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Abstract— Exponential error bounds for the finite—alphabet Our main result, presented in Section Il, is a single letter
interference channel (IFC) with two transmitter—receiver pairs, characterization of an achievable error exponent regisra a
are investigated under the random coding regime. Our focuss function of user rates, for tha/ = 2 user finite alphabet,

on optimum decoding, as opposed to heuristic decoding rulgbat | interf h L Th . is derived b
have been used in previous works, like joint typicality decding, memoryless Interierence channel. € region is daerived by

decoding based on interference cancellation, and decodinthat bounding the average error probability of random codebooks
considers the interference as additional noise. Indeed, éhfact comprised of i.i.d. codewords uniformly distributed oveype
that the actual interfering signal is a codeword and not an class, under maximum likelihood (ML) decoding at each user.
I.i.d. noise process complicates the performance analystf the ke the single user setting, in this case, the effectivenmel
optimum decoder. In addition to the single—letter expressins of det - h ivers ML decodi le is inducedhbot
the error exponents derived, we also present some numerical e erm'n'r_]g eac rec_e'vers_ ecoding rule Is inducedbo
results and discuss them. by the noiseand the interfering user’s codebook. Our focus
on optimal decoding is a departure from the conventional
I. INTRODUCTION achievability arguments in [1] and elsewhere, which aretas
on joint-typicality decoding, with restrictions on the deler
The M -user interference channel (IFC) models the commp “treat interference as noise” or to “decode the interfes
nication betweenV/ transmitter-receiver pairs, wherein eacln part or in whole. However, our codebook ensembles are
receiver must decode its corresponding transmitter's agess simpler than the superposition codebooks of [1]. It might be
from a signal that is corrupted by interference from the otheuitful to consider such structured codebook ensembles fr
transmitters, in addition to channel noise. The infornmatican error exponent perspective, and we plan to do so in future
theoretic analysis of the IFC was initiated over 30 year aggork [6].
and has recently witnessed a resurgence of interest, remliva The analysis of the probability of decoding error under
by new potential applications, such as wireless commuinitat optimal decoding is complicated due to correlations induce
over unregulated spectrum. by the interfering signal. Usual methods for bounding the

Previous work on the IFC has focused on obtaining inn@fobability of error based on Jensen’s inequality and other
and outer bounds to the capacity region for memorylegglated inequalities (see, e.g., (10) in Section II) failgive
interference and noise, with a precise characterizatiotef tight results. Our bounding approach combines some of the
capacity region remaining elusive for most channels, even fideas of [4] and [5] used to derive error exponents for single
M = 2 users. The best known inner bound for the IFC is théser channels. As in [4], we use auxiliary paramefeasid A
Han-Kobayashi (HK) region, established in [1]. It has beei@ get an upper bound on the average probability of decoding
found to be tight in certain special cases ([1], [2]), ancerety ~ €rror under ML decoding, which we then bound using the
was found to be tight to within 1 bit for the two user Gaussiafitethod of types [5]. Key in our derivation is the use of dis&n
IFC [3]. No achievable rates that lie outside the HK regiom a€numerators in the spirit of [7], which allows us to avoidngsi
known for any IFC. Jensen’s inequality in some steps, and allows us to maintain

Our aim in this paper is to extend the study of achievabfgPonential tightness in other inequalities by applyingnhto

schemes to the analysis of error exponents, or exponenﬂaly a _ponnor_maIIy few terms (as opposed t_o. exponenua}lly
rates of decay of error probabilities, that are attainalslena many) in certain sums that bound the probability of decoding

function of user rates. To our knowledge, there has been fRigor-

prior treatment of error exponents for the IFC. In particula Regardn&g notation, ulnless (;therW|s|e stabte%f we :Jse low-
the error bounds underlying the achievability results ih [ rcase and uppercase letters for scalars, boldface losesrca

yield vanishing error exponents (though still decayingoerr etters for vectors, uppercase (poldface) letters for oamuari-
probability) at all rates. ables (vectors), and calligraphic letters for sets. Fongxa,

a is a scalarp is a vector,X is a random variableX is a

T Part of this work was done while N. Merhav was visiting HetPackard random vector, and is a set. In addition, we ert@v(t) to
Laboratories in the Summer of 2007. refer to thet-th element of vectow. Also, we uselog(-) to



denote natural logarithm&' to denote expectation, and Pr toexponents correspond to
denote probability. For independent random variablesndY
distributed according t®x vy (z,y) = Px(z)Py (y), (z,y) € Eq,; = max { — pR;

