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Abstract

This paper is about exact error exponents for the two-user interference channel under the random
coding regime. Specifically, we first analyze the standard random coding ensemble, where the codebooks
are comprised of independently and identically distributed (i.i.d.) codewords. For this ensemble, we
focus on optimum decoding, which is in contrast to other, heuristic decoding rules that have been
used in the literature (e.g., joint typicality decoding, treating interference as noise, etc.). The fact that
the interfering signal is a codeword, and not an i.i.d. noise process, complicates the application of
conventional techniques of performance analysis of the optimum decoder. Also, unfortunately, these
conventional techniques result in loose bounds. Using analytical tools rooted in statistical physics, as
well as advanced union bounds, we derive exact single-letter formulas for the random coding error
exponents. We compare our results with the best known lower bound on the error exponent, and show
that our exponents can be strictly better. It turns out that the methods employed in this paper, can also
be used to analyze more complicated coding ensembles. Accordingly, as an example, using the same
techniques, we find exact formulas for the error exponent associated with the Han-Kobayashi (HK)

random coding ensemble, which is based on superposition coding.

Index Terms

Random coding, error exponent, interference channels, superposition coding, Han-Kobayashi scheme,
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I. INTRODUCTION

A. Previous Work

The two-user interference channel (IFC) models a general scenario of communication between two
transmitters and two receivers (with no cooperation at either side), where each receiver decodes its
intended message from an observed signal, which is interfered by the other user, and corrupted by channel
noise. The information-theoretic analysis of this model has begun over more than four decades ago and
has recently witnessed a resurgence of interest. Most of the previous work on multiuser communication,
and specifically, on the IFC, has focused on obtaining inner and outer bounds to the capacity region
(see, for example, [1, Ch. IL.7]). In a nutshell, the study of this kind of channel was started in [2], and
continued in [3], where simple inner and outer bounds to the capacity region were given. Then, in [4],
by using the well-known superposition coding technique, the inner bound of [3] was strictly improved.
In [5], various inner and outer bounds were obtained by transforming the IFC model into some multiple-
access or broadcast channel. Unfortunately, the capacity region for the general interference channel is
still unknown, although it has been solved for some very special cases [6, 7]. The best known inner
bound is the Han-Kobayashi (HK) region, established in [8], and which will also be considered in this
paper. Recently, it was shown [9] that the capacity region can be strictly larger than the HK region.

To our knowledge, [10, 11] are the only previous works which treat the error exponents for the IFC
under optimal decoding. Specifically, [10] derives lower bounds on error exponents of random codebooks
comprised of i.i.d. codewords uniformly distributed over a given type class, under maximum likelihood
(ML) decoding at each user, that is, optimal decoding. Contrary to the error exponent analysis of other
multiuser communication systems, such as the multiple access channel [12], the difficulty in analyzing
the error probability of the optimal decoder for the IFC is due to statistical dependencies induced by the
interfering signal. Indeed, for the IFC, the marginal channel determining each receiver’s ML decoding
rule is induced also by the codebook of the interfering user. This indeed extremely complicates the
analysis, mostly because the interfering signal is a codeword and not an i.i.d. process. Another important
observation, which was noticed in [10], is that the usual bounding techniques (e.g., Gallager’s bounding
technique) on the error probability fail to give tight results. To alleviate this problem, the authors of
[10], combined some of the ideas from Gallager’s bounding technique [13] to get an upper bound on
the average probability of decoding error under ML decoding, the method of types [14], and used the
method of distance enumerators, in the spirit of [15], which allows to avoid the use of Jensen’s inequality

in some steps.
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B. Contributions

The main purpose of this paper is to extend the study of achievability schemes to the more refined
analysis of error exponents achieved by the two users, similarly as in [10]. Specifically, we derive exact
single-letter expressions for error exponents associated with the average error probability, for the finite-
alphabet two-user IFC, under several random coding ensembles. The main contributions of this paper are

as follows:

o Similarly as in recent works (see, e.g., [12, 16-19] and references therein) on the analysis of error
exponents, we derive exact single-letter formulas for the random coding error exponents, and not merely
bounds as in [10]. For the standard random coding ensemble, considered in Subsection III-B, we analyze
the optimal decoder for each receiver, which is interested solely in its intended message. This is in
contrast to usual decoding techniques analyzed for the IFC, in which each receiver decodes, in addition
to its intended message, also part of (or all) the interfering codeword (that is, the other user’s message),
or other conventional achievability arguments [1, Ch. II.7], which are based on joint-typicality decoding,
with restrictions on the decoder (such as, “treat interference as noise” or to “decode the interference”).
This enables us to understand whether there is any significant degradation in performance due to the
sub-optimality of the decoder. Also, since [10] also analyzed the optimal decoder, we compared our
exact formulas with their lower bound, and show that our error exponent can be strictly better, which
implies that the bounding technique in [10] is not tight.

o As was mentioned earlier, in [10] only random codebooks comprised of i.i.d. codewords (uniformly
distributed over a type class) were considered. These ensembles are much simpler than the superposition
codebooks of [8]. Unfortunately, it very tedious to analyze superposition codebooks using the methods
of [10], and even if we do so, the tightness is questionable. In this paper, however, the new tools that
we have derived enable us to: first, as was mentioned before, obtain the exact error exponents, and
secondly, to analyze more involved random coding ensembles. Indeed, in Subsection III-C, we consider
the coding ensemble used in HK achievability scheme [8], and derive the respective error exponents. We
also discuss an ensemble of hierarchical/tree codes [20]. Finally, it is worthwhile to mention that the
analytical formulas of our error exponents are less tedious than the lower bound of [10].

o The exact analysis of the error exponents, carried out in this paper, turns out to be much more difficult
than in previous works on point-to-point and multiuser communication problems, see, e.g., [12, 16-19].
Specifically, we encounter two main difficulties in our analysis: First, typically, when analyzing the

probability of error, the first step is to apply the union bound. Usually, for point-to-point systems, under
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the random coding regime, the average error probability can be written as a union of pairwise independent
error events. Accordingly, in this case, it is well-known that the truncated union bound is exponentially
tight [21, Lemma A.2]. This is no longer the case, however, when considering multiuser systems, and in
particular, the IFC. For the IFC, the events comprising the union are strongly dependent, especially due
to the fact that we are considering the optimal decoder. Indeed, recall that the optimal decoder for the
first user, for example, declares that a certain message was transmitted if this message maximizes the
likelihood pertaining to the marginal channel. This marginal channel! is the average of the actual channel
over the messages of the interfering user, and thus depends on the whole codebook of the that user.
Accordingly, the overall error event is the union of an exponential number of error events where each
event depends on the marginal channel, and thus on the codebook of the interfering user. To alleviate
this difficulty, following the ideas of [12], we derived new exponentially tight upper and lower bounds
on the probability of a union of events, which takes into account the dependencies among the events.
The second difficulty that we have encountered in our analysis is that in contrast to previous works,
applying the distance enumerator method [15] is not simple, due to the reason mentioned above. Using
some methods from large deviations theory, we were able to tackle this difficulty.

o We believe that by using the techniques and tools derived in this paper, other multiuser systems, such
as the IFC with mismatched decoding, the MAC [12], the broadcast channel, the relay channel, etc., and

accordingly, other coding schemes, such as binning [16], and hierarchical codes [20], can be analyzed.

The paper is organized as follows. In Section II, we establish notation conventions. In Section III, we
formalize the problem and assert the main theorems. Specifically, in Subsections III-B and III-C, we give
the resulting error exponents under the standard random coding ensemble and the HK coding ensemble,

respectively. Finally, Section IV is devoted to the proofs of our main results.

II. NOTATION CONVENTIONS

Throughout this paper, scalar random variables (RVs) will be denoted by capital letters, their sample
values will be denoted by the respective lower case letters, and their alphabets will be denoted by the
respective calligraphic letters, e.g. X, x, and X, respectively. A similar convention will apply to random
vectors of dimension n and their sample values, which will be denoted with the same symbols in the
boldface font. We also use the notation X f (j > 1) to designate the sequence of RVs (X;, Xjy1,...,X;).

The set of all n-vectors with components taking values in a certain finite alphabet, will be denoted as

"The precise definition will be given in the sequel.
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the same alphabet superscripted by n, e.g., X™. Generic channels will be usually denoted by the letters
P, @, or W. We shall mainly consider joint distributions of two RVs (X,Y") over the Cartesian product
of two finite alphabets X and ). For brevity, we will denote any joint distribution, e.g. ) xy, simply by
(), the marginals will be denoted by )x and @)y, and the conditional distributions will be denoted by
Qx|y and Qy|x. The joint distribution induced by Qx and Qy|x will be denoted by Qx X Qy|x, and
a similar notation will be used when the roles of X and Y are switched.

The expectation operator will be denoted by E {-}, and when we wish to make the dependence on the
underlying distribution @ clear, we denote it by Eq {-}. Information measures induced by the generic
joint distribution @ xy, will be subscripted by (), for example, Io(X;Y") will denote the corresponding
mutual information, etc. The divergence (or, Kullback-Liebler distance) between two probability measures
Q and P will be denoted by D(Q||P). The weighted divergence between two channels, Qy|x and Py x,

with weight Py, is defined as

x (ylz)
|(\)'

For a given vector x, let Q2 denote the empirical distribution, that is, the vector {Qm (), v € X},

D(Qy x|Py|x|Px) £ Z Px(x Z Qy|x (y|r) 108; 2 (1)

TEX yey

where Qm(a:) is the relative frequency of the letter = in the vector . Let T'(Px) denote the type class
associated with Py, that is, the set of all sequences x for which Qm = Px. Similarly, for a pair of
vectors (x,vy), the empirical joint distribution will be denoted by me, or simply by Q, for short. All
previously defined notation rules for regular distributions will also be used for empirical distributions.
The cardinality of a finite set .A will be denoted by |.4|, its complement will be denoted by .A°. The
probability of an event £ will be denoted by Pr {£}. The indicator function of an event £ will be denoted
by Z{&}. For two sequences of positive numbers, {a,} and {b,}, the notation a,, = b,, means that {a,, }
and {b,} are of the same exponential order, i.e., n"'loga, /b, — 0 as n — oo, where logarithms are
defined with respect to (w.r.t.) the natural basis, that is, log (-) = In (). Finally, for a real number z, we

denote [z], £ max {0,z}.

III. PROBLEM FORMULATION AND MAIN RESULTS

In this section, we present the model, the main results, and discuss them. We split this section into
two subsections, where in each one, we consider a different coding ensemble. We start with a simple
random coding ensemble where random codebooks comprised of i.i.d. codewords uniformly distributed
over a type class. It is well-known [11] that this coding scheme can be improved by using superposition

coding and introducing the notion of “private” and “common” messages (to be defined in the sequel).
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Accordingly, in the second subsection, we consider the HK coding scheme [8], and derive the exact error

exponents. Finally, we discuss other ensembles that can be analyzed using the same methods.

A. The IFC Model

Consider a two-user interference channel of two senders, two receivers, and a discrete memoryless
channel (DMC), defined by a set of single-letter transition probabilities, Wy, y,|x, x, (y1y2|T122), With
finite input alphabets X7, X5 and finite output alphabets ), V. Here, each sender, k € {1, 2}, wishes to
communicate an independent message m;, at rate Ry, and each receiver, | € {1, 2}, wishes to decode its
respective message. Specifically, a (M; 2 " My 2 ¢™F2 n) code C,, consists of:

o Two message sets My = {0,...,M; — 1} and My £ {0,..., My — 1} for the first and second users,
respectively.

o Two encoders, where for each k € {1,2}, the k-th encoder assigns a codeword xj,; to each message
i € M.

o Two decoders, where each decoder | € {1,2} assigns an estimate 1, to m;.

