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Abstract

This work is an extension of our earlier article, where a well-known integral representation of the
logarithmic function was explored, and was accompanied with demonstrations of its usefulness in obtaining
compact, easily—calculable, exact formulas for quantities that involve expectations of the logarithm of a
positive random variable. Here, in the same spirit, we derive an exact integral representation (in one or two
dimensions) of the moment of a non—negative random variable, or the sum of such independent random
variables, where the moment order is a general positive real, not necessarily an integer. The proposed
formula is applied to a variety of examples with an information—theoretic motivation, and it is shown
how it facilitates their numerical evaluations. In particular, when applied to the calculation of a moment
of the sum of a large number, n, of non—-negative random variables, it is clear that integration over one
or two dimensions, as suggested by our proposed integral representation, is significantly easier than the

alternative of integrating over n dimensions, as needed in the direct calculation of the desired moment.

Index Terms: Logarithmic expectation, moment—generating function, differential Rényi entropy, jamming,

estimation errors, concentration inequalities, multivariate Cauchy distributions, randomized guessing.



I. INTRODUCTION

In mathematical analyses associated with many problems in information theory and related
fields, one is often faced with the need to compute expectations of logarithmic functions of
composite random variables (see, e.g., [11], [13], [16], [17], [18], [22], [25], [33]), or moments
of such random variables, whose order may be a general positive real, not even necessarily an
integer (see, e.g., [1], [2], [3], [5], [6], [7], [8], [9], [10], [20], [28], [29], [31], [32]).

In the case of the logarithmic function, the common practice is either to resort approximate
evaluations, provided by upper and lower bounds on the desired expression (for example, by
using Jensen’s inequality), or to approximate the calculations by using the Taylor series expansion
of the function In z. More recently, it has become popular to use the replica trick (see, e.g., [19,
Chapter 8]), which is a non-rigorous, but useful technique, borrowed from statistical physics.

In our earlier work [22], we have demonstrated how the following well-known integral

representation of the logarithmic function,

Inx = / (67” — 67“"”) %, x>0, (1)
0

u
can be useful in a variety of application areas in the field of information theory, including both
source and channel coding, as well as other aspects of this field. To calculate the expectation,
E{ln X}, where X is a positive random variable, the idea is simply to invoke the integral

representation (1) and to commute the expectation and integration operators, i.e.,

E{lnX} = /0 N (e —Efe™}) d;“ )
thereby replacing the calculation of E{ln X'} by the calculation of the moment-generating
function (MGF), E{e‘“X } for all w > 0, which is often a lot easier to express in closed form.
Moreover, in frequently encountered situations where X is given by the sum of n independently
identically distributed (i.i.d.) random variables, the MGF of X is given by the n—th power of
the MGF of a single random variable in the sum that forms X. This reduces the dimension of
the integration from n (in the original expression) to a single dimension of the integration over
u. Interestingly, this integral representation has also been used in the statistical physics literature

(see, e.g., [12], [19, p. 140], [30]), but not as much as the replica trick.
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In this paper, we proceed in the same spirit as in [22], and we extend the scope to propose

an integral representation of a general moment of a non—negative random variable, X, namely,
the expectation, E{X*?} for a given p > 0. Obviously, when p is integer, this moment is simply
given by the p—th order derivative of the MGF of X, calculated at the origin, as is very well
known. However, the integral representation we propose, in this work, applies to any non—
integer, positive p, and here too, it replaces the direct calculation of E{X”} by integration of
an expression that involves the MGF of X. We refer to this representation as an extension of

(2), as the latter can be obtained as a special case of the formula for E{X”}, by invoking the

identity
E{X?"} -1
E{ln X} = lim ﬁ, 3)
p—0 p
or alternatively, the identity,
In[E{X?
E{ln X} = lim EAXT )
p—0 P

While the proposed integral representation of E{X”} can be readily obtained from [14, p. 363,
Identity (3.434.1)] in the range p € (0,1), the non-trivial extension we propose for p > 1 is
new to the best of our knowledge.

As in [22], the proposed integral representation is applied to a variety of examples with an
information—theoretic motivation, and it is shown how it facilitates the numerical evaluations. In
particular, similarly as in the case of the logarithmic function, when applied to the calculation
of a moment of the sum of a large number, n, of non—negative random variables, it is clear that
integration over one or two dimensions, as suggested by our proposed integral representation, is
significantly easier than the alternative of integrating over n dimensions, as needed in the direct
calculation of the desired moment. Furthermore, single or double-dimensional integrals can be
instantly and accurately calculated using built-in numerical integration procedures.

The outline of the remaining part of this paper is as follows. In Section II, we provide the
mathematical background associated with the integral representation in general. In Section III,
we demonstrate this integral representation in applications, including: moments of guesswork,

moments of estimation errors, differential Rényi entropies of generalized multivariate Cauchy
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distributions, and mutual information calculations of a certain model of a jammed channel. Each

one of these examples occupies one subsection of Section III. The integral representations in
this paper are not limited to the examples in Section III, and such representations can be proved

useful in other information—theoretic problems (see, e.g., [22] and references therein).