X x Y, we define the operataE x(-) as Ex(f(X,Y)) = s

wex J(@,Y)Px(x) for any functionf(-, -). All information L+p
qzl:JaEth(itie(s (er)wtror()y,) mutual informatiE)n,) etc.) and rates a —log [Z Qi(x)ﬁi(yml/(lﬂ)] } (1)
in nats. Finally, we use=, <, etc., to denote equality or yeYi L€
inequality to the first order in the exponent, ig, = b, < The following simple argument shows that these exponents
limy, e %1og Z_: =0; a, < b, < limsup % log Z_: <0. are indeed achievable. Suppose each receiver implements an

We continue with a formal description of the two useML decoder assuming a discrete memoryless channel (DMC)
IFC setting. Letz; = (2;(1),...,2:(n)) € X", i = 1,2, with transition probabilities given by its correspondingeage
denote the channel input signals of the two transmitteisjetn channelg;. Unlike what will be treated in the next section,
v, = (y:(1),...,y:(n)) € Y" be the corresponding channefhese are suboptimal decoders, since the true induced elsann
outputs received by decoders 1 and 2, wh&r@and); denote depend on the interfering users’ codebooks. The error proba
the input and output alphabets, and which we assume to Hlities corresponding to these simpler decoders (I, 2) can
finite. Each (random) output symbol pait; (j), Y2(j)) is Pe written as
assumed to be conditionally independent of all other ostput p = _ L () (gl . 220)-
and all input symbols, given the two corresponding (random) “*  [emf1][enf=] Z Z Z 4 (Yle,22)
input symbols(X;(j), X2(j)), and the corresponding condi- (n (n
tional probability is assumed to be constant from symbol to 132’ £ ar,2' € Oy g (ylar) <7V (ylz) ()
symbol. An (n, R1, Ro) c_ode for t_he IFC consists of pairswhere C; is the codebook of uset, q§">(y|:v1,:v2) =
of encoding and decoding functiongfy. /o) and (g1 g2).  TT,_, gi(y(D]aa(t),>(1). 3" (wlz) =TT, 9,(u(t)la(2))
respectlvelj)%/,v wherg; : {1,..., [e" ]} — A] andgi +Vi' = and1(.) denotes the indicator function. Assuming the symbols
{1,...,[e"™]}. The performance of the code is characterizegbross all codewords i; are selected i.i.d. according to
by & pair of error probabilities’. ; = Pr(W; # W), i = 1,2,  the product distributior;, the expectation of. ; over the
whereW; = gi(Y;) andY’; is the random output when userrandom codebook§’; andC,, denoted ad, ;, is given by
¢ transmits X; = f;(W;), assuming the messagég; are
uniformly distributed on the sets of indic€s, 2, . . ., [e"fi]}, - 1 _(n)

) Sy ) Pe = F N : .
i = 1,2. The per user error probabiliies depend on the = ©' @ [enfir] :ch:c y;n 7 ylm)
channel only through the marginal conditional distriboto Y ‘
of the channel outputs given the corresponding channel in- 13 / L =(n) _(n) /
: " 2 ' €Ch: < , (3
put pairs. We shall denote these conditional distributiass (52" 7 21, @ v (yle) s (yle) 3)

