, Wa;, Vi Z;)
—1 i1

N

1

N E I(Xi;W27i,‘/;’W17Z‘,ZZ‘). (143)
=1

In view of (142), (143), the bound (131) can be written as

Ry > (X5 Wh|Y) + I(X; W, VWL, Z). (144)

In a similar manner, we shown that (132) can be written as

RQ = I(X7 W17W37V‘Y> + [(X7 WQ: W4’W17 W37 ‘/7 Z) (145)

Specifically,

I(X; Wy, W3, VIY)

H(Wy, W3, V|Y)— H(W;, W3, V|X,Y)

H(Wy, W3, VIY) — H(W1, W3, V|X)

H(W1, W3, V) — H(W1, Ws, V[X)

(H(W1, Ws, V) — H(W1, Ws, V[Y))

I(Wy, W3,V X) = I(Wy, W3, V3 Y)

H(X) - H(X|W1, W3, V) —H(Y)

H(Y W1, W3, V)

H(X) - H(X|J,W1,5,J,W3 5, J,Vy) — H(Y)
(

H Y]J Wi, J, WgJ,J Vi)

N
1
—_ HX HX W z,W 79 'L e
PILLIEE SW TN oLt
1 N
¥ 2 H W W, ;)

=1
1 N
v 2 (X Wi, Wi, Vi) (146)
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where the last equality is due to (130). In a similar manner, we get

(X Wo, Wa\Wi, W3, V, Z) = I(X;J Wy g, J, Wy s|J, W1 5,J, W3 1, V,2Z)

= I(X;Wa 1, Wy s|J, W1 5, W3 5,V, Z)
= H(X|J, Wy 5, W35,V;, Z)

- H(X|J, Wi, 3, Wa 1, W3 1, Wy 5, Vs, 2Z)

N
1 )
= Ng H(Xi|’L,W1,i,W3,’i,‘/;,'aZi)
=1

N
1 .
- N > H(Xili, Wi, Wa i, Wa i, Wa, Vi, Zi)
=1

N
1
= NZI(XZ-;Wg,i,W4,¢\W1,z‘,W3,z‘7V§,Zi)- (147)
=1

It is left to prove that the cardinality of the auxiliary RVs satisfies the third condition.

This step of the proof extends the converse proof of [4] and conceptually is very similar

to the above-detailed part of the converse proof of Theorem 2 which is related to reducing

cardinality of the alphabets of auxiliary RVs. The detailed proof of this part is thus omitted

and to complete the proof of the converse we merely outline it. Here also we use the support

lemma [19] and rewrite the relevant conditional mutual informations and the distortion

functions in a more convenient form for the use of this lemma. Similarly as in [4], we

begin with the first term, I(X;W;|Y), in the lower bound to R, using the Markov chain

Wi=-X-=Y:

I(X;W[Y)

H(WL|Y) — HWy|X,Y)

H(WA|Y) — H(Wh|X)

H(Wy) — I(Y; Wy) — H(W,) + I(X; Wh)

H(Y|Wy) — H(Y) — H(X|Wy) + H(X). (148)

Next, we decompose the second term in the lower bound to Ry, I(X;V,Ws|W1, Z), into
I(X; VW1, Z) and I(X;Ws|W1,V, Z), and for I(X;V|W1,Z) we have due to the Markov

chain (W1,V) + X + Z:

H(X|Wh) — I(X; Z|Wh) + I(X; Z|W1, V) — H(X|W3, V)

H(X|W1) = H(Z|Wh) + H(Z|W1, X) — H(X|W,,V)
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+ H(Z|Wh,V) - H(Z|W1,V, X)
—  H(X|W1) — H(Z|W)) + H(Z|Wy, V) — H(X|W3, V). (149)
Using the Markov chain (W1, Wy, V) + X = Z for I(X; Ws|W1,V, Z), we have:
I(X;Wo|Wh,V,Z) = H(X|Wh1,V)—H(Z|W,V)
+ H(Z|Wy,Wy, V) — H(X|Wy, Ws, V). (150)