II. STATISTICAL MOMENTS OF ARBITRARY POSITIVE ORDERS

It is well known that any integer—order moment of a random variable X can be calculated

from its MGF

Mx(u) =E{e"*}, ueR, (5)
by using its p—th order derivative, calculated at u = 0, i.e.,

E{X*} = M (0), peN. (6)

Quite often, however, there is a theoretical and practical interest to calculate positive non-
integral moments of non-negative random variables. We next obtain a closed—form integral
expression of the p-th moment of a non-negative random variable X, as a functional of its
MGEF, for any positive real p. Before we proceed, it should be noted that for p € (0, 1), such
an expression is available in handbooks of standard tables of integrals, for example, in [14,
p. 363, Identity (3.434.1)]. The first innovation here, however, is in a non-trivial extension of
this formula for all p > 0 as an expression that involves a one—dimensional integral. It should
be noted that although the definition of a non—integer moment of a RV is also given by a
one—dimensional integral (or a sum, depending on whether the RV is discrete or continuous),
the utility of our formula is, e.g., in expressing the p-th moment of a sum of non—negative
and independent random variables as a one—dimensional integral, instead of an n—dimensional
integral which is obtained by the direct definition. This new formula serves as the basic building
block in all our information-theoretic applications throughout this paper.

We first define the Beta and Gamma functions (see, e.g., [14, Section 8.3] and [23, Chapter 5]):

I(u) = / Pl dr, w0, %)
0
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I'(u) T'(v)

Tlutv)’ u,v > 0. (8)

1
B(u,v) := / 1 —)vtde =
0

Theorem 1: Let X be a non-negative random variable with an MGF Mx(+), and let p > 0
be a non-integer real. Then,

1 Lp)
> -
+p Z:()B(K—i-l,p—i-l—é)

) oo o) 0 o
oment [ (B o) o

l
j=0 I

E{X"} = -

where for all j € {0,1,...,}

o =E{(X — 1)j} (10)
J i—€ 7,70
—1)*M
Jj+1 = B(l+1,j—0+1)
Proof: See Appendix A. u

Remark 1: The proof of (9) in Appendix A does not apply to p € N (see (A.7), (A.8) etc.,
where the denominators vanish for p € N). In the latter case, by referring to the second term on
the right-hand side of (9), we get sin(mp) = 0 and also the integral diverges (specifically, for
p € N, the integrand scales like % for w that is sufficiently close to zero), yielding an expression
of the type 0 - co. However, taking a limit in (9) where we let p tend to an integer, and applying
L’Hopital’s rule can reproduce the well-known result in (6).

Corollary 1: For any p € (0,1),

_ p e " — Mx(—u)
E(X’} =1+ 57 /0 o du. (12)

Proof: Eq. (12) is due to Theorem 1, and by using (A.20), (A.22) (see Appendix A) and

ag := 1, which give

1 ) o 1 F(p—I—Q) _
1+pB(1,p+1)_1+pF(p+1)_1‘ 14
|

Remark 2: Corollary 1 also follows from [14, p. 363, Identity (3.434.1)] (see [22, Section 4]).
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Corollary 2: [22] Let X be a positive random variable. Then,

e " — Mx(—u)
u

E{ln X} = /OO du. (15)
0

A proof of (15) is presented in [22, Section 2], based on the integral representation of the

logarithmic function in (1), and by interchanging the integration and the expectation. It can

zf—1

for x > 0.

be alternatively proved by using Corollary 1, and the identity Inx = ;i_r)%
Identity (15) has many useful information—theoretic applications on its own right, as demonstrated
in [22], and here we add even some more. The current work is an extension and further
development of [22], whose main theme is in exploiting Theorem 1 and studying its information—

theoretic applications, as well as some more applications of the logarithmic expectation.

III. APPLICATIONS

In this section, we exemplify the usefulness of the integral representation of the p-th moment
in Theorem 1 and the logarithmic expectation in several problem areas in information theory and
statistics. These include analyses of randomized guessing, estimation errors, Rényi entropy of n-
dimensional generalized Cauchy distributions, and finally, calculations of the mutual information
for channels with a certain jammer model. To demonstrate the direct computability of the relevant

quantities, we also present graphs of their numerical calculations.