Gi(yles, 22) & PHY;(5) = yl(X1(5), Xa () = (21, 22)). with a similar expression holding foP. .. In particular,
A pair of error exponent$E,, E) is attainable at a rate gnjy the terqui") (y|z1,z2) in (2) depend onC,, and
pair (Ry, I) if there is a sequence ofi, R, Rz) codes ayeraging them ove€’, (selected according to the product
satisfying E; < liminf —(1/n)log P ; for i = 1,2. The set jstribution) yields the termg\™ (y|x1). The expression (3),
of all attainable error exponents &R:, Ry) comprises the phowever, corresponds exactly to the expected error prétyabi
error exponent region &ti2,, R,) and we shall denote it as (yith respect to the random codebo6k) of single user ML
E(R1, Ry). The main result of this paper is a single letteﬂecoding for the “averaged” DM@,, and the exponential
characterization of a non-trivial subset &R, , It;) for each pehavior of this, as is well known from [4], is indeed bounded
Ry, Ry. from below by E¢ 1 of (1). This (and the analogous argument
Before presenting the main result, we first derive an “easygr Eg ) establishes thag ; and Eg » are indeed attainable
set of attainable error exponents which we shall treat asegponents for the IFC.
benchmark for the more sophisticated exponents of the nexin the next section, we derive a more sophisticated set of
section. The “easy” exponents are obtained from Gallageggainable exponents by analyzing true ML decoding for the
single user random coding error exponents for suitabler*avghannel induced by the interfering codebook. We follow this
age” channels. up in Section Il with a numerical comparison of the new
Given distributions); on X;, letq,(y|x) denote the average exponents withE ; and E¢ » for a simple IFC. These results
channel induced for user if user j's transmitted symbol, show that our improved exponents are never worse, and, for
j # i, is distributed according t@);. That is, g, (y1|r1) = most rates, strictly improve ovefs ; and Eg ».
ngeXQ q1 (y1|l‘1,f£2)Q2($2), with 62(y2|l‘2) defined analo-
gously. It is reasonable to expect that, for 1,2, Gallager’s
random coding error exponents corresponding to inputidistr Our main contribution is stated in the following theorem,
butions@; and induced single user channg|sare attainable. which presents a new error exponent region for the discrete
From egs. (5.6.13) and (5.6.14) in [4], for= 1,2, these memoryless two-user IFC.

L1€C1 T2€C2 YV

II. MAIN RESULT



Theorem 1. For a discrete memoryless two-user IFC adistributions inX; and X, respectively, we obtain the error

defined in Section I, for a family of block codes of ratBs
and R, a decoding error probability for user 1 satisfying

. 1 =
hmlnf—g log P.1(n) > Egr1(R1, R2,Q1,Q2,p,2) (4)

can be achieved as the block length of the codegoes to
infinity, where the error exponetir 1 (R1, R2, Q1,Q2, p, A)
is given by

ER,l = {Rg — pR1 + min{

min A, P P, A,A,);
(le’X%Y’l"PXi,Xéyl/ f ( X1, X2,Y1 X1,X5,Y!
€81(Q1,Q2)
min \, Py Po, <, A/)
(P)A(lyxz,f’ﬂp)%;,f(éy{ f ( X1,X02, Y70 X1,X5,Y/ }}
€82(Q1,Q2,R2)
(5)
where
£ > > ~ A
fr =900 A Py, 5,900 Py g.97) — HYIXD) + pI (X35 YY)

+ max {I(XQ;X:[, Yl) — RQ;
(1= pN(I(Xy: %1, ¥2) —R»}
+ max {(1 IR ) + pI(Xhs R0, ) — Ros

p(I(X5; X1, V{) = Ra); pA(I(X%; X1, V) — R@} (6)

f2 £ 9(p, A, Pr %9 PX{,X;,Y{) - H(Y1|X1)
+ pI(X{; X5, YY) + I(X2; X1, V1) — Ry @)
with
92— (1= pVEx, 5,3 loga (V[ X1, %)
= PAER; %597 108 a(Y{|X], X3)
and
$1(Q1,Q2) {( %% v0 P 1 y/)ESQ =Py,
Py, = Pg; =@, X2—PX2;—Q2} (8)
82(Q1,Q2, Ra) {( % v Py g 97) € S?:
Py, =Py, = @1, Py, = Py, = Qo
Ry < I(X2;1), Py, 3, = Py 97} (9)

where S is the probability simplex in¥; x Xs x ). In the
bound (4),(p, \) €
exponentEr ;.

In egs. (4), (5), (8), and (9%21 andQ- are probability dis-

tributions defined over the alphabets and x> respectively.

Expressions for the error probabilify, » and error exponent
Ero equivalent to (4) and (5) can be stated for the receiver 0

user 2 by replacing{; « X5, Y7 — Y5, andq; — ¢» in all
the expressions. By varyin@; and Q» over all probability

[0, 1] can be chosen to maximize the error

exponent region for fixed rate®; and Rs.