Similarly, I(X; Wi, W35, V|Y) can be decomposed into I(X;W1|Y), I(X;V|W1,Y) and
I(X; W3|W1,V,Y), with two later terms, in turn, expressed as

I(X;V|W,Y)=H(X|Wy)—-HY|W1)+ HY|W,V)—-H(X|W,V), (151)
and
(X WsW, VYY) = H(X[Wh, V) - H(Y W1, V)
+ H(Y|W1,Ws3, V) — H(X|W,Ws, V). (152)

The second term in the lower bound to Ry is I(X; Wa, Wy|W1,V, W3, Z) and it can also be

decomposed into
I(X;Wo|Wy, W5, V, Z) = H(X|Wi,Ws3,V)—H(Z|W,Ws,V)
+ H(Z|Wy, Wy, W3, V) — H(X|Wy, Wy, W5, V).  (153)
and
I(X; Wy Wy, W, W3, V. Z) = H(X|Wy,We, W3, V) — H(Z|Wy, Wa, W3, V)
+ H(Z|Wy, Wa, Ws, Wy, V) — H(X|Wy, Wa, W3, Wy, ()54)
Thus, the lower bounds to R; and Ry can be expressed as following:
IXGWAY) + I(X;VWa|Wh, Z) = [H(X) = H(Y)] + [H(Y|Wh) - H(Z|Wh)]
+ [H(Z|W1, W, V) — H(X|Wy, W5, V)] (155)
and
I(X5 W, Wa, VIY) + I(X; Wo, Wa[W, W3, V, Z) = [H(X) - H(Y)]
+ [HY|W1,Ws,V) — H(Z|Wy, W3, V)]
+  [H(Z|Wi, Wy, W3, Wy, V)

— H(X|Wy, Wa, W3, Wy, V). (156)
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Since [H(X) — H(Y)] is a constant that depends only on the given statistics of the source
and SI Y, in order to preserve prescribed values of the above lower bounds, it is suf-
ficient to preserve the associated values of [H(Y|W1) — H(Z|W1)| + [H(Z|W1, W), V) —
H(X|Wy, Wy, V)| and [H(Y|W1,Ws,V) — H(Z|W1, W3, V)] + [H(Z|W1, Wa, W3, Wy, V) —
H(X|Wy, Wy, Wy, Wy, V).

From here on the proof is essentially similar to the one provided for Theorem 2: The
support lemma is first used to reduce the alphabet size of Wy, while preserving the values
of (155) and (156) and the distortions at both stages. The alphabets of the remaining
auxiliary RVs are kept intact at this stage of the proof. There are |X'| — 1 functionals to be
defined that help to preserve the source distribution, 2 more to preserve (155) and (156) and
4 more functionals to preserve all the distortions at both stages. Thus, it is easy to show
that it is possible to find auxiliary RV W7 which necessary alphabet size is upper-bounded
by |X|+ 5. Next, we reduce the alphabet size of V', where now in addition to the values
of the lower bounds and distortions A; 1, Ay 2 and A, it is desired to preserve the joint
distribution (X, W7). There are |X||W;| — 1+ 2+ 3 constraints imposed on V' and thus its
alphabet size is upper-bounded by |X|(|X| + 5) + 4. In a similar manner, the reduction of
the alphabet cardinality is further performed for Wy, W3 and W, where at each stage, the
support lemma is applied in so that the statistics of the source and all already “reduced”

RVs are maintained as well as lower bounds to the relevant rates and distortions.