A. Moments of Guesswork

Consider the problem of guessing the realization of a random variable which takes on values in
a finite alphabet, using a sequence of yes/no questions of the form “Is X = 2177, “Is X = 2,7,
etc., until a positive response is provided by a party that observes the actual realization of X.
Given a distribution of X, a commonly used performance metric for this problem is the expected
number of guesses or, more generally, the p-th moment of the number of guesses until X is
guessed successfully. When it comes to guessing random vectors, say, of length n, minimizing
the moments of the number of guesses by different (deterministic or randomized) guessing
strategies has several applications and motivations in information theory, such as sequential

decoding, guessing passwords, etc., and it is also strongly related to lossless source coding
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(see, e.g., [1], [2], [3], [5], [6], [15], [21], [27], [28], [29], [31], [32]). In this vector case, the

moments of the number of guesses behave as exponential functions of the vector dimension, n,
at least asymptotically, as n grows without bound. For random vectors with i.i.d. components,
the best achievable asymptotic exponent of the p-th guessing moment is expressed in [1] by
using the Rényi entropy of X of order p := ﬁlp. Arikan assumed in [1] that the distribution of
X is known, and analyzed the optimal deterministic guessing strategy, which orders the guesses
according to non-increasing probabilities. Refinements of the exponential bounds in [1] with
tight upper and lower bounds on the guessing moments for optimal deterministic guessing were
recently derived in [28]. In the sequel, we refer to randomized guessing strategies, rather than
deterministic strategies, and we aim to derive exact, calculable expressions for their associated
guessing moments (as it is later explained in this subsection).

Let the random variable X take on values in a finite alphabet X. Consider a random guessing
strategy where the guesser sequentially submits a sequence of independently drawn random
guesses according to a certain probability distribution, P (+), defined on X'. Randomized guessing
strategies have the advantage that they can be used by multiple asynchronous agents which submit
their guesses concurrently (see [21] and [27]).

In this subsection, we consider the setting of randomized guessing, and obtain an exact
representation of the guessing moment in the form of a one-dimensional integral. Let x € X

be any realization of X and let the guessing distribution, P, be given. The random number, G,

of independent guesses until success has a geometric distribution:

Pr{G = k|z} = [1 - P(2)]* ' P(z), keN, (16)
and so, the corresponding MGF is equal to
Mg (ulz) =Y " Pr{G = kl|z}
k=1
P 1
- @) cm—t 17)
e — (1—P(x)) 1— P(x)

In view of (9)—(11) and (17), for x € X and non—integer p > 0,

1 Le]
. -
+p — B(l+1,p+1—-1¢)

E{G"[2} = 5 (18)
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psin(mp)T(p) [* 1 (L[, \ . Pl
i T /()“pH(Z{ J! “J}e e"—(l—%)))du’

with ag := 1, and for j € N

=k =1) (1 - P(x))"" P(x)
k=1
= P(z)Li_; (1 — P(x)). (19)

In (19) Li_;(-) is a polylogarithm (see, e.g., [23, Section 25.12]), which is given by

d)j Y vjeNu{o, (20)

Lisj(@) = (z ,
1](30) xdx 1—x

J
with (:L' %) denoting differentiation with respect to x and multiplication of the derivative by

x, repeatedly j times. In particular, we have

x x z(1+ )

Lig(z) = , Lii(z) = a2 Li_s(z) = =23

1—z @D

and so on. The function Li_;(x) is a built-in function in the Matlab and Mathematica softwares,

which is expressed as polylog(—j,z). By Corollary 1, if p € (0,1), then (18) is simplified to

e~ U — 6—2u

p [e.9]
I'(1—p) /0 wt (1 - ]S(a:))fl —e ]

Let P denote the distribution of X. Averaging over X to get the unconditional p—th moment

E{G’|lz} =1+ du. (22)

using (22), one obtains for all p € (0, 1),

_ p L 1-2 P(z)(1 - P(x))
26 =1+ i ) Cma 210 B @

where (23) is obtained by using the substitution z := e~ “. A suitable expression of such an
integral is similarly obtained, for all p > 0, by averaging (18) over X. In comparison, a direct
calculation of the p—th moment gives

E{G*} =Y P@)E{G’lz} = > > k*(1— P(2))""! P(z) P(a). (24)

TEX k=1zeX

The double sum in (24) involves a numerical computation of an infinite series, where the
number of terms required to obtain a good approximation increases with p, and needs to be

determined. The right-hand side of (23), on the other hand, involves integration over [0, 1]. For

May 13, 2020 DRAFT



9
every practical purpose, however, definite integrals in one or two dimensions can be calculated

instantly using built-in numerical integration procedures in MATLAB, Maple, Mathematica, or
any other mathematical software tools, and the computational complexity of the integral in (23)
is not affected by p.

As a complement to (18) (which applies to a non-integral and positive p), we obtain that the

p-th moment of the number of randomized guesses, with p € N, is equal to

E{G’|a} =E{[(G —1) +1]"|=}
=3 () eto- e
_ Z (")
- 1+ﬁ(x)zp:{<§> Li_,(1 —ﬁ(g:))}, (25)

where (25) follows from (19) and since g = 1. By averaging over X,

E{G’}=1+ ) {P(x)ﬁ(x) zp:{ (’,’) Li_;(1— P(x)) }} (26)

recX j=1 J

To conclude, (18) and its simplification in (22) for p € (0,1) give calculable one—dimensional
integral expressions for the p—th guessing moment with any p > 0. This refers to a randomized
guessing strategy whose practical advantages were further explained in [21] and [27]. This
avoids the need of numerical calculations of infinite sums. A Further simplification for p € N

is provided in (25) and (26), expressed in closed form as a function of polylogarithms.