Remark: The set of rate pairéR;, Rs) for which the cor-
responding error exponent regions contain points withethyri
positive components can be shown to be contained in the HK
region [8]. A precise characterization of this set of rat@gpa
is left for future work.

Proof Outline: Due to space limitations we will omit some
of the details of the derivation. The complete proof will be
presented in [6]. We will use the following inequality (see
problem 4.15, part (f) in [4]), valid for; > 0,i=1,...,n
and0 <b<1: .

<2 ab

For a given block lengtlm, we generate the codebook of
useri = 1,2 by choosingM; 2 [enfi] sequencese; of
lengthn independently and uniformly over all the sequences
of lengthn and typeQ; in X. We will write z, ; to denote
the j-th codeword of usei. For the moment, we make the
technical assumption tha®,;,7 = 1,2 have rational entries
with denominatom.

For a given channel outpuy; € )7, the best decod-
ing rule to minimize the probability of error in decoding
the message of user 1 is ML decoding, which consists of
picking the messagen which maximizesP(y,|®1,m) =
Zf\bl qln) (Y1]T1,m, T2 1)/M2 Letting

Mo

qu (Y1 |21, @2,7)

be the “average” channel observed at receiver 1, where the
averaging is done over the codewords of user 20n

the decoding error probability at receiver 1 for transnditte
codewordz; ,, and codebookg’; andC is given by:

P.1(x1,m,C1,Cs) =
3 Pea(@im, O, Calyy)ayd, (Wil m) (12)
Y, eyt

With the introduction of the average channel (11), and the
use of two auxiliary parametets, \) € [0, 1], we can follow
the approach of [4] to bound the conditional probability of
decoding errot, 1 (x,, C1, C2|y, ). Taking expectation over
the random choice of codebooks and C; we obtain an
average error probability:

Po, <M Y E@{Exl [[q%z(ynxlnw]
Y, er
.Ep

e, [ mlxr] |

where we used Jensen’s inequality in the last step.

Equation (13) is hard to handle, mainly due to the corre-
Iartion introduced byCs> between the two factors inside the

n

(2 a)

=1

(10)

") (yy|z) 2 (11)

(13)

INote that this average channel differs from the one used aticel due
to the difference in the codebook generation process.



outer expectation. Furthermore, the evaluation of the rinneound onE(y,, P, P’) depends ony, only through a factor
expectations overX; are complicated due to the powers(y, € Py, ,Py/,P = P; ;= = Qu Py = %, = = Q2).

(1 — pA\) and X affecting q(”) (y,|X1). Bounding methods Therefore, the ‘innermost sum in (15) “can be evaluated by
based on using Jensen’s mequallty and (10) fail to give goodunting the number of vectorg, € };* that have empirical
results due to the loss of exponential tightness. types Py, and P, V- Note that this count can only be positive

We proceed with a refined bounding technique based for Py, = Py, Th|s count is approximately equal tH ()
the method of types inspired by [7]. While in this approacto frrst order in the exponent. Furthermore, the sums over
we still use (10), we use it to bound sums with a number gt and P’ in (15) have a number of terms that only grows
terms that only grows polynomially with, and as a result, polynomially with n. Therefore, to first order, the exponent

exponential tightness is preserved. of (15) equals the maximum exponent of the argument of
Since the channel is memoryless, the outer two sums, where the maximization is performed
My n over the distributionsP and P’ which are rational, with
q§ 32 (y, |1 Z H @y (D)1 (1), 22.4(1)) denominator. We can further upper bound the probability of
i error by enlarging the optimization region, maximizing ove
:L Z N oPe o o) any probability distributionsP, P’.
My, ~ LY G X X So far, we have assumed rational distributiohs @Q-, and
XXz o showed that (4) can be achieved. It is possible to show that
"Exy %07 [log ar (V11 X1, X2 )] (14) Egr1(Ri,R2,Q1,Q2,p,\)) (cf. (5)) is a continuous function

where we usedVzs, .y ¢, (Pg. 5, ¢,) to denote the numberOf Q1 and Q. It follows that for fixedp and A the error
of codewordse, in Cg such thaiwfml 22,,) have empirical exponent obtained witany Q; and@- can be asymptotically

distribution Py . We also usedy ¢ 4. (-) to denote achieved by using a sequence of ratiof@, ,,, Q2 » }» Which

expectation wrth respect to the drstrrbutm}?} converges toQy, Qe asn — oo. Finally, p and A can be
X2 V1 optimized to maximize the resulting error exponent. M