6.2 Inner Bound
6.2.1 Code-book generation

First, randomly generate, according to Py, (-), a codebook C,, of 2lVU(XiW)+a+0)] ipde-
pendent codewords {w; ;} of length N, where the coordinates are also generated i.i.d. Then,
partition the codewords into 2[NU(XiWilY)+eaH+0)] hing (ey > €1).
Next, for each {w ;}, randomly generate a codebook C,(w; ;) consisting of

oINU VW) +eut0)] codewords {v; ;}, where the generation of each coordinate is according
to Py, (-) and partition this codebook into oINU(X;VIWL, Z)+e +0)] hing, Co(wr i), (e > €).
Each bin in the codebook of {w; j} contains a little less than olNI(ZVIWI)I codewords. Par-
tition each such bin into sub-bins, C4(wy ;), each of a size of a little less than 2INUVIWD)L

There are about 2INI(ZVIW)—I(Y;VIW)] gych sub-bins.

For each pair {w ;, v; j} randomly generate a codebook Cy, (w1 i, v; ;) consisting of
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AN UXWo[Wh,V)t+es+0)] codewords {wy; 1}, where the generation of each coordinate is ac-

cording to Py, w,,v(-) and partition Cy, (w1, v;) into oANI(XW2 W, V.Z)+ea+d)] hing (¢4 >

€3).
Now, randomly generate for each pair (w1, v; ;) a codebook Cy, (w1 4, i) of

2IVIXWalWaV)+es+0)] codewords {ws,; 1} according to Py, v (+) and partition Cyy, (w14, v))

into 2[N(I(X;W3‘W17V,Y)+€6+5)] bins (66 > 65).

Finally, for each quadruplet {wi ;, wa; jx, w3, ji, Vi }, randomly generate a codebook

N(I(X;Wa| W1, Wa, W3, V) +e745)]

Cuy (W14, Vi j, Woj j oy W35.5.1) of 2l codewords {wa; j ki.m} accord-

2N (XWa W1, W, W5, V. Z)Fes+9)] hing (

ing to PW4|W17W2,W37V(-) and partition it into €8 > €7).

For clarity of exposition, the generation of codebooks is demonstrated in Fig. 3.

C

W

_P\

C.(w,)

Y

C., (o) Cuo( W)

A

>

Coue (W1, ¥, W, )
Figure 3: Achievability Scheme - Code Generation.

6.2.2 Encoding

Given a source sequence &, the encoder seeks a vector in C,, such that z and w; ; are jointly
typical. If such w ; is found, in C,(w; ;), the encoder seeks a vector v; ; such that the source
sequences x and wy ; will be jointly typical with it. The encoder proceeds this way, seeking
w0 Cuy, (W14, i) so that (x, wi;, v;j, wa; ;) are jointly typical. The encoder then
seeks in Cyy (w13, v5,5) a codeword ws; ;; so that (&, wi;, vij, ws; ;) are jointly typical.

Due to the Markov chain Wy + (X, W1, V) + W3, had the encoder managed to find such
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sequences, (&, w1, Vi , Wo i jk, W3, ;1) Will be jointly typical with high probability.

If the encoder found jointly typical sequences (&, wy i, Vs j, Wa j i, W3, j,1), it seeks in
Cupy (W14, Vi j, Wa i j ks W3’i7j,l) a sequence wy ; jk1,m Which will be jointly typical with all the
above-mentioned sequences. If at any stage of its search the encoder fails to find a “good
sequence”, it declares an error. As is shown in the sequel, the probability of such an
event is very low, due to the typicality properties of the scheme. Otherwise, i.e., if all
the jointly typical sequences are found, the encoder acts as follows: At the first stage, it
conveys to the decoders a single transmission consisting of the following concatenated in-
dexes: the index B; of the bin to which w;; belongs, of length of about NI(X;W;|Y)
bits; the index Bs of Cy(w,;), s.t., v € Cy(wy i), which can be described by about
NI(X;V|Wy,Z) bits and the index Bz of the bin to which ws; ;1 belongs, which requires
about NI(X;Wy|W;,V,Z) bits. At the refinement stage, it transmits the index Bj of
Cg(wu) to which v; ; belongs within C,(w: ;) (previously described by By), which requires
about N[I(Z;V|Wy) — I(Y; V|W7)] bits, concatenated with the indexes Bs and Bg of the
bins containing ws ; j; and Wy ; j i 1m, in Cws(wi;, v; ;) and Cya(w s, vij, Was ks W3551), Of
about NI(X;Ws|W1,V,Y) and NI(X; Wy|W1, Wa, W3, V, Z) bits, respectively. The trans-

mission rates at both stages are as defined by R*(D)n. up to {¢;}.