We assume that the message pair (m1,ms) is uniformly distributed over M; x M. It is clear that the

optimal decoder of the first user, for this problem, is given by

5 pu— P ) 2

iy = arg max P (y;[@1,) @)
1 My—1

_ 1 P o 3

arg max - - ]Zl (Y11, 22,5) 3)

where P(y;|x1,, 2 ;) is the marginal channel defined as

n
P(y|zri, @25) 2 || Wi x,x, Wkl ziwaae), “4)
k=1
and
A
Wy, 1 x, x, Y1kl T1ikv2ik) = Z Wy, va)x, %, (Y1kYok | T1ikT 25k ) - 5)
Yok €Yo

The optimal decoder of the second user is defined similarly. Accordingly, the probability of error for the

code C,, and for the first user, is defined as
Pe71 (Cn) é Pr {m1 75 ml} s (6)
and similarly for the second user.

Monday 9" March, 2015 DRAFT



B. The Ordinary Random Coding Ensemble

In this subsection, we consider the ordinary random coding ensemble: For each k € {1,2}, we select
independently M), codewords xj;, for ¢ € M)y, under the uniform distribution across the type class
T (Px,), for a given distribution Px, on Xj. Our goal is to assess the exact exponential rate of P, £

E{P.1(C,)}, where the average is over the code ensemble, that is,
. PN 1 5
E7(R1,Rp) = liminf |——log P, 1|, @)
n—oo n

and similarly for the second user. Before stating the main result, which is a single-letter formula of
E*(R1, Ry), we define some quantities. Given a joint distribution Qx,x,y; over X3 X Xa X )i, we

define:

f(@Qx,x,v,) = Eq [log Wy, |x, x, (V1] X1 X2)] 3)
= > Qx,x.v; (1, 22,9) log Wy, | x, x, (1|z172) , (€))
(21,22,y1)EXL X XX Y1
to(@x,y) 2 Ro+ max @ - Iy Xiv)|, 0)
Q: Qx,v;=Qx vy, [5(X2;X1,Y1)< Ry
and
E(QxixrsQuixod) 2 min_ o Xy~ Re| D)
Q: Qx,vi=Qx,v;, QEL(Qx, x0v,,Qx 1 X5v7) +
where

LQx, v, X, Xav1) 2 {Q t f(Qx,x,v;) < max [f(@)vto(Qxlxzyl),f(Qxlszl)} ,

max [f(@),to(Qxl)(m% f(QXngYJ} —f(Q) < [Rz — 15(X2; X1, Y1)Lr} : (12)

Finally, we define:

E1(Qx,x.v:, Ra) £ 56 mil_lQ [IQ(XU X2, Y1) + E1(Qx, x.v1» QXngYl)] ; (13)
Er(Qx,xavi, B2) & min Ei(Qx, Xy QX Xav)s (14)

Q: QXQYI =Qx5v;

and

E*(Qx,x,vs, R1, R2) & max { [31(QX1X2Y1,32) - R . ,E2(QX1X2Y1,R2)} : (15)

Our main result is the following.
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Theorem 1 Let Ry and Ry be given, and let £*(R;, Ry) be defined as in (7). Consider the ensemble of
fixed composition codes of types Py, and Py,, for the first and second users, respectively. For a discrete
memoryless two-user IFC, we have:

ET(Ry, Rg) = min [D(Qv,1x, % 1Wyi 1 x, x. | Px, X Px,) + E*(Qx,x,v,, R1, R2)] .

Qvy1x;, x5 @xy x,=Px; Px,

(16)
Several remarks on Theorem 1 are in order.

« Due to symmetry, the error exponent for the second user, that is, F5(R;, R2) is simply obtained from
Theorem 1 by swapping the roles of X, Y7, and R;, with X5, Y5, and R», respectively.

o An immediate byproduct of Theorem 1 is finding the set of rates (R;, R2) for which E} (R, R2) > 0,
namely, for which the probability of error vanishes exponentially as n — oco. It is not difficult to show

that this set is given by:
Rordinary,1 = {R1 < I (X1; Y1)} U{R1 + R < I (X1, X3 Y1)} N{R <I(X;;V1[X2)}} (A7)

evaluated with Px, x,y, = Px, X Px, X Wy;|x, x,- Fig. 1 demonstrates a qualitative description of this
region. The interpretation is as follows: The corner point (I (X;;Y7|X2), I (X2;Y7)) is achieved by first
decoding the interference (the second user), canceling it, and then decoding the first user. The sum-rate
constraint can be achieved by joint decoding the two users (similarly to MAC), and thus, obviously, also
by our optimal decoder. Finally, the region Ry < I (Xi;Y7) and Ry > I (Xo9;Y1|X1) means that we
decode the first user while treating the interference as noise. Evidently, from the perspective of the first
decoder, which is interested only in the message that is emitted from the first sender, the second sender
can use any rate, and thus there is no bound on Ry whenever Ry < I (X;;Y7). Note that this region
was also obtained in [10], but from a lower bound on the error exponent. Accordingly, this means that
according to [10], the achievable rate could be larger. Our results, however, show that one cannot do
better when standard random coding is applied. Notice that R, 1 i well-known to be contained in the
HK region [11, 22].

o Existence of a single code: our result holds true on the average, where the averaging is done over
the random choice of codebooks. It can be shown (see, for example, [23, p. 2924]) that there exists
deterministic sequence of fixed composition codebooks of increasing block length n for which the same
asymptotic error performance can be achieved for both users simultaneously.

e On the proof: it is instructive to discuss (in some more detail than earlier) one of the main difficulties

in proving Theorem 1, which is customary to multiuser systems, such as the IFC. Without loss of
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I(Xg;Yl‘Xl) ===
Rardina'r'yJ
I(Xo; Vi) pmmmmm e e
1
Ry
I(X17Y1) I(X17Y1|X2)

Fig. 1. Rate region Rauch,1 for which ET(R1, R2) > 0.

generality, we assume throughout, that the transmitted codewords are x1 and x2. Accordingly, the

average probability of error associated with the decoder (3) is given by

Mi—1 [ My—1 My—1
]5571 =Pr U Z P(Yl‘Xl’“XQ’j) 2 Z P(Yl‘Xl,o,XQVj) (18)
i=1 j=0 Jj=0
My—1 [ My—1 My—1
=EqPr| | D PVilX1i,X25) > > P(Y1|X10,X2;5) p| Fo (19)
i=1 Jj=0 Jj=0

where Fy £ (X1,0,X20,Y1). By the union bound and Shulman’s inequality [21, Lemma A.2], we know

that for a sequence of pairwise independent events, {.Az}fi 1> the following holds

N N N
%min {1,ZPr{Ai}} < Pr {UA,} < min {1,ZPI‘{AZ‘}} , (20)
=1 =1 =1

which is a useful result when assessing the exponential behavior of such probabilities. Equation (20) is
one of the building blocks of tight exponential analysis of previously considered point-to-point systems
(see, e.g., [16-19], and many references therein). However, it is evident that in our case the various events
are not pairwise independent, and therefore this result cannot be applied directly. Indeed, since we are
interested in the optimal decoder, each event of the union in (19), depends on the whole codebook of the
second user. One may speculate that this problem can be tackled by conditioning on the codebook of the
second user, and then (20). However, the cost of this conditioning is a very complicated (if not intractable)
large deviations analysis of some quantities. To alleviate this problem, we derived new exponentially tight
upper and lower bounds on the probability of union of events, which takes into account the dependencies

among the events. This was done using the techniques of [12].
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Fig. 2. Comparison between our error exponent E7(R1, R2) and the lower bound Eig(R1, R2) of [10], as a function of R

for two different values of R> and fixed choices of Px, and Px,.

o Comparison with [10]: Similarly to [10], we present results for the binary Z-channel model defined
as follows: Y7 = X; - Xo @ Z and Ys = Xo, where X1, X5,Y7,Ys € {0,1}, Z ~ Bern(p), “” is
multiplication, and “@®” is modulo-2 addition. In the numerical calculations, we fix p = 0.01. Fig. 2
presents the exact error exponents under optimal decoding, derived in this paper, compared to the lower
bound Eyg(R1, R2) of [10], as a function of R, for different values of Px,, Pyx,, and Ro. It can be

seen that our exponents can be strictly better than those of [10].

C. The Han-Kobayashi Coding Scheme

Consider the channel model of Subsection III-B. The best known inner bound on the capacity region is
achieved by the HK coding scheme [8]. The idea of this scheme is to split the message M7 into “private”
and “common” messages, M1, and My at rates R1; and Ry9, respectively, such that Ry = Rj; + Rio.
Similarly M5 is split into Moy and Mas at rates Ro; and Rao, respectively, such that Ry = Ro1 + Roo.
The intuition behind this splitting is based on the receiver behavior at low and high signal-to-noise-ratio
(SNR). Specifically, it is well-known [1] that: (1) when the SNR is low, treating the interference as noise

is an optimal strategy, and (2) when the SNR is high, decoding and then canceling the interference is
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the optimal strategy. Accordingly, the above splitting captures the general intermediate situation where
the first decoder, for example, is interested only in partial information from the second user, in addition

to its own intended message.

Next, we describe explicitly the coding strategy, which was used in [8]. Fix a distribution
Pz,.P2,,P2,, Pz,,Px,|2,, 7,,X,| 22, 7,,» Where the latter two conditional distributions represent deter-
ministic mappings. For each k,k’ € {1,2}, randomly and conditionally independently generate a
sequence zy (Mg i) under the uniform distribution across the type class T'(Pz,,,) for a given Py, ..
To communicate a message pair (my1, m12), sender 1 transmits @1 (z11, z12), and analogously for sender
2. All our results can be extended to the setting in which the codewords are generated conditionally on
a time-sharing sequence q. However, this leads to more complex notation. Thus, we focus primarily on

the case without time-sharing.

Let us now describe the operation of each receiver. Receiver k = 1, 2, recovers its intended message
M, and the common message from the other sender (although it is not required to). This scheme is
illustrated in Fig. 3. Note that this decoding operation is the one that was used in [8], but there, the sub-
optimal non-unique simultaneous joint typical decoder was used. Here, in contrast, we use sub-optimal
ML decoding (the sub-optimality is due to the fact that our decoder recovers also the common message
from the other sender). It is important to emphasize here that it was shown in [22] that optimal decoding,
that is, the ML decoder that is interested only on its intended message, do not improves the achievable
region. In other words, the HK achievable region cannot be improved upon merely by using optimal

decoding. Nonetheless, in terms of error exponents, there could be an improvement.

We wish to find exact single-letter formulas for the error exponent, achieved by the HK encoding
functions, in conjunction with the above described decoding functions. To this end, note that by combining
the channel and the deterministic mappings as indicated by the dashed box in Fig. 3, the channel
(Z11, Z12, Zo1, Za2) — (Y1,Ys) is just a four-sender, two-receiver, DMC interference channel, with
virtual inputs. We assume that the message quadruple (M1, Mg, Moy, M) is uniformly distributed
over M1 X M2 X Mo1 X Mas. Following the above descriptions, our decoder for this problem is given

by

M1, M12,Ma1) = arg max P (y,|z11,, 212,5, 221,k 21
( ’ ’ ) (ivjvk)EMuXMmXle ( 1| v 72 )
1 M22—1
= arg max — Z P (yq|z114, 212,5, 221k, Z22,1) - (22)
(4,5,k) EM11 X Myax Moy M22 =0 ( 1| v 7 ’ )
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Muw—Zu 4, i
Mg = Zyp _E_, - | Y1 = (M1, My, May)
i PRI |
Moy = Zyn _E_, . _§_>Y2 — (Mya, My, Myy)
Mas = Za _E_> i
I

Fig. 3. Han-Kobayashi coding scheme.

Accordingly, the probability of error for the code C,, and for the first user, is defined as

P.1(Cn) & Pr{("a1,m12,M21) # (m11,m12,ma21)}, (23)

and similarly for the second user. Our goal is to assess the exact exponential rate of P.1 = E {P,; (C,)},

where the average is over the code ensemble, namely,

1 _
Efx(Ry, R2) = liminf {— log Pal} , (24)
n

n—o0

and similarly for the second user.