B. Moments of Estimation Errors

Let Xy,...,X, be ii.d. random variables with an unknown expectation € to be estimated,

and consider the simple estimator,
é\ — 1 E X 27

For given p > 0, we next derive an easily-calculable expression of the p-th moment of the

estimation error.
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Let D,, := (@n — 9)2 and p’ := £. By Theorem 1, if p > 0 is a non-integral multiple of 2,

then
E{|0, - 6|"}
=E{D?} (28)
e Lpfj o
24+p & B(t+1,p/2+1—1)
p oy ooy (21 (e L
+ 2 sm(2>F<2)/0 P2 z:: {j' u }e — Mp, (—u) | du, (29)
where
Mp, (—u) = E{exp(—u(f, — 0)*)}, Vu>0, (30)

ap := 1, and for all j € N (see (11))

(—1yC M) (0)
4= j+1ZB(€+1j—€—|—l)

(1)

By Corollary 1 and (28), if in particular p € (0, 2), then the right-hand side of (29) is simplified

to

E An_ Py 1 p/oo —(1430) [o=% _ Mfp (— o)
Uon =0} =14 ora =, )y [e p,(~w]du, (32

and, for all £ € N,
E{[6, — 01*} = M) (0). (33)

In view of (28)—(33), obtaining a closed—form expression for the p-th moment of the estimation
error, for an arbitrary p > 0, hinges on the calculation of the right side of (30) for all v > 0.

To this end, we invoke the identity

2 1 > ; 2
e U — N e I/ qyy Vu >0, 2 € R, (34)

which is the MGF of a zero-mean Gaussian random variable with variance i Together with

(30), it gives (see (see Appendix B.1)

Mp, (=) =5 7=

e g (£) e dw, Va0, )
n
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11
where X is a generic random variable with the same distribution as of X; for all <.

The combination of (29)—(33) enables to calculate exactly the p-th moment E{\é\n — 9\”}, for

any given p > 0, in terms of a two-dimensional integral. Combining (32) and (35) yields, for

all p € (0,2),
R W}
1 w ; 2
2+1) 1 —u— —jwh—w? /(4
14 / / ~(p/241) 5 . m‘b;(ﬁ)e]w /)] 4 du,
(36)
where we have used the identity f ~l“l'dw = 1 in the derivation of the first term of the

integral on the right-hand side of (36).

As an example, consider the case where {X;}!" ; are i.i.d. Bernoulli random variables with
P{X;=1}=0, P{X;=0}=1-10 37)

where the characteristic function is given by
ox(u) :=E{/"*} =1+0(e/" 1), ueR (38)

Thanks to the availability of the exact expression, we can next compare the exact p-th moment

of the estimation error |0,, —

, with the following closed—form upper bound (see Appendix B.2)

and thereby assess its tightness:
E{|0, - 0"} < K(p.0) -n~"/%, (39)
which holds for all n € N, p > 0 and 0 € [0, 1], with
K(p,0) := p r(g) (20 (1 — 6))"”. (40)

Figures 1 and 2 display plots of E Wn — 0} as a function of 6 and n, in comparison to the
upper bound (39). The difference in the plot of Figure 1 is significant except for the boundaries
of the interval [0, 1], where both the exact value and the bound vanish. Figure 2 indicates that

the exact value of E ‘@L -

\/n; this is reflected from the apparent

parallelism of the curves in both graphs, and by the upper bound (39).
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Fig. 1. The exact value of E }(/9\” — 9| (see (36) and (38)) in comparison to the upper bound (39) as functions of

0 € [0, 1] with n = 1000.
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~
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~
<£ N ~ ~
5] ..
-~ ~ o
~ ~ o
~
103 ]
10t 102 108 10*

n

Fig. 2. A plot of E’gn — 9’ (see (36) and (38)) versus the upper bound (39) as functions of n with § = i.

To conclude, this subsection provides an exact, double—integral expression for the p-th moment
of the estimation error of the expectation of n i.i.d. random variables. In other words, the
dimension of the integral does not increase with n, and it is a calculable expression. We
further compare our expression with an upper bound that stems from concentration inequalities.

Although the scaling of the bound as a polynomial of n is correct, the difference between the
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exact expression and the bound is significant (see Fig. 1 and 2).

C. Rényi Entropy of Extended Multivariate Cauchy Distributions

Let X" = (X1,...,X,) be a random vector whose probability density function is of the form

Cr
[+ 220 gl

for a certain function g: R — [0, 00), and a positive constant ¢ such that

fa") =

" = (x1,...,x,) € R", 41)

1 n
/ T (+2

We refer to this kind of density (see also [22, Section 3.1]) as a generalized multivariate Cauchy
density because the multivariate Cauchy density function is the special case pertaining to the
choices g(z) = 2% and ¢ = 1(n + 1). The differential Shannon entropy of the generalized
multivariate Cauchy density was derived in [22, Section 3.1] using the integral representation of
the logarithm (1), where it was presented as a two—dimensional integral.