6.2.3 Decoding

First stage: The first decoder accesses (B, Be, B3), but performs W-Z decoding procedure
with respect to Bj only. Specifically, in C,,, in the bin indexed by Bj, the decoder seeks a
unique sequence wy ; that was chosen by the encoder. Due to the Markov chain W7 +X <Y,
as the block-length becomes infinitely large, the decoder will find with probability tending
to 1 the correct sequence w;. Since in each bin in C,, there are less than oNI(Y;Wh)
codewords, and these codewords were generated i.i.d, the probability of existing at the bin
indexed by By of another codeword jointly typical with Y vanishes as N — oc.

The second decoder uses three indexes (B, Ba, B3) to retrieve all three codewords chosen
by the encoder. Specifically, it retrieves w; ; similarly as Y-decoder does, since, as it has
access to a more informative SI, it can do whatever the Y-decoder can do. Afterwards, it
retrieves correctly v;; € Cy(w;;) in the bin indexed by Bs, which is possible due to the
Markov chain (V,W;) + X + Z. The Z-decoder does not find in bin indexed by By other

oNI(Z;V|Wh)

codewords which are jointly typical with z since there are less than codewords in
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that bin. Finally, following similar considerations, after retrieving (w1 ;, v;;), the Z-decoder
retrieves correctly ws; jr € Cu, (w14, v;;) in the bin indexed by Bs.

Second Stage: Note that after the first transmission Y-decoder is able to find all
codewords v which are jointly typical with ¢ in the bin indexed by Bs in the codebook
Cb(wy ;). This is due to the Markov chain (W1,V) + X <+ Y. But, it cannot reveal which

oNI(Y;V|Wh)

of these codewords was chosen by the encoder, as there are more than such

oNI(ZVIW1) guch codewords, as is required by the W-Z

codewords (there are a bit less then
coding designed for Z-decoder). When the Y-decoder receives the index B of C4(w ;), since
v;; € Co(wy;) C Cy(wr;), it searches v; j among a group of codewords of a size less than
oNIY:VIW1) codewords, and thus, it is is able to retrieve v; ; correctly by the W-Z decoding
argument. After Y-decoder has found wv;;, it performs W-Z decoding of the codeword
w3 i1 € Cuy (w1, v ) according to the bin-index Bs and (w1, v; ;). It now improves the
reconstruction of the source sequence with an aid of the triplet (w1 ;, v; ;, ws; ), which is
possible within the defined distortion due to the typicality properties of the scheme.

The Z-decoder, which after the first step has retrieved correctly (with probability tending
to 1, as N — o0) the sequences (w, v; j, W2, j i), Makes no use of index Bj, as it serves
Y-decoder only. The Z-decoder uses its knowledge of (w;, v; ;) as well as the fact that its
SI is more informative to decode correctly ws; j; in the bin of Cy, (w1 ;, v; ;) indexed by Bs.
Finally, it uses all the codewords it managed to find thus far to perform conditional W-Z
decoding and to find the correct codeword wy; ; 11,m according to the index Bg of a bin in
Cug (W14, Vi j Wi j ke W3451)-

At each stage, after each of the decoders has found correct codewords, it performs recon-
struction of the source sequence x. Due to the typicality properties of the scheme, i.e., X +
(W, Y)+X, X+(Wy,Wa,V,2)+X, X+(W1, W3, V,Y)+X and X+(Wy, Wy, W3, Wy, V, Z)+

X, the distortion constraints are satisfied at both decoders.
6.2.4 Analysis of Probability of Error

We now turn to the analysis of the error probability. For each x and a particular choice of
the code C,, and related choices of ({Cy(*),Cuy(+),Cuws(+);Cu,(+)}), the possible causes for

€IrTor message are:

1. z¢ ij,x. Let the probability of this event be defined as P, .
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[\)

.z € Tlé’x’ but in the codebook Cy, Awi; s.t. (x, wi;) € TI%f(Wl. Let the probability

of this event be defined as P.,.