We need some definitions. For simplicity of notation, in the following, we use the indexes {1,2,3,4}
instead of {11,12,21,22}, respectively. Let Z = (7, Zo, Z3), and U = {1,2,3,12,13,23,123}. For
ue {1,2,...,7}, Zy(w) 1s a random vector consisting of the random variables which corresponds to
the indexes in U(u), for example, Z1 £ Zyn) = Z1. Z12 = Zywy = (Z1,22), Z123 £ Zy) =
(Z1, Za, Z3), and so on. Define:

F(Qziyv,) £ Eq [log Wy, | x,(2,,20) X225, 2) (Y11 X1 X2)] . (25)
Also, let
ro(Qzm) 2 Rzt max 1(Q) — 15(21: 28, 11)) (26)
Q: szyl :Qz§y1: I@(X2§X17Y1)§R22
and

Fi(Qsvy Qzy) 2 min gz Ziv) - Re| . @D
Q: Qz?yl :in”’ylv QGD(szyl 7QZ§1Y1) +
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where

D(Qzti Qi) 2 {Q - max [ £(Q):r0(Qzin) S (Qz)| = F(Q) < [Rez = LK X1, 11)]

F(Qzye) < max [F(@)uro(Qzsv ). S Q)] |- e8)
Define:
R1 % Rii; R2 2 Rig; R3 = Ro1; Ra = Ry + Rao;
R5 £ Ri1 + Ro1; R 2 Ria + Ror; Rr 2 Riy + Ria + Ro. (29)
Now, let
EY(Qgiy,,Ro2) =  _ min [IQ(ZBZ%,Yl) + EI(QZj*YlaQZle)} ; (30)
O Qi =Qui,
E®(Qyzy,, Raz) = 5.0 fniEQ ) [IQ(Z2§Z1,Z§3Y1) +E1(QZfY1,QZ;1Y1)] ) (31)
B Q) = | min (25 2 Z0¥) + Qv Qa3
and
Ezgl)(QZleaRﬂ) = _ _ min EI(QZva Qziv,) (33)
Q: Qzav; =Quzav,
E§2)(QZ;*Y1aR22) = _ _ min E\(Qziv, Qzvy), (34)
QR Qzy 28y, =@z, 28y,
Eég)(QZ;lylaRzz) = min E\(Qzsy Qzsv,)- (35)

Q: Qz%z4yl :QZ%Z4Y1

For u € {1,2,4}, let

o) (Qz1y,, Ra2) = 56 minQ [IQ(ZM(U); Z3 V1| Z 1) + Br(Qzivy, Qzsy)| . (36)
A 4 . ~
EMN(QuiviiR) = min  Ei(Quy. Qziv,)- (37)

Q: QZ§Y1:QZ§Y1
For u € {1,3,5}:

EP (Qzpy,, Raz) = G e 6 Zuw; Ze. 2o Vi Zrguiw) + Br(Qzpv, Q)| 38)
E§5)(QZfY1,RQ2) = min El(QZ{*Yu Qziv,)- %

Q: QZQZ4Y1 :QZQZ4Y1

For u € {2,3,6}:

EP)(Qzsy,, Ra2) = min 15(Zuwy; Z1, 21, Y1l Ziguw)) + E1(QZ§Y1,QZ;4Y1)] , (40)

Q: Qzyz,v,=Qz,24v,
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6 ' N
EY )<QZ;*Y17R22) = 66 mlilQ E1(Qz1y,, Qzsy,)- 41)

Foru € {1,2,...,7}:

E(Qzsy;, Raz) = 6.6 minQ [IQ(ZU(U); Z4, Y11 Z 193 u(w) + E1(Qz3v,, Qzivy) | (42)

B (Qzsv,, Rao) = Q:Q miEQ E\(Qzivi- Qztv,). @

Finally, for v € {1, 2,3}, let

HK(QZ4Y1 = maX{ N(Qziy,, Ra2) — Ru N E§U)(QZfY17 322)} : (44)

HK(QZ4Y1 = max { max A134)(szy1 , Raa) — Ry ,E§4)(szyl ; R22)} ; (45)
ue{l,24} L 1+

ER(Qziv) max{ max_|ES/(Qziv Bo2) — Ru| Y (Qzpv, R22>} , (46)
ue{1,35) L I+

(QZ4Y1 max{ max | ES(Q sy, Ro2) — Ru ,E§6)(Q2fyl> Rzz)} : 47)
ue{2,3,6} L I+

EH7K)(QZ{1Y1) £ max {ug}fﬁ} [EASZ)(QnylaRm) — Ru . ,Egg?)(szYl,Rm)} : (48)

Our second main result is the following.

Theorem 2 Let Ri1, R12, Ro1 and Roo be given such that Ry = Ri1 + Ri2 and Ry = Ro1 + Rao, and let
Ejix(R1, Ry) be defined as in (24). Consider the HK encoding scheme described above. For a discrete
memoryless two-user IFC, we have:

Bk (R1, Ry) = min D(Qy, 2:Wy, 2:|Pze) + min B (Qzsy,) | - (49)

viizd: Qga=Pya ue{l:7}
Several remarks on Theorem 2 are in order.

o As before, an immediate byproduct of Theorem 2 is finding the set of rates (R;, R2) for which
E(R1, R2) > 0, namely, for which the probability of error vanishes exponentially as n — oo. It can be

shown that this set is given by the HK region, that is,

Ry < I(Z1;Y1| 22, Z3), (50a)
Rz < I(Z9; V1|20, Z3), (50b)
Ro1 < 1(Z3; Y| 21, Z2), (50c)
Ru1 + Rag < I(Z4, Z2;Y1123), (50d)
R+ Ro1 < I(Z4, Z3; Y1 Z2), (50e)
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Ria + Roy < I(Za, Z3;Y1|Z4), (501)

Ri1+ Ri2+ Ro1 < 1(Zy, 2o, Z3; Y1), (50g)

evaluated with Pgay, = Pz, Pz, Pz, Pz, Wy,|x,(2,,2,)X2(Zs,2,)> @nd similarly for the second user. As was
mentioned earlier, it is possible to introduce a time-sharing sequence g, and accordingly, (50) remains
almost the same, but with some time-sharing random variable (), appearing at the conditioning of each the
above mutual information terms. Also, it can be shown that the above region includes Rordinary,1, and thus,
the HK ensemble is obviously better than the standard random coding ensemble described in Subsection
III-B. Finally, it can be seen that using the ML decoder instead of the non-unique simultaneous joint
typical decoder [8] cannot improve the achievable region (but will certainly improve the error exponent).
This result is consistent with [22], where this fact was implied from another point of view.

o Using the same techniques and tools derived in this paper, we can consider other random coding
ensembles. For example, we can analyze the error exponents resulting from the hierarchical code
ensemble. Specifically, in this ensemble, the message M is split into a common and private messages
My, Myo at rates Ri; and Rj9, respectively, such that Ry = Ry; + Ryo. Similarly M5 is split into a
common and private messages Moy, Moo at rates Ro; and Ros, respectively, such that Ro = Ro1 + Rao.
Then, we first randomly draw a rate R;; codebook of block length n according to a given distribution.
Then, for each such codeword, we randomly and conditionally independently generate a rate 12 codebook
of block length n. In other words, the code has a tree structure with two levels, where the first serves
for “cloud centers”, and the second for the “satellites”. We do the same for the second user. Under this
ensemble, we can analyze the optimal decoder. Note, however, that this ensemble is different from the
product ensemble considered in Theorem 2. Indeed, while for the former for each first stage codeword
(cloud center) we independently draw a new codebook (satellites), for the latter, for each cloud center we
have the same satellite. Loosely speaking, this means that the product ensemble is “less random”. From
the point of view of achievable region, however, the hierarchical ensemble is equivalent to the product
ensemble used in HK scheme [1, Ch. I1.7].

e In Theorem 2 we assumed the sub-optimal decoder given in (22). Indeed, the optimal decoder for our
problem is given by:

(11, M12) = argﬂl%axp(y1|z11,i,zl2,j) (51

M1 —1 Maz—1

1
= argmax —————— E E P (yy|z11,4, 2125, 221k, 222,1) - (52)
ij Moy Moo S Wi lz1 / )
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Unfortunately, it turns out that analyzing the HK scheme (in conjunction with (52)) is much more difficult,
and requires some more delicate tools from large deviations theory. Specifically, the main difficulty
in the derivations, is to analyze the large deviations behavior of a two-dimensional sum (due to the
double summation in (52)) involving binomial random variables which are strongly dependent (contrary
to the standard one-dimensional version, see, e.g., [16, p. 6027-6028]). Nonetheless, we note that for
the hierarchical code ensemble described above, the optimal decoder can be analyzed. Indeed, for this

ensemble, it is clear that the optimal decoder is given by

(ﬁ"bll,mm)Zargﬂgf}xp(yﬂ%(i,j)) (53)
Mz1—1 Maz—1

=argmax ————— P x1(,7), x2(k,l 54

gmax 4 > P(yilmi(i, 5), wa(k, 1)) (54)

k=0 =0
where x1(i,7) £ f1(x}(i),2](i,7)) and x2(i,j) = fa(xh(i), 5(i,)) due to the hierarchical structure.
Now, while here too, we will deal with two-dimensional summation, the summands will be independent,

given the cloud centers codebook, and the proof can be carried out smoothly.

IV. PROOFS
A. Proof of Theorem 1:

Without loss of generality, we assume throughout, that the transmitted codewords are 1 o and x2 o, and
due to the fact that we analyze the first decoder, for convenience, we use y instead of y;. Accordingly,

the average probability of error associated with the optimal decoder (3), is given by

M;—1 | Mx—1 M>y—1
Po=pPr| |J 4D P(YIX1:X25)> ) P(Y|X10,X2,) (55)
i=1 j=0 §=0
M;—1 | M>—1 Ms—1
=EqPr| | D P(YIX13,X25) > ) P(Y[X10,X25) p| Fo (56)
i=1 =0 §=0

where Fo £ (X 1,0, X 2,0, Y'). In the following, we propose new upper and lower bounds on the probability
of a union of events, which are tight in the exponential scale, and suitable for some structured dependency
between the events, as above. Before doing that, in order to give some motivation for these new bounds,
we first rewrite (55) in another (equivalent) form. Specifically, we express (56) in terms of the joint types
of (X1,0,X20,Y) and {(Y, X1, Xg’j)}m. First, for a given joint distribution Qx, x,y of (1, x2,y),

we let
1
f(Qx,x.v) = - log P (y|x1, x2) (57)
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=Eq [log Wy x, x, (Y[X1X2)] . (58)
Now, for a given joint type Qx, ,x,,y of the random vectors (X1, X20,Y’), we define the set:

A ~0 Nk} Mz—]. Ak M2—].
Tr (Qx, X, 0v) = QX x,,v € S0, {QXlXQY}k a{QXI,OXQY}kzl SRS

. My—1 _ .
enf(QgﬁXz.oY) + Z [enf(Ql%lxzy) _ e”f(Q?(leY)] 2 enf(QXLon,oY)} (59)
k=1

where

SO(QXL(JXz,oY) £ {Q(;(IXQ,DY : Qg{l = PX17QOX2 = PX27 Qg{z,OY = QXZYOY} 5 (60)

and

~

~ Mz* MQ* ~ ~ ~
S1(Qxxaiy) 2 LG "o 0% = Py Ok, = P, O = Qv
1,04X2,0 X1 XY ke1 ’ X1 XY k1 X1 19 %% Xy 2y WY )

Q% = Px,,Q%, = Px,,Q%, v = Qx,,v, VI <k < M — 1
Oy = Oy, Oy = @%Y,vk,m}  61)

The set T7(Qx, ,x,,v) is the set of all possible types of (X ;,Cz2), where Co denotes the codebook of
the second user, which lead to a decoding error when (X109, X20,Y) € T(Qx, ,x,,y) is transmitted.
The various marginal constraints in (60) and (61) arise from the fact that we are assuming constant-
composition random coding and, of course, fixed marginals due to the given fixed joint distribution
Qx, X,y Finally, the constraint:

N Msy—1 _ .
(@ xa0v) S [6Nf(Q'§'<1x2y) 7enf(62’§<1x2y)} > e (@x10%50v) (62)

k=1

in (59), represents a decoding error event, that is, it holds if and only if

My—1 Ma—1
> P(ylwii,aa;) > > P(ylzio, x2,) (63)
=0 =0
for  (x1,0,%20,9) € T(Qx, 0X20Y ) (T1,i,2,0,Y) € T(QS)QXQ,OY),
. My—1 N My—1 .
{(:BLZ', a:27j,y) S T(QJXleY)} e and {(:L‘Lo, $27j,y) € T(Q?Xl ony)} ) . Now, with these
e , _

definitions, fixing Qx, ,x,,v, and letting (z1,0,22,0,y) be an arbitrary triplet of sequences such that

(1,0,220,Y) € T(Qx, ,x,,Y)- it follows, by definition, that the error event

M;—1 | My—1 My—1
U D PYVIX1i Xay) > Y P(Y[X 10, X2,) (64)
i=1 | j=0 j=0
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can be rewritten, in terms of types, as follows:

(Xl,ia 2.0, y) S T(Qgﬁ)ﬁ,oy)’
M,—1 Ms—1
5 —

U U {(Xl,i7X2,jay) eT( ~J}(1xgy)}j:1 v (65)
=1 {Q% v @ xov L ETH@x, 00,07 )
{(ml,O,XZja y) € T(Qxl,ong)}

My—1

j=1
We wish to analyze the probability of the event in (65), conditioned on JFj. Note that the inner union in
(65) is over vectors of types (an exponential number of them). Finally, for the sake of convenience, we

simplify the notations of (65), and write it equivalently as

XLi S Al’o,
M,—1

U U (X Xog) e 4y, forj=1,...,Mp—1, (66)
i=1 1
XQ’]'G.AL]-, foryj=1,...,My—1
where, again, the index “l” in the inner union runs over the combinations of types (namely, I =
{ Ng(lxzy, Qg(leY }j) that belong to T7(Qx, ,x,,v), and the various sets {Al,jwil,j}lj correspond
to the typical sets in (65) (recall that (x10,220,y) are given at this stage). Next, following the ideas

of [12], we provide exponentially tight lower and upper bounds on a generic probability which has the

form of (66). The proof of this Lemma is relegated to Appendix A.

Lemma 1 Let {V} (z)}ZLzl1 ,Va, Vs, ..., Vk be independent sequences of independently and identically

distributed (i.i.d.) random variables on the alphabets V; x Vo X ... x Vi, respectively, with Vj (i) ~

Py, Vo ~ Py,,...,Vk ~ Py,. Fix a sequence of sets {Az‘g}ij\il ; {A@Q}ﬁil yees {-Ai,K—l}iip where
Ai i CV1 xVjyq, for 1 <j < K—1andforall 1 <i<N. Also, fix a set {.Ai,g}?;l where A; 9 C V;
for all 1 < ¢ < N, and another sequence of sets {Qm}fil , {9@3}1.]11 ey {givK}fvzl, where G; ; C V;,
for 2 < 7 < K and for all 1 < i < N. Define
K—1 K
Bmi= 1 v1: v1 € Ay, ﬂ (v1,vj41) € Ay, ﬂ vj € G ; for some {vj}jig , (67)
j=1 j=2
and
K—1 K
Bmgé {vj}j[.(:2 c v € Ao, ﬂ (vi,vj41) € Ay j, ﬂ vj € Gy ; for some vy p, (68)
j=1 j=2

for m=1,2,..., N. Then,

1) A general upper bound is given by

N K-1 K
Pr {U{ U {Vl(i) € Ao, m (V1(i), Viy1) € Am, ﬂ Vi € gmk}}}

% m=1 k=1 k=2
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< min{l,Ll Pr{ U {1 e Bm,l}} ,Pr{ U {{V}}szz IS Bm,Q}},

m=1 m=1
N K-1 K
Ly Pr{ U {V1 € Amo, () (Vi,Vis1) € A, [\ Vi € gmk}}} (69)
m=1 k=1 k=2
with (Vl,...,VK) ~ Py - x Py,.
2) If {\ (z)}f:ll ,Va, Vs, ..., Vi are all independent, {V; (z)}ZL:l1 is a sequence of pairwise independent

and identically distributed random variables, and

N K—1 K
Pr{ U {111 € Ao, ﬂ (v1, Viey1) € Ao ﬂ Vi € ka}} (70)

m=1 k=1 k=2
is the same for all v; € By 1, and for all v; € Ba 1, and so on till v1 € By, 1, but may be different

for different B; 1, and

N K—1 K
Pr{ U {V1 € Ao, ﬂ (V1,0k+1) € Amis ﬂ = gmk}} (71)

m=1 k=1 k=2

is the same for all {vj}JK:2 € By 2, and so on till {Uj}JKzz € By 2, but may be different for different
B 2, then

Uiy

7 m=1

K-1 K
{V1(i) € Ao, ﬂ (Vi(3), Vir1) € Am s m Vi € ka}}}

k=1 k=2

min{l,Ll Pr{ C[J {1 € ijl}} ,Pr{ [VJ {{V}}kKZQ € Bm,?}}u

m=1 m=1

N K-1 K
Ly Pr{ U {Vl € Amo, ﬂ V1, Viey1) € Am, ﬂ Vi € gmk}}} - (72)
m=1 k=1 k=2

>

=

Remark 1 Note that the number of sequences, K, can be arbitrarily large, and in particular, exponential,
without affecting the tightness of the lower and upper bounds. Also, note that the above lemma can be
easily generalized to the case where we have random sequences, {V> (z)}Zle oo VK (z’)}iLil, rather

than single random variables Va, ..., Vi, respectively.

Next, we apply Lemma 1 to the problem at hand. To this end, we choose the following parameters in

accordance to the notations used in Lemma 1. Recall that we deal with:

Mglu X1 € Ao, (X1, X21) € Apgy -5 (X1, Xom,—1) € Ap g1 (73)
i=1 1 Xo1 € thl,1, o, Xo,—1 € AZ,M2—1
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and in Lemma 1 we have considered:

Vi(i) € Amp, (V1(i),V2) € A1y .o, (Vi(D), Vi) € A -1

U C[J . (74)

i m=1 Vo €Gma,...,Vk € Gn K
Thus, comparing (73) and (74), we readily notice to the following parallels:

e The numbers of events in the unions over ¢ is Ly = M; — 1. Also, we have K = M5 independent
random vectors, where Vi (i) = X1, Vi(1) = X, for 2 < 1 < M, — 1. Again, since J = 1, we have
fixed the index of V;(1) to 1.

o We have:

1) Api = Al,b for 0 << My —1,

2) gm,i = Al,i—la for 2 <1 < M2-
~ ~ M2—1
These sets correspond to each of the typical sets T(Qg(1 XQ_OY)’ {T(Q§(1X2Y>}k o

N 2

T(Q% ) . Also, the union over m corresponds to a union over I, which as was
XI)OXZY k=1

mentioned before, is actually a union over a vector of types.

o According to (67) and (68) we need to define B,, 1 = B (Qg(1X2,0Y’ {Qg(lxﬂ,, Q§(1X2Y}j) and B, 2 =

By (Qg(l X0V {Qgﬁ XY Qgﬁ XQY} ). Accordingly, by the definitions given in (67) and (68), we get
: J
(%1, 220,Y) € T(nglxz,oy)a

M>—1

Bni=14 1: {($1,w2,j>y) € T(@&lxzy)}jzl ; ; (75)
MQ*].

{(a:w,acg,j,y) € T(Qg(l,onY)}jzl for some {ang}j
and

(.’131, :13270, y) c T(Qg(lxz(ﬁ/),
~j M271
Bm’2 - {mz’j}jzl : {(xl’ x27j7 y) € T(QX1X2Y)}].:1 9 . (76)
A MQ*l
{(2131,0, T25,Y) € T(Q&mxzy)}jzl for some x;

Finally, note that the requirements (70) and (71) in Lemma 1 hold. For example, the requirement in

(70) means that the probability

(ml,la m2,07y) € T(QOXIXQ,OY)v
~j MQ*].
Pr U {@1X05) € T x)} (77)
{Qg(lXQY’nglXQY}jeTf(Qxl,ox2,oY)

e My—1
{(ml,Oa X?,jv y) € T(Qg(l)o)QY)}j:l
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is constant over B,, 1 for every m (but may be different for different m). This is true because everything
is expressed in terms of types. Indeed, if we fix m, then over B,, 1, the first and third constraints in
the event of (77) are held fixed, and the second constraint is also independent of the specific sequence
a1, from B, because the joint empirical distribution of (x1,,y) is fixed to Qgﬁy, and this type is
consistent with the distribution Qﬂ(l x,y» Which have, by construction, the same marginal of (x1,1,9).

Due to the same reasoning, the probability

(X1,1,220,Y) € T(Q%XQ,OY)’
Nj My—1
Pr U {(X1,17$27j7y) € T(QX1X2Y)}j:1 ’ (78)
{Qg(lx2y7Qg(1xzy}j€TI(QX1,0X2,Uy)

N My—1
{(ww, x2.j,Y) € T(QJXLOXZY)}jzl

is constant over B, » for every m (but may be different for different m).

Thus, invoking Lemma 1, we may write

B lel Mg*l MQ*l

PEPr| | D PYIX14,X25) > ) P(Y[X10,X25) | Fo (79)
i=1 4=0 §=0

=min<{ 1, M; - Pr U X1 € B (Qgclxz,gy, ( ~J)'(IXQYa Qi(lxzy)j)) )

{O%, x0v Q% xov },€T1(Qx; x5 0v)

~0 ~ - ~ -
Pr U {X27]}]21 E 62 (QX1X2,OY7 (Q&1X2y7 Q?leXgY)])) )
_{Qﬁ}.(lxzvaAg(lxzy}JETI(QXLOXQ,OY)

(Xl,lv 2,05 y) € T(QgﬁXz,oy)’

po My—1
My - Pr v {(X11 Xo5m) € T@% )} (80)

- N Jj=1
{ Q% xyv @k, x y}jGTI(QXLUxQ,OY) N M;—1
e {(371,07X2,jay) € T(Q§1,0X2y)}

J=1

where each of the probabilities at the r.h.s. of (80) are conditioned on Fq. Therefore, we were able
to simplify the problematic union over the codebook of the first user. Note, however, that we cannot
(directly) apply here the method of types due to the fact that the union is over an exponential number
of types, and thus a more refined analysis is needed. We start by analyzing the last term at the r.h.s. of

(80). To this end, we will invoke the type enumeration method, but first, the main observation here is that
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similarly to the passage from (64) to (65), the last term at the r.h.s. of (80) can be rewritten as follows:

<X1717 2.0, y) € T(©9{1X2,0y),

M>y—1

Pr U {(lel’Xij’w < T(Q&X?Y)}Fl ’

e xov Q% xov 1 ETT(Qx, ox0 oY N 2—
(o S LG X € Tk )}
M,—1 M,—1 i
=Pr|{ > P(Y|X11,X2)> Y P(Y[X10,X25) | Fo (81)
§=0 §=0 ]
My—1 My—1
=E{Pr |4 ) P(Y[X11,X25)> > P(Y[X10,X2;) ¢ Fo, X[ |Fop. (82)
Jj=0 Jj=0

That is, we returned back to the structure of the original probability, but now, without the union over the
codebook of the first user. Note that conditioning on the random vector X1 1 in (82), is due to the fact
that X1 1 is common to all the summands in the inner summation over the codebook of the second user.
We next evaluate the exponential behavior of the probability in (82). For a given realization of Y = y,