We next extend the analysis of [22] to differential Rényi entropies of an arbitrary positive order
« (recall that the differential Rényi entropy is specialized to the differential Shannon entropy
at o = 1 [26]). We show that, for the generalized multivariate Cauchy density, the differential
Rényi entropy can be presented as a two—dimensional integral, rather than an n—dimensional

integral. Defining
o0
Z(t) = / e @) 4z, t >0, (43)
—o0

we get from (41) (see [22, Section 3.1]) that

r
Cp= 1) . (44)
/ ti et Zn(t) dt
0
For g(x) = |z|%, with a fixed 6 > 0, (43) implies that
_2r(1/6)
2(t) = =g (45)

In particular, for 6 =2 and ¢ = %(n + 1), we get the multivariate Cauchy density from (41). In

this case, it follows from (45) that Z(t) = \/§ for t > 0, and from (44)
r (%)
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For a € (0,1) U (1, 00), the (differential) Rényi entropy of order « is given by

1
hao(X™) := log | fY(2")dx
1l -« R
1 _
=1 a log E[f*~H(X™)]. 47)
Using the Laplace transform relation,

1_ /OO 1 le=stdt, Vg >0, Re(s) > 0 (48)
st T(q) Jo ’ ’ ’

we obtain that, for o > 1 (see Appendix C),

a o logF(q(a — 1))
ha(X™) = 1 e ZM(t) dt —logT’
() = g [tz ane T o)
1 oo oo
- log/ / o= =1ya=1o=(t+u) zn(p 4 o) dudt. (49)
a—1 0 0
Otherwise, if a € (0, 1), we distinguish between the following two cases:
D Ifa= 1—% for some m € {1,...,q — 1}, then
o 1
ho(X™) = log Cy, — log’
(X") = 37— log Cn — 7—— logI'(q)
1 % >
+ log Z{(—l)mf / 17t e =t (1) dt} : (50)
l—« —0 0
with
on(t) :==2"(t), VYt>0. (51)
2) Otherwise (i.e., if p:= ¢(1 — ) ¢ N), then
ha(X™)
L)
1 1 Be(n)
= —log C), 1
0gCn+ 1] Og<1+p %B(Hl,pﬂ—@
. . L)
p sin(mp) U(p) [ e (=17 Bi(n)
+ , | ZO i (52)
]:

Ch /Oo -1 —t
- e 2t +u)dt ) ],
I'(q) Jo
where 5y := 1, and for all j € N

F(Z;L ;j:{ B(f+1, ])J—ZH 1)22{(_1)“(2) /Oootq_le_tw%’“)(t)dt}}- (53)

May 13, 2020 DRAFT




15
The proof of the integral expressions of the Rényi entropy of order o € (0,1), as given in

(49)—(53), is provided in Appendix C.

Once again, the advantage of these expressions, which do not seem to be very easy (at least
on the face of it), is that they only involve one— or two—dimensional integrals, rather than an
expression of an n—dimensional integral (as it could have been in the case of an n—dimensional

density).

D. Mutual Information Calculations for Communication Channels with Jamming

Consider a channel that is fed by an input vector X™ = (X1,..., X,,) € X™ and generates an
output vector Y = (Y7,...,Y,,) € V", where X’ and ) are either finite, countably infinite or
continuous alphabets, and X™ and )" are their n-th order Cartesian powers. Let the conditional
probability distribution of the channel be given by

1 n
Py x-(y"|z") = - Z{H ay|x (YjlTs) TYX(Z/M%‘)}, (54)

i=1 Uji
where ry|x(-|-) and gy|x(-|-) are given conditional probability distributions of Y given X,

n

" = (r1,...,x,) € X" and y" = (y1,...,Yn) € V™. This channel model refers to a discrete

memoryless channel (DMC), which is nominally given by

n
ayox(U"12") = [ [ avix (il ), (55)
=1

where one of the transmitted symbols is jammed at a uniformly distributed random time, ¢, and
the transition distribution of the jammed symbol is given by 7y |x (yi|z;) instead of gy|x (yi|x:).
The restriction to a single jammed symbol is made merely for the sake of simplicity, but it can
easily be extended.

We wish to evaluate how the jamming affects the mutual information I(X"™;Y™). Clearly,
when one talks about jamming, it should be worse, but this is not part of the mathematical
model, where the relation between r and g has not been specified. Let the input distribution be

given by the product form

px- (") = [ px(z:), "€ (56)
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The mutual information (in nats) is given by

I(X™Y™)
= h(Y™) — h(Y"|X") (57)

= /X , pxnye (2™, y") I pynxa (y"]2") dz™ dy™ — / py=(y") Inpy=(y™) dy". (58)
'IL>< n

For simplicity of notation, we henceforth omit the domains of integration whenever they are

clear from the context. We have,
/an,Y” (2", y") Inpyn x= (y"|2z") dz"™ dy™

pYn|Xn(Z/n|33n) noain
= [ px»yn(2",y" ln< dx" dy
Jreetaram (RS

+ [ pxeye@ ") gy (571" da” dy (59)