3. x € TI‘ZX, and the codebook C,, contains wi; s.t. (x, wi;) € TI%;S(W , but Av;; €
1

Cv(wl,i> s.t. (513, w1 i, vi,j) S T}%ile'
P.,.

Let the probability of this event be defined as

4. x € T]‘ix, the codebook Cy,, contains wy ; s.t. (&, wi;) € T]%iwl, and also the codebook

Cy(wi ;) contains v;; s.t. (@, wi;, v ;) € T3

Prw, o DUt Bwzijr € Cup (w1, vij) s:t.

(@, w3, v, Wi jk) € Tl%iwlvwz‘ Let the probability of this event be defined as P,.

5. ¢ € T]‘ZX, the codebook C,, contains w;; s.t. (x, wi;) € T]%iwl, the codebook

Co(wi;) contains v;; s.t. (x, wi;, v ) € T30 but Aws; i € Cuy(wis,vij) s.t.

Pxw, v’
. Let the probability of this event be defined as P,;.

35
(@, w4, v 5, w3 551) € TpXWI‘,W3

6. x € TI‘ZX, the codebook C,, contains w;; s.t. (x, wi;) € T the codebook

Pxw,’
Cv(wy ;) contains v;; s.t. (@, wi;,vi;) € Tf;iwlv, and the codebooks C, (w1 4, v; ;)

36

and Cyy, (w1, vi;) contain wy; ;i s.t. (@, wi, vij, wojk) € TPXW1VW2

and w3’i7j7m

st (=, w1, Vij, W3 m) € Tgiwlvws, respectively, but (x, w1 ;, vij, Wa jk, W3 ;1) ¢
T4 . Let the probability of this event be defined as P,.

Pxwivwyws

7. x© € TI‘ZX, the codebook C,, contains wi; s.t. (x, wi;) € T]%iwl, the codebook

Cy(wi;) contains v;j s.t. (x, wi;,vi;) € TI?;‘S and the codebooks Cy, (w14, v; ;)

Xwyv’

: 36
and Cy, (w14, v j) contain wy ; j  S.t. (2, wi 4, vij, waijk) €T

Pxw, v, and w3; jm S-t.

36 :
(@, Wy, Vi j, W35 5m) € Twalvwg’ respectively, and also (x, w1 ;, Vi j, o jk, W3, 1) €

40 oy . .
PXW1VW2W3’ but£w477”]»l7k7m € Cw4(w17/l7 va]’ w2727.]7k7 w3,l,],l) s.t.
45 s .
(T, W13, Vijy Wi s W3 450, Wik im) € Twalvw2w3 . Let the probability of this event

be defined as F,.

Note that if none of those events occur, then, for the sufficiently large N, by the Markov
Lemma [12, pp. 436, Lemma 14.8.1] applied twice, the following is satisfied: with high
probability (X, Y, X) are jointly typical and (X, Z, 5() are jointly typical at both stages.

1. The first application of the Markov Lemma occurs due to the Markov chain (Y, Z) +
X+(Wy,V, Wy, W3, Wy): Note that by the way of creation, X, Y and Z are jointly typ-
ical with high probability and also, with high probability, RV’s (W1, Wa, W3, Wy, V)
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and X are jointly typical. Therefore, by the Markov Lemma, all the sequences X, Y,
Z, Wy, Wy, W3, W4 and V are also jointly typical with high probability. And so,

Sls are jointly typical with the auxiliary RV’s at both stages of communication.