XLQ = 1,0, X171 =11, and X270 = 2,0, let us define
Al
5= - log P (y|x1,0,22,0) , (83)
and
Al
rs - log P (y|x1,1,%2,) - (84)

For a given (y,x1,0,Z1,1,%20), and a given joint probability distribution Qx, x,y on X1 x Xy x Y, let
N1 (Qx, x,y) designate the number of codewords { X2 ; }j (excluding @ o) whose conditional empirical

distribution with y and x1; is Qx, x,v, that is,

M,—1
M Qxxy) 2 D T{(®11, X25,9) € T (Qx,x.v)} (85)
i=1

and let Ns (Qx, x,y) designate the number of codewords {X QJ}j (excluding a2 () whose conditional

empirical distribution with ¢y and x1 ¢ is Qx, x,v, that is

My—1
No (Qxixav) 2 D T{(®10, X25,9) € T (Qx,x.v)} - (86)
i=1
Also, recall that
f(@x,x,v) = %logP(ykz:l,wg) (87)
= > Qx,x.y (21, 2,y) log Wy | x, x, (ylz122) (83)

($l,$z,y)€X1><X2><y
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where () x, x,v is understood to be the joint empirical distribution of (1, x2,y) € A" x A3 x V". Thus,

in terms of the above notations, we may write:

Mg—l
> P(ylwig, Xo5) =™ + > N (Qx, x,v) € (@xixay) (89)
Jj=0 Qx,1x,vES(Qx,v)

£ "+ M(Qx,y). 0)

where for a given Qx,y, S(Qx,y) is defined as the set of all distributions {QX2| le}, such that

Z(ml,y)eXlxy QXlY (xl,y) QX2|X1Y (a:2|x1,y) = PX2 (:UQ) for all x9 € Ab. Similarly,

MQ*l
> Pyl Xay) =™ + > N2 (Qx, o x,v) " (@x10xy) O1)
7=0 QXQ\XLUYGS(QXLOY)

£ ™ 4+ MNo(Qx, ,v) (92)

where for a given Qx, v, S(Qx,,y) is defined as the set of all distributions {Q X me}, such that
Z(rl,y)eXlxy Qx, v (%1,y) Qx,|X1.0Y (x2|x1,y) = Px, (x2) for all z9 € Xy. For simplicity of notation,
in the following, we use () and Q to denote Qx, x,y and Qx, ,x,y, respectively. Therefore, with these

definitions in mind, we wish to calculate (given (Fp, X1,1))

My—1 My—1
Pr| Y P(Yleiy, Xa5) > > P(Y|ere, Xaj) | =Pr [M(Qx,y) — Na(Qx, ,v) > € — "] .
=0 i=0
(93)

Let € > 0 be arbitrarily small. Then,

Pr [Mi(Qx,v) — Mo(Qx,,v) > €™ — €]

= ZPT {ems < N2 (Qx,,y) < "N (Qxyy) — Na(Qx,oy) > €™ — em}

< ZPY {emg < No(Qx, ,v) < T2 N (Qx,y) > ™€ 4 e — €m} (%94)

= S Pr{en < No(Qx, o) < "7

% Pr {Nl(QXlY) > em’a 4 e — enr} em’a < N?(QXLUY) < en(i+1)a} (95)

where 4 ranges from é log P(yl|x1,0, T2,0) to Ry/e. It is not difficult to show that can be show that (see,

e.g., [16, p. 6028]):

. 0 t< tO(QXLoY) —€
Pr {em < NQ(QXLOY) < en(t+5)} - (96)

exp [—nE(t, Qx,,v)] t>1t(Qx,,v)
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where

fo(Qx,v) & Ra + max /(@) = I5(Xa: X10,Y)] ©7)
QGS(QXLOY)5 IQ(X2§X1,0,Y)§R2

and

B(t,Qx, ,v) £ min { (X2 X10.Y) = Re| : F(Q)+ | By~ Ig(Xai X10.Y)] | > t} o)
Substituting the last result in (95), we get

Pr [Nl (QX1Y) _NQ(QXLOY) Z ens - enr]
< ZPF {em’a < N2(QX1,UY) < Cn(i+1)E,N1(QX1Y) > enia 4+ e — enr} (99)

— Z exp [—nE(iE, QXLUY)]

iztO(QXLoY)/E

% Pr {Nl(QXlY) > enie 4 ens — enr‘ enis < NQ(QXLOY) < en(i+1)€} ) (100)

Next, we use the following lemma.

Lemma 2 Let {Ak}kzo and {Bk}kzo be a sequence of events, that may statistically depend each on
another. If:

o The event A is an almost-sure event, i.e, Pr{Ag} =1

o The probability Pr {8} is monotonically decreasing as a function of k

Then,
m]?xPr {Ax N Br} =Pr{By}. (101)
Proof of Lemma 2: Note that:
Pr{doNBy} < m]?xPr {AxN B} < max Pr{By} =Pr{By} =Pr{AoN By} (102)

where the first and second equalities follow from the second and first assumptions of this lemma,
respectively. [ |

We now apply Lemma 2 to (100), where A, = {e"™ < N5(Qx,,y) < e”(k+1)5} and B, 2
{Nl(Q X,y) > ke ens — e’”’}. Note that under this choice of A and By, the assumptions of Lemma
2 hold, where k = 0 in the lemma is replaced by k = to(Qx, ,v)/e. Indeed, according to (96) the event
Ay, is an almost-sure event (the exponent E(ke, Qx, ,yv) vanishes), and as shall be seen in the sequel,
Pr{B} is monotonically decreasing with k. Thus, applying Lemma 2, we conclude that the dominant

contribution to the sum over i is due to the first term, i = to(Qx, ,v)/e. Whence, using the above
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arguments and the fact that ¢ is arbitrarily small, we get by using standard large deviations techniques

(see, e.g., [16, p. 6027])

Pr [NI(QXIY) _N2(QX1‘0Y) > s enr] ~ Pr {NI(QXlY) > ento(Qxlyoy) 4 e — enr} (103)

= n[to(Qx,,0v)=f(Q)] L nls—F(Q)] _ onlr—f(Q)]
Qeg(lg);ly)Pr {Nl(Q) >e +e e } (104)
1 r > max [f(Q), to, 5]
- —n[lq(X2;X1,Y)—Rs] 105
Qeg(lg}ily) e e +  r<max[f(Q),to,s], Q€L (105)
0 r < max [f(Q), 10, 5], Q € L°
= exp {—nE1(Qx, X,V @X, 0 Xa0Y) } (106)
where
L£2{Q: max[f(Q),to,s] — f(Q) < [Re — Ig(Xo; X1,Y)], } . (107)

Note that when r > max [f(Q), o, s], the r.h.s. term of the inequality in the probability in (104) is
negative, and due to the fact that the enumerator is nonnegative, the overall probability is unity. Finally,

we average over X 11 given Fy. Using the method of types we obtain

M2—1 M2—1

EQPr(¢ > P(Y|X11,X2;)> Y P(Y[X10,X2;) ¢|Fo. X11]||Fo (108)
j=0 j=0

- o {_n QX1|X2,OYg‘l§i(%X1,OX2,OY) [IQ(Xl’ X2707 Y) * El(QXlX&OY? QXLOXZ’OY)} } (109)

£ exp {—nEl(Qxl,UXQ,Oy,R2)}- (110)

This completes the analysis of the last term at the r.h.s. of (80).

Next, we analyze the second and third terms at the r.h.s. of (80). Recall that the later is given by:

Pe,?) £ Pr U {X27j}j21 € B2 <Q0X1X2.0Y’ (Q‘-%(lXQY’ QgﬁXzy)j))
{QJ).QXQY’QAileQY}jeTI(QXLon,oY)

(111)
Accordingly, in the spirit of (82), we note that P 3 can be equivalently rewritten as:

M>y—1

Ps=Pr| |J D Pylm Xoy)>
Qxl\ngy j=0
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My—1

Z P(y|w170,X27j), for some 11 S T(QX1X2,0Y) .Fo . (112)
j=0

Note that in comparison to the probability that we have analyzed before, here o1 1 is some given sequence

from a type that leads to erroneous decoding. Continuing, we may write

My—1 My—1
P.3 = max Pr| > Pylwiy, Xa5) > Y Plyleio, Xo)|Fo| . (113)
QXl‘XQ,OYGS(QXLOXZOY) j:() ]:0

However, the probability in (113) is exactly what we have already analyzed above, and thus we get

P.g= Dy DR ORP {-nE1(Qx,Xa0v, QX1 0Xs0Y) } (114)
=expq —n min Ei(Qx, X507, QX1 0Xs0Y (115)

{ QX1|X2Y0Y€S(QX110X2’OY) [ ( ’ ' ' )] }
£ exp {—nEQ(QXsz,Oy, Rz)} : (116)

Note that the difference between E;(Q X1.0X2,0Y, R2) and Ey(Q X1.0Xs,0Y, [82) is the additional mutual
information term, /g(X1; X20,Y), in E1(QX1,0X2,0Y, R5), which is due to the averaging over X ;. This
completes the analysis of the third term at the r.h.s. of (80). Finally, recall that the second term at the

r.h.s. of (80) is given by

A é M1 - Pr U lel S Bl (Q%1X2,0Y7 (Qg(lXQY7 Q?XlXQY)J)) (117)
TI(QX1,0X2,0Y)

and is equivalent to

(X1,1,220,9) € T(Q%, x, ,v):

_ My—1
A= DM, -Pr U {(lel,:z:gd,y) eT( J)(ngY)}jzl , for some {zs;} . (118)

TI(QX1,0X2,0Y) Aj
{(:Bl,o,wzj, y) € T(Qxl,OXQY)}jzl

My—1

This term can be analyzed as before, but, we claim that it is actually larger than the fourth term at the
r.h.s. of (80), and thus, essentially, does not affect the minimum in (80). Indeed, recall that the fourth

term is given by

(X1,17 2.0, y) € T(ngl)(z,oy)’

B2M, P (X114, X2, T(Q’ e 119
=M, -Pr U 11, X2,5,Y) € T(Q% x,y) -1 ) (119)
TI(QXLOXQ‘OY) . Ms—1
i {(ml,OaX2,j7y) € T(Q]Xl,oXﬂ)}j:l |

and since the factor M; is common to both A and B, we just need to compare the probabilities in these

terms. However, it is obvious that the probability term in B is smaller (in the exponential scale) than the
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probability in A, due to the fact that events in the former are contained in the events in the latter. Indeed,
this is equivalent to comparing between Pr{(Z1,Z3) € Z} and Pr{(Zi,22) € Z, for some 22 € 22},
where Z; and Z, are random variables that are defined over the alphabets Z; and Zs, respectively, and

Z C 2 x Z5. Let V2V x Z,, in which
VE{z €2 : (21,2)€ Z, for some z € Z5}. (120)

Then, it is obvious that Z C V), and thus

Pr{(Z1,Z2) € 2y = > Plz,2)< Y Pz, 2) (121)
(21722)62 (z1,22)€V
= Y P(z1) =Pr{(Z1,2) € Z, for some 2} . (122)
Zlef)

Wrapping up, using (56), (80), and the last results, after averaging w.r.t. Fy, we get

P.=E {min {1, BN @x0xa,0 B)=F) o=nBa(Qu o xz,07 1) }} (123)
) {min {e—n[El(QX1,0X270Y7R2)_R1]+ : e*TLEAQ(QXLOXQV()y,Rz)}} (124)
=E {GXP [—n max { [El(QXLOXg,Oy, Ra) — 31} . ,B2(Qx, o Xa 0y R2)H } (125)

= exp {—n [ min  [D(Qyx, X0l WX, 0 %50 PX10 X PXao) + E*(Q7RlaR2)]]} (126)

Y|X1,0X2,0

where

E*(Q, R1, Ry) & max { [El(QXI,DXQ,Oy, Ry) — 31} . B (Qx, o X0 0 RQ)} : (127)