Replacrng (14) in (13) and using (10) three times we obtain:
( ] 1. NUMERICAL RESULTS

P TS Y B mx [0, o

b P y.eyr In this section we present a numerical example to show the

performance of the error exponent region introduced in Theo

) EPX {N% (p/)] rem 1. We use as a baseline for comparison the error exponent
! LY region of Section | which is an extension of Gallager’s resul
n[(1—pA)Ep log q1 (Y1|X1,X2)+AEp, log g1 (V{ X}, X}) for single user channels to the IFC.

e
(15) We present preliminary results for the binary Z-channel

5, model:Y; = X1 x Xo® 71, Yo = Xo, WwhereX, Xo,Y1,Ys €

where we used” = Py, ¢, y, andP’ = Pgi %y, t0shorten v 1y 7 Bernoull(p), * is multiplication, andé is

the expression. _ . modulo 2 addition. This is a modified version of the binary
We next consider the bounding of erasure IFC that we studied in [9], where we added ndise

E(y,, P, ]5/) 4 to th_e received signal of user 1. In the results presenteg, her

we fixedp = 0.01.

Ec{E {leﬂ (p)]Ep {NA (p/)] The error exponent region is a surface in four dimensions

2{ X X192 X[ X0y,.0 R1,Ry,ER 1, Er 2. In order to obtain two-dimensional plots
(16) we consider two projections:

and note thafVX o, (P P) andNX (P’) are formed o Fix R and maximizeEr ; subject toER 2 > 0, varying
by sums of an exponentrally large number of indicator func-  R: (cf. figs. 1 and 2).

tions, each of which takes value 1 with exponentially small « Fix R, and maximizemin{Eg 1, Er}, varying R (cf.
probability. These sums concentrate around their mearishwh fig. 3).

show different ber}l%avior depending on how the number % the first projection, we study the maximum error exponent
2

terms in the sum¢(" ™) compares to the probability of each of,ogsiple for user 1, only requiring reliable communication

the indicator functions taking value 1 (depending on th&ca§ser 2. n the second projection we study the maximum error

considered, these probabilities take the form/(X2:X1.¥1), exponentsimultaneously achievable for both users.
e~ (X5 X1Y]) | or e=nI(X2:¥))), Whenever one of the factors

in (16) concentrates around its mean it behaves as a COnStFrqear part forR; below a critical value, and a curvy part for

and hence is uncorrelated with the remaining factor. Asﬁ above this value. This behavior is also observed in the

result, the correlation between the two factors of (16),aluhi ﬁrngle user random coding exponent of [4], and as a result, it
complicates the analysis, can be circumvented. We omit t R
also appears in the curves 8t ;.

details of this part of the derivation, but note that the Ity

Fig. 1 shows that the curves dfr ; for fixed )2 have a
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Fig. 3. Maximum error exponent simultaneously achievablebbth users
for fixed Rs as a function ofR;.

less interference for user 1, and a larger valueFgf;. It
follows that there is a direct trade-off betweeig ; andEr 2
through the choice of)2, and whenevemin{Eg 1, Er 2} is
maximized,Er 1 = Ero. Therefore, in the curves of fig. 3,
Er1 = ERp.

From the plots of figs. 1 and 3 we see that the error
exponents obtained from Theorem 1 always outperform the
baseline error exponents of Section I. It is worthwhile tdeno
that the random codebook distributions used to compiie
and E¢ ; are not the samet ; is obtained using codebooks
generated by choosing the codewords uniformly and indepen-
dently over all sequences of lengthand type@;. On the
other hand,E ; is computed using codebooks generated by
choosing the codewords with i.i.d. symbols drawn from
Q;. The performance improvement &fz ; over E¢ ; can be
attributed to both the different random codebook distidng
and the improved decoding rule (ML vs. suboptimal decoding)
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