2. Also, note that due to the fact that the source is memoryless and by the way of
creation of the reconstructions, the following Markov chains hold at the first stage:
X+ (Y, W)+ X and X = (Z, W1, V, W) + X. Similarly, at the second stage,
X+ (Y,W,V,Ws3) - X and X = (Z, Wy, V, Wy, W3, W) —~ X. By the second
application of the Markov Lemma, we obtain that with high probability X is jointly
typical with X and X at both stages. The probability that one or more of the above
typicality relations do not hold vanishes as N becomes infinitely large. The joint
typicality of (X, X) and (X, X) imposes that the distortion constraints (33)- (36) are

satisfied when N is large enough (see [4, Section 6] for explicit derivations).

It remains to show that the probability of sending an error message vanishes when N is

large enough. The average probability of error P, is bounded by
P.<P,+ Py + Py + P, +FPey + Py + Pe,. (157)

The fact that P., — 0 follows from the properties of typical sequences [12]. As for P.,, we

have:
ol
P, = I Pr{(e wip) ¢ 78, }. (158)
k=1
Now, for every k:
Pr {(m, W) ¢ T]%iwl} — 1—Pr {(m, W) € Tﬁiwl} (159)
20
B TP, |
= l-
3, 1T,

< 1 -2 NIEW)+ea]

where the last equation follows from the size of typical sequences as are given in [12].
Substitution of (159) into (158) and application of the well-known inequality (1 — v)" <

exp(—vNN), provides us with the following upper-bound for N — oc:
Peg < 1— 2—N[I(X;W1)+€1]i| |Cw1‘ < exp {*|Cw1| . 2—N[I(X;W1)+€1]} N 07 (160)
double-exponentially rapidly since |Cy,, | = I(X;W1) + €1 + 0.
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To estimate P, we repeat the technique of the previous step:

.|
A
Py =TI Pr{(@ wii, Vig) ¢ TE,,., |- (161)
j=1

Again, by the property of the typical sequences, for every j:

Pr{(a i, Vi) ¢ T8, } <1 -2 VIV sal (162)

Pxw,v
and therefore, substitution of (162) into (161) gives
P, < [1 B 27N[I(X;V\W1)+ez]} |Cul < exp {—!Cv! ' 27N[I(X;V\W1)+62]} 0, (163)

double-exponentially rapidly since |C,| = I(X; V|W7) + €2 + 4.

To estimate F,,, the technique of the previous step is again repeated:

|Cus |
A
P€4 = H Pr {(:17, wl,i, ’Uz"j, W2,i,j,k) ¢ Tgf(leWQ} . (164)
k=1

Still, by the property of the typical sequences, for every k:

Pxw,vw,

Pr {(fB’ wi i, vig, Waige) & Ti, } <1 -7 MiRIn Tl (165)

and therefore, substitution of (165) into (164) gives

P, < [1 _ 2—N[I(X;W2\W1,V)+eg]} |Cusy | < exp {—ICw2| . 2—N[I(X;W2\W1,V)+e3]} —0, (166)

double-exponentially rapidly since |Cy,| = I(X; Wa|W1, V) + €3 + 6.

Similarly as in the previous step we show that P, and P, vanishes as well when
N is large enough, using the fact that |Cy,| = I(X;Ws|W1,V) + €6 + § and [Cy,| =
I(X; Wy|[Wy, Wa, W3, V) + €7 + §, respectively.

The proof for P, is different and it uses the Markov lemma [12, pp. 436, Lemma 14.8.1].
In the previous steps we show that the probability that the quadruples (X, Wi, V, Ws) and
(X, W1, V, W3) are jointly typical with high probability. Now, due to the Marlov lemma
applied to the Markov chain Wy (X, W1, V)+Ws3, the probability that (X, Wy, V, Wy, W3)
are not typical tends to zero with N approaching infinity. Therefore, P, — 0 when N — oo.

Since P., — 0 for s € [1,7], their sum tends to zero as well, implying that there exist
at least one choice of a codebook C,,, and related choices of sets {Cy}, {Cuws,}, {Cuws}s {Cuw,}
that give rise to the reliable source reconstruction at both stages with communication rates

Ry and Rs.
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