B. Proof of Theorem 2:

Without loss of generality, we assume throughout, that the transmitted codewords are 1 and 2
which correspond to 2110, 212,0, 221,0 and 222 o, and due to the fact that we will analyze the first decoder,
for convenience, we use y instead of y,. Here, we distinguish between several types of errors. Recall

that the overall error probability is given by
PeZPI‘{(M11,M127M21) # (0,070)}7 (128)

so there are seven possible types of errors: (MH %0, Mlz =0, M21 =0), (Mn =0, M12 #0, M21 =
0), (My1 = 0, Mg = 0, Moy # 0), (My1 # 0, Mz # 0, My = 0), (M1 # 0, My = 0, My # 0),
(Mll = 0, M2 # 0, Moy # 0), and (Mll #0, My # 0, Moy # 0). Obviously, the exponent of the

overall error probability in (128) is given by the minimum between error exponents of each of the type
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of error individually. Accordingly, we start with analyzing the last error event, which is also the most

involved one. For this event, the average probability of error, associated with the decoder (22), is given

M11—1 M12—1M21—1 M22—1 N M22_1 ~
P 2 pr U P(Y|Zijk, Za21) > P(Y\ZO;ZZZZ)} (129)
=1 j=1 k=1 1=0 1=0
Mi1—1 Mia—1 Mz —1 Map—1 Maz—1
=E{ Pr U { P(Y|Zijk, Z22y) > P(Y!Zo,zzz,l)} Fo
=1 j=1 k=1 =0 1=0

(130)

where Zijk é (le,ia Z12,j> Z21,kz)’ ZO é (21170, le’(], Zgl’o), and .7:0 é (Z(], Z22’0, Y) For snnphcr[y
of notation, in the following, we use the indexes {1,2,3,4} instead of {11,12,21,22}. We will assess
the exponential behavior of (130) in the same manner as we did for (56). Specifically, we start with

expressing (130) in terms of types. First, for a given joint distribution @) 71y, we let

Al
F(@zy) = log P(ylai(z1, 22), #2(23, 24)) - (131)

Now, for a given joint type ) Zi,Y of the random vectors (Z‘fo, Y), we define the set:

TI(QZfOY)A{ N%;JZMY € Sy, <{Qz4y}M212 1 {QZ JZuY }Maf 1> €S

l l

Maz—1 Al
@) Z [ o) _ ¢ >] >e"f<QZfoy)} (132)

where

S0Qz,) 2 { @y + Qzay = Por Qv = Qv (133)

and

Sl(QZfO ) {Qz4y} 1 {QZ 0ZsY }l 1 sz = PZ;‘»QY = Qy,
Qs 7, = Pz, QlZi‘,oY =Qz,v, VI <1< My —1

Qry = Qv+ Qypy = Qay Viom}. (134)

Now, with these definitions, fixing ) 73, it follows, by definition, that the error event

Mi1—1 Myo—1 My —1 ((Maz—1 Mz—1
U U u { Y. P(Y|Zii, Za) = ) P(Y\Zo,z4,l)} (135)
i=1 j=1 k=1 =0 =0
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can be rewritten, in terms of types, as follows:

(Zijis 240,Y) € T(Q%gzélvoy)’
Mzz*l

U {(Z1jk7Z4l7y) € T( Z4Y)} y . (136)

=1
N Mzg*].
{(20, Zy1,y) € T(lef‘ozzly)}

]\/[11—1 M12—1 le—l
=1 j=1 k=1 Ti(Qu )

I=1

We wish to analyze the probability of (136), conditioned on Fy. Note that the inner union in (136) is

over vectors of types (an exponential number of them). Finally, for the sake of convenience, we simplify

the notations of (136), and write it equivalently as

U U (Zl]ka Z4,m) S Al,ma for m = 1, .. .,MQQ -1 . (137)
Z47m€-’2(l,m7 form=1,..., My —1

where, again, the index “I” in the inner union runs over the combinations of types (namely, I =
{Ql sy Ql 5 } ) that belong to TI(QZiOy), and the various sets {.Al’j, Al’j}l,j correspond to the
typical sets in (136) (recall that (zlo,y) are given in this stage). Next, as before, we derive tight
lower and upper bounds on a generic probability which have the form of (137). In the following, we
give a generalization of Lemma 1 to the probability of a union indexed by K values, which is stated

without proof. For a given subset J = {jl, e km} of {1,...,J} we write Z 7 as a shorthand for
(Zji s Zj, )

Lemma 3 Let {Zy ()}, {2 DY Vi Y {Va ()} {Vik () Y7 be indepen-
dent sequences of independently and identically distributed (i.i.d.) random variables on the alphabets

21 X ... x Z5 x Vi X ... x Vg, respectively, with Z; (i) ~ Pz,...,Z;(i) ~ Pz, Vi(i) ~

Py,,...,Vk (i) ~ Py,. Fix a sequence of sets {Ai,l}z‘]\;’{AL?}i]\;’---a{Ai,K}i]\ip where A;; C
Zix...xZyxVj, forl < j < K andforall l <i < N. Also, fix a set {ALO}Z‘]\L1 where
Aio C Z1x...xZ;forall 1 <i < N, and another sequence of sets {Qi71}£1 , {Qi72}£1 ey {Qi,K}fil,

where G;; C V), for 1 < j < K and for all 1 < ¢ < N. Let U = (Zy,Z,...,2Z5,Uj41) with
Ujs1 = (Vi,...,Vk). Finally, define

K K
B 7= ug: z] e Ao, ﬂ (zi],vj) € A, ﬂ vj € Gy; for some uz- ;, (138)
j=1 Jj=1

forl=1,2,...,N, and Z(i{) = (Z1(i1),...,Z;(is)). Then,
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1) A general upper bound is given by (we denote Z(i{) = (Z1(i1),. .., Zs(i;)))

K K
24y {U { ) € Ao, () (ZG),Vi(d) € Ak, () Vi) € gl,k}}

7’1 7] : k:l kzl
N

<min ¢ 1, min N; | Pr U;eB . 139

B TJC{1,.., J+1}T£0 ]1;[7 J {l:UI J l,J} (139)

2) If the above are independent sequences of pairwise independent and identically distributed random

variables , and

N K K
Pr { U {Z(z’i]) € Ao, [ (2G]).Vi(h)) € A, [ Vi) € gl,k}| Uy = uj} (140)

=1 k=1 k=1
is the same for all us € By 7, and for all us € Ba 7, and so on till uy € By,7, but may be
different for different B; 7, for a given J C {1,...,J + 1}, then

N K K
Pr U {U {Z(ii]) € Ao, ﬂ (Z(i]), Ve (5)) € Aug, ﬂ Vi(j) € Qz,k}}

i, =1 k=1 k=1

N
> 9=+ 1in 1, min N | Pr U-cB . 141
a TC{L,e JH1}T#0 ]1;17 J lU1 J = PLT (141)

Applying Lemma 3 on (136) (or, (137)) we obtain

Mii—1 Myp—1 Moy —1 ( Mao—1 Mas—1
Pr U U U { Z (Y| Zijhr Zag) > P(Y\ZO,Z4,Z)} Fo
i=1  j=1 k=1 =0 =0
=min<{ 1, min N; | Pr UseB 142
JC{L,.. A T#0 ]1;[7 J {LlJ J l,J} (142)

where N1 MH,NQ M12,N3 Mgl,N4 = 1, and
U= (Z1,Z12,Z2,U,) (143)
in which U4 = (Z4’1, ey Z47M22_1), and

(Zijk, 24,0,Y) € T(Qgﬁxmy),
By = uy : {(zijk,z4,z,y) eT(QZW)}k1 , . (144)
Mgg—l
{(zo,z4l,y) € T(QX1 onY)}l . , for some wu ze
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Now, the various possibilities for the set J are:
1;2;3;4;
12;13; 14; 23; 24; 34;

: (145)
123;124; 134; 234;

1234
that is, we have 15 possibilities. Now, we claim that possibilities {1,2,3,12,13,23,123} do not affect
the outer minimum in (142), and so we left with possibilities {4, 14,24, 34,124,134, 234,1234}. This
is due to the same reasoning used in (122) for the second term at the r.h.s. of (80). Indeed, note that
possibilities {1,2,3} do not affect due to possibilities 14, 24, 34, respectively. Indeed, the multiplicative
factor for each of the pairs ((1,14), (2,24), and (3,34)) is the same, but the respective probabilities in
(142) are smaller for 14,24, 34. Similarly, possibilities {12, 13,23, 123} do not affect due to possibilities
124,134, 234, 1234, respectively.

In the following, we analyze the “surviving” terms. For example, the term that corresponds to possibility

1234, is given by

Pe 1234 = My1 M2 Mo Pr {U U e 51,1234} ; (146)
l
which can be rewritten as
Mzz—1 5 Mio—1 B
Myy Mo Moy Pr{ > P(Y|Z111,24)) > P(Y|Zo, Z4)) ]:0}
1=0 1=0
Miz—1 Mz—1
=M11M12M21E{P1"{ > P(Y|Zu,2Z4)> ) P(Y|Zo,Z4)) fo,zm} fo}. (147)
=0 =0
But this has the same form of the probability in (108), which we already analyzed. Accordingly, we
obtain:
Mio—1 B Mso—1 B B
E{Pr{ > P(Y|Zw.2y)> Y P(Y|Zo,Z4)) fo,zm} ]:0} (148)
1=0 1=0
“epd-n  min  Io(Z8:Z10.Y) + EDQzz,,v. Qz )] (149)
QZ%\ZAL,OYES(QZ%)OY) ) '
2 exp {_nE§7)(Q 2% R22)} . (150)
where
E(7)(szz4,oy’QZfOY) £ min [IQ(Z4; Z3,Y) — Ry e (151)

Q: QZ%Y:szYv Qez(Qz'fz&Ovazfoy)
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in which
L(Qz3z,0vsQzi,y) = {Q : max [f(@)atO(QZfOY>vf(QZfOY)} ~-f@Q) < {322 —15(Zs; Z1aY)L,

F(Qutz,y) < max [F(Q).10(@z,v)- F Q2,0 } , (152)

and

to(Qzt ) 2 Fas + max 1@ - Igzeziy)].  as3)
' Q Qz-3y QZ3 oY’ Q(Z4 ZS Y)<R22

The other terms are handled in a similar fashion. Specifically, let Z 2 {Z1,Z5,73}, and define
the sets U = {1,2,3,12,13,23,123}, and U= {14,24,34,124,134,234,1234}. Then, define for any
we{l,2,...,7}

P& {U Uy € Bru )} (154)
where
Myy = My My(ay = Miz; Mysy = May; My = M Mia;
My (5) & Mi1May; My = MiaMay Myry = Mii Mg Mo . (155)

Accordingly, we have

Pe%) =exp{ —n min [IQ(Zu(uy 240, Y| Z193\u(w)) + ENQuiz, v, Qus Oy)}
QZ%|Z4)OY€S(QZ%‘OY)
£ exp {—nE’g)(QZiOy, Rgg)} . (156)
Finally, for possability {4}, we have
P( ) = ex min E(7) 3 R 4
i p{ ng‘zmye‘S(szoy) Qzz.0v> Qztov)
2 exp { —nBs(Qzp v F) (157)
Wrapping up, after averaging w.r.t. Fy, we get
: —n|EM(Qua y,Roz)—n""log My |  —nE7(Q 4 -
PN =E {min {1 min e [0 @) o i J,e P Qg o R )}} (158)
ue{1:7}
—n|EM(Qua y,Raz)—n~1log My, (D . -
:E{min{ min e 5@, “ >]+,e R Qz v R )}} (159)
ue{l:7}

. 1 A
=E {eXP [—n max {mgx {Eg)(inoyy R) — —log MZ:I(u):| 7E§7)(szoya Rzz)H } (160)

+
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} (161)

E{R(Qz v+ Ri, Re) £ max {ug}%} B (Qz v ) = R B Q. R22)} . (162)