By using the logarithmic expectation in (15), and the following equality (see (54) and (55)):

n

pynx»(y"[z") 1 Z ry|x (Yil@i)

QY\X(yi‘a:i) 7

= (60)
Gy x»(y"x™)

i=1

we obtain (see Appendix D.1)

Pyn|xn (y"|z") noan
an,Yn (xn, yn) ln < dﬂ? dy
/ qyn|x~(y"|z"™)

[ )

where, for u > 0,

flu) = / px () ay|x (y]z) exp(—%) dz dy, (62)
g(u) == / px () ry x (y]2) exp(—%) dz dy. (63)

Moreover, owing to the product form of q,, it is shown in Appendix D.2 that
/ pxnyo (2", y") Ingynxa (y"|z"™) da™ dy”
= /PX(x) ry|x (yl7) Ingy x (y|r) dz dy

+(n—1) / px (&) ayx (]z) I gy x (ylz) dz dy. (64)
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Combining (59), (61) and (64), we express h(Y™|X"™) as a double integral over X x ),

independently of n (rather than an integration over X" x Y™):
1
h(Y"|X™) = / - [f"il(g) g<g> - 67“] du
0o U n n
= [ px (@) ryix(le) layx(ole) dody

—(n-1) /PX(QT) ay|x (W) Ingy|x (y|z) dz dy. (65)

We next calculate the differential channel output entropy, h(Y™), induced by pyn xn(:[-).

From Appendix D.3,

n 1 n
pyo(y™) = [Tow) -~ > f (66)
7j=1 i=1
where, for all y € ),
o(y) = / ayix (v]7) px () de, 67)
wly) = / ryix (u]z) px () de. (68)

By (1), the following identity holds for every positive random variable Z (see Appendix D.3):

E{ZInZ} = /0 b % [M’Z(O) e U M’Z(—u)} du (69)

where My (u) = E{e"Z}. By setting Z := 13" ¥ ) where {Vi}?_, are ii.d. random

’l)

variables with the density function v, some algebraic manipulations give (see Appendix D.3)

= [T (2)s(2) -

- [wl) me@dy = -1 [ o) nofy) . 70)

where
s(u) == /w(y) exp(—uvu();?;)> dy, u>0, 1)
t(u) == /v(y) exp<—”:(’§;)> dy, u>0. (72)

Combining (57), (65) and (70), we obtain the mutual information for the channel with jamming,

which is given by

<1

poxrsr = [F e () o) - () ()
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4 / px (2) ryix (v12) gy px (ylz) dady — / w(y) Ino(y) dy

=1 [ px(@)avixle) ayic(olo) dedy = [ o) ). 03

We next exemplify our results in the case where g is a binary symmetric channel (BSC) with
crossover probability ¢ € (0, %) and p is a BSC with a larger crossover probability, € € (0, %]
We assume that the input bits are i.i.d. and equiprobable. The specialization of our analysis to
this setup is provided in Appendix D.4, showing that the mutual information of the channel

pxr yn, fed by the binary symmetric source, is given by

L(X™Y") =nln2 —d(e]|d) — hp(e) — (n — 1)hp () (74)
LT b oo )
(1—¢

:
N———
m
D
&
5
|
Oﬂ‘m
3
N———
—_
H,—/

ol
= |8

oo (-5 ) +

where hy,: [0, 1] — [0,1n2] is the binary entropy function
hp(z) := —xIn(z) = (1 —2)In(1 —z), =z €][0,]1] (75)

with the convention that 01ln 0 = 0, and

1 —
el i=e () + 0 m(1=5), @ee 76)
denotes the binary relative entropy. By the data processing inequality, the mutual information in

(74) is smaller than that of the BSC with crossover probability é:
I(X™Y™) =n(In2 — hy(6)). (77)

Fig. 3 refers to the case where § = 1073 and n = 128. Here I,(X™;Y™) = 87.71 nats, and
I,(X™;Y™) is decreased by 2.88 nats due to the jammer (see Fig. 3).

To conclude, this subsection studies the change in the mutual information [(X";Y™) due
to jamming, relative to the mutual information associated with the nominal channel without
jamming. Due to the integral representations provided in our analysis, the calculation of the
mutual information finally depends on one—dimensional integrals, as opposed to the original
n-dimensional integrals, pertaining to the expressions that define the associated differential

entropies.
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Fig. 3. The degradation in mutual information for n = 128. The jammer—free channel g is a BSC with crossover
probability § = 1072, and r is a BSC with crossover probability & € (5, %} . The input bits are i.i.d. and equiprobable.

The degradation in I(X™;Y™) (nats) is displayed as a function of &.