. . 7
= exp {n [ min [D(QY|Z;{O||WY\Z;{O |Pzs ) + E}(HQ(QZ;{OY, Ry, Rz)]

4
Y‘Zl,()

where

and R, foru=1,2,...,7 is defined in (29).
This concludes the analysis of the error event (Mn # O,Mlg + 0,M21 # 0) in (128). The other
types of errors are analyzed in a similar fashion. Indeed, for (MH #0, Mlg =0, Mgl = 0), the average

probability of error, associated with the decoder given in (22), is given by:

Myi—1 (Ma2—1 ~ Msz—1 _
PY=pr| [ { > P(Y|Ziw, Z22) > Y P(Y!Zo,zm,l)}] (163)
i=1 =0 =0
My —1 Moo—1 5 Mjo—1 B
=E{Pr U {Z P(Y|Zioo, Za2) > P(Y\Zo,zm,l)} fo]} (164)
=1 =0 =0

where Fy = (Zo, Z20,Y). Thus, due to the fact that (Z2, Z21,0) are now fixed, they play a same

} (165)

role as Y and Z99 . Accordingly, we have

PO oxp {—n [ min | D(Qyizs,|[Wizt, [Pzs,) + B(Qz v Ry, Ro)|

y|zfU
where
fos) Ri,Ry) 2 o) Rys) —Ry| ,EWM R 166
nk (Qzi v, 1, Re) = max (Qzi v, R22) — Ra By (Qz: v, Ra2) ¢ (166)
and
E(l)(QZiU% Rys) = meig(Q [IQ(ZIQ Zg,()v Y)+ E(l)(QZIZ;{OYa Qz;{oy)} ; (167)
Zl|Z§’OY Z%,OY
and
(1) _ : (1)
B s v Ryy) = E v Qg v, 168
s (Qz,y, Ro2) QZI‘ngoflelg(QZ%voy) (Qz,21,v, Rz, v) (168)
where
E(l)(Qzlzg’O%QZ;{OY) = min [IQ(Z4;Z17Z§’,O,Y)—R22}+- (169)

Q: QAsz:Qzl 73 v QAGE(QZ1 Zg,OY’QZ%,OY)

In a similar manner, one obtains error exponents of Pe(2) and Pe(s), corresponding to (Mll =0, Mlg #+

0, Moy, = 0) and (MH =0, Mg = 0, My # 0), respectively. Indeed, Pe(2) is obtained by replacing the
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role of Z; with Zy and R1 with Ro, in Pe(l), and Pe(g) is obtained by replacing the role of Z; with Z3
and R; with R3, in Py, Similarly, P, corresponding to (M # 0, Mg # 0, My, = 0), is given by:

} (170)

EI({A;()(QZfOYa Ri,Rp) £ max{ max [EA'1(L4)(QZfOYa Ra2) — Ry . ,E§4)(Q250Y, R22)} ,  (171)

PO = exp {n [Qmin | D(@v28, | Wizt [P2y,) + B (Qzs v R, o)

4
vizi,

where

ue{1,2,4}
and
EP(Qzt v, Ro) = o Hleig(Q : [IQ(Zu(u); Z30. Y| Z 1) + EM)(QZfz;OY,Qz;{OY)} ,
Zf|z§’0y Z‘ILYOY
(172)
and
E<4)(QZ§Z§,UY> Qzs,v) = min [IQ(Z4; 23, 750,Y) — R22L- (173)

Q: QZ%Y:QZ%Z&OY’ QEﬁ(szzg,oy»szoy)

Finally, in a similar fashion, we can obtain the error exponents of Pe(5) and Pe(ﬁ), corresponding to
(MH + 0, My = 0, Moy # 0) and (Mu =0, Mo # 0, Moy # 0), respectively. For P€(5) we just need
to replace the role of Zy with Z3, and the minimization in (171) is over the indexes {1, 3,5}, and Pe(G) is

obtained by replacing the role of Z; with Z3, and the minimization in (171) is over the indexes {2, 3,6}.

APPENDIX A

PROOF OF LEMMA 1

In order to prove Lemma 1, we feel that it is more convenient and deductive to prove first a simpler
version of it. To assist the reader, the road in proving Lemma 1 is as follows: we first state and prove
Lemma 4, and then using this Lemma we state and prove Lemma 5, which is a special case of Lemma 1.
Then, we prove Lemma 6, which is a generalization of Lemma 4. Finally, using Lemma 6 we eventually
prove Lemma 1. In the following, we actually prove a generalized version of Lemma 1, where we consider
random sequences, { V> (z)}ZLil oo {VK (Z')}ZL:?P rather than single random variables V5, ..., Vx. Lemma

1 is then obtained on substituting Lo = 1. We start with the following result which can be thought of as

an extension of [12, Lemma 2].

Lemma 4 Let {V} (i)}iL:ll, {Va (/[:)}iLil, and {V3 (z)}fﬁl be independent sequences of i.i.d. random

variables on the alphabets V; x V, X Vs, respectively, with V; (i) ~ Py,, V2 (i) ~ Py,, and V3 (i) ~ Py,.
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For any sequence of sets {Ai71}£1 and {Ai72}i]i1 such that A; 1 CV; X Vo and A; 2 C Vy x V3 for all

1 <7< N, we have

{U{U{Vl () € A1, (V1 ()‘/3())6«41,2}}}

I

< min {1 LE

N
mln{l LgPr{U (V1,Va) € Ay, (Vi,V3) € Aja}

=1

)
o}

with (V1,Va,V3) ~ Py, x Py, x Py,. Also, if {V; (i )}Z ', are pairwise independent, {V; (i )}fil are

LoE

N
min{l,LgPr{U (V1,V2) € Ay, (V1,V3) € Ao}

pairwise independent, {V3 (z)}iL:1 are pairwise independent, then

{U{U{Vl (7)) € A, (Vi (), V3())€Al,2}}}

N 2
Pr{Ulzl {1, Vo) € A1, (V1,V3) € Al,2}}

> —min< 1,14

=

Pr{UN, {(1,2) € Au1, (Vi V8) € Ao} U, {1, V8) € Au, (Vi V3) € Az} )

N 2
Pr{UY, {0V, Vo) € A, (Vi,Vs) € Ao} )

Lo )
Pr {Uz]L {(V1,Va) € Au1, (Vi, V3) € Ao} N U, {(V, V) € Ay, (V] Va) € Aw}}
N
LiLyPr {U {1, Vo) € A1, (V1,V3) € Al,2}} (A.2)
=1

where (V1, VY, Vo, V3, V3, V3) ~ Py, (v1) x Py, (v]) x Py, (v2) x Py, (v) x Py, (v3) X Py, (v3).

Proof of Lemma 4: Starting with the upper bound, the second term in (A.1) follows by first applying

the union bound over ¢

N
{U{U{ (7)) € A1, (A ()Vz())ew‘tm}}}

1,] =1

< LiPr {U {U {(V1,V2(9)) € A, (V1, V3 (7)) € «4172}}} (A.3)
J

=1

=1

N
<L1E{PY{U{U{ Vl,VQ EA[J, (Vl,Vgg(j)) GALQ}} Vl}} (A4)
J
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Now, we apply the truncated union bound to the union over j, and obtain
U{U{vl (7)) € Aix, (Vi (i), Vs (i )eAz,z}}

< LE (A.5)

N
min {1,L2 Pr { U {(Vi,Va) € Apq, (Vi,V3) € Ao}

)

The third term is obtained similarly by applying the union bounds in the opposite order, and the upper

bound of 1 is trivial.

The lower bound follows from de Caen’s bound, which states that for for any set of events {.A4; }l 1

Pr{A;
" {z:LJl AZ} - z@: Zi/ Pr EA@‘ %7 Ay} ’ (A.6)

In our case, we note that by symmetry (recall that {V; (i)}, {Va (i)}22,, and {V3 (i)}, are i.i.d.),

each term in the outer summation is equal, and by splitting the inner summation according to which of

the (4, ) indexes coincide with (i’, j'), we obtain

U{U{Vl (7)) € A, (Vi(3), VB())EAl,z}}
N 2
ZLlePr{U (V1,V2) € Aus, (Vl,vs)eAm}}

2
(Ll — 1)(L2 — 1) Pr {U {(Vl, VQ) S ./4171, (V1,V3) € ALQ}}

=1

+(Loy—1)P {U (V1,V2) GAU,(Vl,V?,)EAm}ﬂU{ V1,‘/§)€Al1,(V1,‘/é)€A12}}

= =1

N N
Ll_]- {U ‘/1;‘/2 EAlla(Vla‘/?))eAlQ}mU{Vlavé)EAlb(Vla‘/B)EAlQ}}

=1

-1
Pr {U {(V1,V2) € Ay, (1, V3) € A@}) (A7)

=1

N 2
> L1Lo Pr {U {(Vi, Vo) € A1, (V1,V3) € Az,z}}
=1
N

2
4max < LiLy Pr {U {1, Vo) € A1, (V1,V3) € Az,z}} ,

=1

N N
Ly Pr {U {(Vi, Vo) € A1, (Vi, V3) € Ajp} N U {(",V5) € Aia, (Wi, V3) € «41,2}} ;

=1 =1
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N
LlPr{U (W1, V2) 6Az1,(V17V§)€«412}ﬂU{ V17V2)€Az1,(V1,V3)€«412}}

I=1
-1
Pr {U {1, Vo) € Ajg, (V1,V5) € Al,z}} }] (A.8)
I=1
which concludes the proof. u

Next, we prove the following result, which is a simpler version of Lemma 1.

Lemma 5 Let {V} (z)}l 1 Ve (i )}Z 1> and {V3 (z)}Zle be independent sequences of independently and
identically distributed (i.i.d.) random variables on the alphabets V; x Vo X Vs, respectively, with V; (i) ~
Py,, Vs (i) ~ Py,, and V3 (i) ~ Py,. Fix a sequence of sets {.A; 1}1 ,and {A;, o}V |, where A; 1 € Vi xVy
and A;» €V x V3 forall 1 <4 < N, and define

i=1’

Bl,lé{vl : (Ul,vg) S ./4171, (1)1,1)3) € ./4172 for some UQ,Ug}, (A9)
and
Blygé {(1)2,1)3) : (1)1, 1)2) S -Al,h (7)1, 1)3) S Al,2, for some 7)1}, (A.10)

for { =1,2,...,N. Then,

1) A general upper bound is given by

U{U{Vl (7)) € Aii, (A ()‘/3())6«4[,2}}
N N
< min{l,L1 Pr{U {1 € Bl,l}} , Lo Pr{U {(Va,V3) € BZ,Q}}7

=1 =1

N
LyiLyPr {U {Wn, W) e A1, (V1,V3) € -/41,2}}} (A.11)

=1
with (Vl,Vg, Vg) ~ Py, x Py, X Py,.