APPENDIX A

PROOF OF THEOREM 1

Let p > 0 be a non-integer real, and define the function F,: (0,00) — R as follows:

oo q L] (_1)]' o
F,() ::/0 sy 6_““2{ 7 (,ul)JuJ}e_“ du, p>0, (A.1)

=0

with the convention that 0° := xlirngxz = 1. By the Taylor series expansion of e™#“ as a
function of p around p = 1, we find that for small positive u, the integrand of (A.1) scales
like u=(#~1P)) with p — |p| € (0,1). Furthermore, for large u, the same integrand scales like
u~(PHDe—min{wllu_ Thig guarantees the convergence of the integral, and so F,(-) is well-defined

and finite in the interval (0, c0).

From (A.1), F,,(1) = 0 (for 1 = 1, the integrand of (A.1) is identically zero on (0, 00)).

Differentiation ¢ times with respect to , under the integration sign with ¢ € {0, .y } gives
) > 1 00 —pu 2 (—1) it i\ —u
Fy7(p) = /0 s, (=) u"e ™ — JZK{ =0 (u—1)""w }e du, (A.2)

which implies that

F1) =0, ¢=0,...,[p) (A3)
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We next calculate F,Sk) (p) for k:= [p] +1 and p > 0:

Le] ;
© 1 9k | _ (—1)J -
(k) — - 7 pu (s — 1Viad u
B oo(_u)ke—,u,u
/0 i du
z(—l)k/ uF—Ple=ru qy
0

— (—1)k /Ooo (;)k_p_l et ,ufl de

= (=1)*u" T (k - p). (A.4)

Hence, from (A.3) and (A.4),
F,(1)=...=F{lD(1) =0, (A.5)
F® () = (~1)fp " T(k—p),  k:=|p|+1, u>0, (A.6)

By integrating both sides of (A.6) with respect to p, successively k times, (A.5) implies that

Fo(p) = = ):IF (k=) +Zcz ki=|p]+1, p>0, (A7)
,l;lo(p—z)

with some integration constants {cz(p)}f;ol . Since F,(1) = 0 (see (A.5)), (A.7) implies that
D (k=
cofp) = ST (A8)
[1(p—1)

1=0

and since (by assumption) p is a non-integer, the denominator on the right-hand side of (A.8)
is non-zero. Moreover, since Fy)(l) =0forall £ € {1,...k— 1} (see (A.5)), differentiation of

both sides of (A.7) ¢ times at u = 1 yields
-1

(D' T(k —p) [T(p—1)
co(p) == — =0 . l=1,... k-1 (A.9)

0TI (p—
i=0
Substituting (A.8) and (A.9) into (A.7) gives

1k . k—1 /-1
Fl(p) = ED Tk —p) %(F(k ') P) [u ;{ % ]_% 1)¢ H . u>0.  (A.10)
p—i = i

1=0

May 13, 2020 DRAFT



21
Combining (A.1) with (A.10) and rearranging terms, we obtain

k—1 -1
1+Z{ 1 —Z(u—l)}
! =0
(=D f[(p—i) o0 Lol 0\
" F(k‘ziop) /0 up1+1 (Z{( j1!) (M—l)juj}e‘“—e‘““> du. (A.11)

Jj=0

Setting 1 := X > 0, and taking expectations of both sides of (A.11) yield (see (5) and (10))

E{Xﬂ}—1+kzl{ ﬁ) i)ozg}

e (VR R TIRV
P /0 um(Z{( j)! ]“J}eu_MX(_u)> "

7=0
(A.12)
We next rewrite and simplify both terms in the right side of (A.12) as follows:
k—1 -1
1+ Z{ H ag }
¢ 1=0
F(p+ 1)
_ Al
+Z{ T(l+1) T(p—E+1) O‘@} (A-13)
k—1
1 1 I'(p+2)
=1 : A.14
1, ;{WH) T(p—(+1) O‘f} A.19)
gt ki ae (A.15)
N l+p & B(l+1p—L+1) ‘
k—1
1+p §B€+1p (+1) (A.16)
and
i lk—l )
(-1 T (o =)
I'(k —p)
_1\k—1
L(k=p)T(p—k+1)
. b
= (_1)’“_1F(p+1).w (A.18)
7r
_ psin(mp) L(p) (A.19)

™

May 13, 2020 DRAFT



22
Egs. (A.13), (A.14), (A.17) and (A.19) are based on the recursion (see, e.g., [14, page 904,

Identity (8.331)])
F(z+1)=2T(z), >0, (A.20)

(A.15) relies on the relation between the Beta and Gamma functions in (8); (A.16) is based on
the following equality (see (8), (A.20), and recall that I'(1) = 1):

r(W)T(p+1) 1

B(1 1) = =

(A21)

and, finally, (A.19) holds by using the identity (see, e.g., [14, page 905, Identity (8.334)])

™

I(z)T(1—z) = . Vae(0,1), (A.22)

sin(mx)
with x ==k —p=|p| +1—p € (0,1) (since, by assumption, p is a non-integer). Combining
(A.12)—(A.19) gives (9) (recall that oy := 1, and k — 1 := | p] holds by (A.6)).