2) If {V1(i )} ', are pairwise independent, {V5 (i )}fjl are pairwise independent, {V3 (z)}{ﬁl are
pairwise independent, and

N
Pr {U {(v1,V2) € Ai1, (v1,V3) € Az,2}} (A.12)

=1
is the same for all v; € By 1, and for all v; € By 1, and so on till v1 € By 1, but may be different

for different ; 1, and

N
PT{U{(VLUQ) € A1, (Vi,v3) GAz,z}} (A.13)
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is the same for all (vg,v3) € By 2, and so on till (v2,v3) € By 2, but may be different for different

By 2, then

redU{U 0

,] =1

() € Aix, (Vi(i), Vs (j ))EAZ,Q}}

N
> % n{l,LlPr{U{Vl € Bl,l}} ,LgPr{U (Va,V3) € BZQ}}
=1 =1
N
LyiLyPr {U {n, W) € A1, (V1,V3) € AZ,Q}}} . (A.14)
=1

Proof of Lemma 5: We start with the first item. To obtain (A.11) we weaken (A.1) as follows. The

)

N N
= z{U (i e BM}} Ly min {1,L2 Pr { U {01, V2) € Ay, (Vi,V3) € A}

l =1

second term in (A.11) follows from the following fact

N
L1 min {1,L2 Pr { U {(Vi,Va) € A1q, (Vi,V3) € Ao}

=1

)

=

njzl

+I{ {(Vi ¢ B} }Ll min{l,LQPT{ {1, Va) € A1, (V1,V3) € Aja} Vl}}
=1
_I{U {V1 S Bll}} Ly min{l,LQ Pr { U {(Vl,VQ) S Al,lv (Vl,Vg) S .Al’g} Vl}}
=1
< le{U {Vi e BM}} (A.15)
=1

where the second equality follows from the fact that the inner term in the expectation vanishes over
NI, {Vi ¢ By.1}, and the third inequality follows from the fact that min {1,2} < 1. The third term in
(A.11) follows in a similar fashion, and the forth term follows from the fact that min {1, z} < x, and

thus

N
LiE min{l,Lz PF{U {1, V2) € Aia, (V1,V3) € Aja} V1}}
=1
N
< LiLyPr {U {(Vi,Va) € A1, (V1,V3) € Al,Q}} . (A.16)
=1

This concludes the proof of the first part. The second part of Lemma 5 follows from (A.2), and the

following observation. Let us consider, for example, the second term at the r.h.s. of (A.14). First, note
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that

N 2
Pr{UY, {(V1,12) € Aus, (Vi V5) € Ao} |
Pr{UY, {(Vi,V2) € A, (i, V5) € Ak DU {(V1, V) € Au, (Vi Vi) € Ao} )

2
Pr [F] PT{U?; {Wn, W) e A1, (V1,V3) € -/41,2}‘ ]'—}
Pr{ U, {1, V2) € A1, (A, V8) € Auo} UYL {(V1, V) € Ay, (V) € A} 7

. (A17)

where F £ Ul]\il {V1 € B;1}. Now, by the additional assumptions in the second part of Lemma 5, we

have
N
Pr { U {1, Vo) € A1, (V1,V3) € Aja} -7:}
=1
N
Pr{UY, {(1,V2) € A, (v1,8) € Aip}p, w1 € Biy
N
Pr {Ul:1 {(v1,V2) € Ap 1, (v1,V3) € «41,2}} , v €Bay
_ , (A.18)
N
Pr {Ulzl {(v1,V2) € Ap1, (v1,V3) € Al,2}} , v1 € By
Similarly,
N N
Pr { U {1, V2) € Apg, (Vi, V3) € At N U {(n,V3) € A1, (W1, V3) € Ao} ]:}
1=1 I=1
PY{UZ v, Vo) € A, (v1,V3) € -AIQ}} v € By
PI"{UZ v, Vo) € Apq, (Ulav3>€-'4l2}} v1 € Ba1
_ _ (A.19)
N 2
Pr{Ulzl {(v1,V2) € A1, (v1,V3) € -Al,2}} , v € By
Thus, on substituting (A.18) and (A.19) in (A.17), we obtain
N 2
Pr{UY {("1,V2) € A1, (V1,Vh) € Ais} |
Pr{U, {(V1,V2) € A1, (Vi,V5) € Ak UYL {0, 3) € A, (VL V) € Au) |
N
=Pr || J{Vi € B} (A.20)
=1
Finally, the third term at the r.h.s. of (A.14) follows in a similar fashion. |
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Remark 2 Note that in the above results, the number of events, N, can be arbitrarily large, and in

particular, exponential, without affecting the tightness of the lower and upper bounds.

L,

=12

Finally, note that Lemma 5 remains true for any number of sequences {V} (z’)}iL:ll, {Va (i)}
{Vk (z)}f:z1 and we can easily obtain a similar (exponentially tight) upper and lower bounds. Specifically,
we prove the following lemma which exactly fits the structure of the probability in (66). The following

result will be used in the proof of Lemma 1.

Lemma 6 Let {Vi (i)}, {Va(i)}2,,...,{Vi (i)}12, be independent sequences of independently
and identically distributed (i.i.d.) random variables on the alphabets V; x Vs X ... X Vg, re-
spectively, with V3 (i) ~ Py, Vo(i) ~ Py,...,Vk(i) ~ Py.. Fix a sequence of sets
{Ai,l}i\;a{Ai,Z}fil,---,{Ai,K—l}f\il, where A;; € Vi X Vjiq, for 1 < j < K — 1 and for all
1 <i < N. Also, fix a set {ALO}i]\il where A; o C V; for all 1 <14 < N, and another sequence of sets

{gm}i]\il , {9@3}2.]11 yees {giyK}jvzl, where G; ; C V), for 2 < j < K and for all 1 <7 < N. We have

N K-1 K
Pr U {U {Vl(i) € Ao, ﬂ (Vi(i), Ver1(4)) € Aug, ﬂ Vi(j) € gl,k}}
i}

i,j =1 k=1 k=2
{vk}f_z}} }

with (Vi,...,Vk) ~ Py, ---x Py,.. Also, If {Vy (i)}2, , {Va (i)}22,, ..., {Vi (i)}, are each pairwise

i=

)

< min {1, LE

N K—1 K
min {LLQ Pr { U {Vl € Ao, ﬂ V1, Vi) € Avg, ﬂ Vi € gl,k}

=1 k=1 k=2

Lo

N K-1 K
min {LLz Pr { U {V1 € Ao, () (Vi, Vi) € Aug, [ Vi € gl,k}

=1 k=1 k=2

(A21)

independent, then

N K—1 K
Prel {U {Vl(i) € Ao, [) Vild), Vi1 (4)) € Aik, [ Vi) € gl,k}}
i U= k=1 =2

2
Pr {Uf\il {Vl € Ao, NE (Vi Vier) € Avgy Niey Vi € gl,k}}

>
- Pr {Ul} ’

min< 1, Ly

| =

9
Pr {Uf\il {V1 € Aoy Nz (Vi, Vierr) € Avg, Ny Vi € Qz,k}}
Pr{lts} ’

Lo

N K-1 K
LiLy Pr {U {V1 € Ao, ﬂ V1, Vig1) € Aig, m Vi € gl,k}} (A.22)
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where
N K-1 K
U = U {Vl € A, ﬂ V1, Viey1) € Aig, ﬂ Vi € gl,k}
=1 k=1 k=2
N K-1 K
N U {Vl € Ao, ﬂ (V1, Vi) € Aug, ﬂ Vi€ gl,k} , (A.23)
=1 k=1 k=2
and

N K-1 K
Uy = U {V1 € Ao, ﬂ V1, Vi) € Aig, ﬂ Vi € Qz,k}

=1 k=1 k=2
N K1 K

N U {Vf € A, ﬂ (V1 Vie1) € Ak, ﬂ Vi € gz,k} (A.24)
=1 k=1 k=2

with (‘/1, Vll, oo Vi, VI/() ~ Py, (Ul) x Py, (Ui) X ... x Py, (Uk) x Py, (U;C)

Proof of Lemma 6: The proof is exactly the same as the proof of Lemma 4. In the following, we
derive, for example, the upper bound. The second term in (A.21) follows by first applying the union

bound over %

N K-1 K
PrilUJ {U {Vl(i) € Ao, () (Vi(0), Visr(4§) € Aug, [ Vi) € gz,k}}

7,7 \=1 k=1 k=2
N K-1 K

< LiPr( {U {vl € Ao, () Vi, Vi () € Aug, [ Vi) € gl,k}} (A.25)
i =1 k=1 k=2

N K-1 K
<LiEQPrS | {U {Vl € Ao, [ Vi, Via () € Ak, () Vild) € gl,k}} Vip . (A20)

i U=1 k=1 k=2
Now, we apply the truncated union bound to the union over j, and obtain

N K-1 K
prol {U {Vﬂi) € Ao, [ Vi@, Ve (7)) € Aug, [ Valh) € gl,k}}

ij li=1 k=1 k=2

< I4E (A.27)

N K-1 K
min {1,L2 Pr { U {V1 € Ao, ﬂ V1, Vit1) € Ag, ﬂ Vi € gl,k}}

=1 k=1 k=2

)

The third term is obtained similarly by applying the union bounds in the opposite order, and the upper

bound of 1 is trivial. The lower bound follows from de Caen’s bound, as in the proof of Lemma 4 (see,
(A.6)-(A.8)). [ |

We are now in a position to prove Lemma 1.
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Proof of Lemma 1: We start with the first item. To obtain (69) we weaken (A.21) as follows. Let
F & Ul]il {V1 € B;1}. The second term in (69) follows from the following fact

N K-1 K
min {LLQ Pr { U {Vl € Ao, () (Vi,Viya) € Aug, [ Vi € gl,k} Vl}}

=1 k=1 k=2
N K-1 K
=Z {7} min {17L2 Pr { U {V1 € Ao, [ (Vi,Viqr) € A, (Vi € gz,k}

=1 k=1 k=2

)
)
)

<I{F} (A.28)

K-1 K
+Z{F} min {1,L2 Pr { U {vl € Ao, () (Vi, Vi) € Aug, [ Vi € gl,k}

=1 k=1 k=2

N K-1 K
:I{f}min{l,LgPr{U{Vl E.Al’o, ﬂ (Vl,VkJrl) EALk, ﬂ Vi, Egl,k}
k=2

=1 k=1

where the second equality follows from the fact that the inner term in the expectation vanishes over
N, {Vi ¢ By.1}, and the third inequality follows from the fact that min {1, 2} < 1. The third term in

(A.11) follows in a similar fashion, and the forth term follows from the fact that min {1,z} < x, and

thus
N K-1 K
LiE |min {1,L2 Pr { U {Vl € Ao, ﬂ V1, Vi) € Apg, ﬂ Vi € gz,k} ‘/1}}
I=1 k=1 k=2
N K-1 K
< LiLy Pr {U {V1 € Ao, ﬂ V1, Vi) € Aig, ﬂ Vi € gz,k}} : (A.29)
=1 k=1 k=2

This concludes the proof of the first part. The second part of Lemma 5 follows from (A.2), and the
following observation. Let us consider, for example, the second term at the r.h.s. of (A.14). First, note

that

2
Pr {Uf\il {V1 € Ao, M (Vi, Vierr) € Aig, Ny Vi € gl,k}}
Pri{l}
2
Pr[F] Pf{Uf\il {Vl € Ao, Niyt Vi, Vi) € Ak, Ny Vi € Qz,k}’ f}

= Py U7} . (A.30)

where U] is defined in (A.23). Now, by the additional assumptions in the second part of Lemma 5, we

7
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N K-1 K
Pr { U {Vl € Al,07 ﬂ (VI;VkJrl) S Al,k, ﬂ Vi € glyk}

=1 k=1 k=2
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,

Pr {Uzj\il {Ul € Ao, Ni! (01, Vi) € A, Ny Vi € gl,k}} , U1 € B

Pr {Uf\il {111 € Ao, Mizy (v1, Virr) € Ak, Niey Vi € Qz,k}} , v €Bay

_ . (A.31)
\Pr {Ul]il {'Ul € Ao, ﬂkK:_11 (v1, Viy1) € Ak, ﬂkK:Q Vi € gz,k}} , v1€Bn:
Similarly,
Pr{th|F}
2
Pr {Uf\il {v1 € Ao, My (01, Vir1) € Ak, Mo Vi € gl,k}} , v €Biy
2
Pr {Uf\il {v1 € Ao, Niet (01, Vir1) € Auge, Nrey Vi € gl,k}} , 1€ B2
_ . (A.32)
2
Pr {Uz]il {U1 € Ao, Myt (01, Vir1) € A, My Vi € gl,k}} ,  v1 € By
Thus, on substituting (A.31) and (A.32) in (A.30), we obtain
2
Pr {Ul]il {Vl € Ao, My (Vi, Vi) € Ak Miey Vi € gm}}
Pr{t}
N
=Pr || J{VieBi}|. (A.33)
=1
Finally, the third term at the r.h.s. of (A.14) follows in a similar fashion. [ |
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