We finally prove (11). By (10), for all j € N,

E{(X —1)7}
7)) B(x)

(1) TG+ 1) MY (0)
T+ )T —(+1)

aj

~ ~
Il <ol <.
o o

(1) TG +2) MY(0)

120 F€—|—1 (j—0+1)

<.
+ |~

(M)
Bl+1,j—0+1)

(A.23)

J+1 =0

APPENDIX B

COMPLEMENTARY DETAILS OF THE ANALYSIS IN SECTION III-B

B.1 Proof of Eq. (35)

For all © > 0,

Mp, (—u) = E{exp(—u@n - 9)2>} (B.1)

_ E{ wlﬁ / (0. -0) =/ (4n) dw} (B2)
— 00
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1 ) ) o )
_ —ijE Jwb,, —w?/(4u) B.
2/mu /Oo e B[ e e (B3
1 . Jw ~ 2
_ jwb Jw ) w?/(4u)
N /_OQ e E{exp( - ;1 X,) } e dw (B.4)
1 o w 2
_ —jwl n [ % —w?/(4u)
NG /_ooe qbX(n) e dw, (B.5)

where (B.1) is (30); (B.2) relies on (34); (B.3) holds by interchanging expectation and integration;

(B.4) is due to (27), and (B.5) holds by the assumption that X, ..., X,, are i.i.d.

B.2 Derivation of the Upper bound in (39)

For all p > 0,
E{\an_e;p}:/mp(mn_eypzt)dt
0
- /OOP(|§n —0|" > ") per~lde
0 A
:/ (|8, — 6] > ¢) per de. (B.6)
0

We next use the Chernoff bound for upper bounding P(‘é\n — 6| > ¢) for all £ > 0,

n

P(6, — 0> ¢) :]P’(Z(Xi—e) > ne

=1

IN
@
=]
oFh
—
a
%
S
&
=
—N
@
M
o)
/?
. S~
(-
—
s
|
=
N———
——
——

- flefero)
-]
_ ;gg { efnseran(s)} (B.7)
with € [0, 1], and
Hy(s) = 1n(9 es1=0) 4 (1 _ g) 6_59>, 5> 0. (B.8)

We now use an upper bound on Hy(s) for every s > 0. By Theorem 3.2 and Lemma 3.3 in [4]

(see also [24, Lemma 2.4.6]), we have
Hy(s) < C(0) s (B.9)
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with
(o, if 0 =0,
126
_)J—""_ ifee(0,d),
c() : 4111(%) 0,3) (B.10)
k%9(1—9), if 0 € [3,1]

2
:exp< ne ) (B.11)

Similarly, it is easy to show that the same Chernoff bound applies also to P(gn -0 < —5),

which overall gives

2

(|6, — 6] > ¢) SZexp<—4g€<9)>. (B.12)

Inequality (B.12) is a refined version of Hoeffding’s inequality (see [24, Section 2.4.4]), which is
derived for the Bernoulli distribution (see (B.7)) and by invoking the Chernoff bound; moreover,
(B.12) coincides with Hoeffding’s inequality in the special case 6 = % (which, from (B.10),
yields C'(0) = %). In view of the fact that (B.12) forms a specialization of [24, Theorem 2.4.7], it
follows that the Bernoulli case is the worst one (in the sense of leading to the looser upper bound)
among all probability distributions whose support is the interval [0, 1] and whose expected value
is 6 € [0, 1]. However, in the Bernoulli case, a simple symmetry argument applies for improving
the bound (B.12) as follows. Since {X;} are i.i.d., Bernoulli with mean 6, then obviously,

{1 — X;} are Bernoulli, i.i.d. with mean 1 — € and (from (27))

0,(1— X1,...,1— X)) =1—0,(X1,...,Xn), (B.13)

which implies that the error estimation is identical in both cases. Hence, ]P’(’gn — 9‘ > 5) is

symmetric around 6 = % It can be verified that
min{C(#), C(1-0)} =360(1—0), Voe0,1], (B.14)

which follows from (B.10) and since C(6) > C(1 —6) for all 6 € (0, 3) (see [24, Fig. 2.1]). In

view of (B.14) and the above symmetry consideration, the upper bound in (B.12) is improved
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for values of 6 € (0, 3), which therefore gives

n€2

>, V6 e[0,1], e > 0. (B.15)

From (27), the probability in (B.15) vanishes if § = 0 or § = 1. Consequently, for p > 0,

E{|6, — 0]} :/OOIP(@—0| > ) pertde (B.16)
0
00 2
§/0 2exp(—2ggs_9)> pef~tde (B.17)
= p (2001 - 0))"* /OO wP/? et du - P (B.18)
0
= pT (L) (2001 - 0)" - 12 (B.19)
= K(p,0) -n"/?, (B.20)

where (B.16)—(B.20) hold, respectively, due to (B.6), (B.15), the substitution u := #{9), 7

and (40).

APPENDIX C

COMPLEMENTARY DETAILS OF THE ANALYSIS IN SECTION III-C

We start by proving (49). In view of (47), for a € (0,1) U (1, 00)

ha(X") = 1 ! log B[~ (X™)], (C.1)

—

where X" := (Xy,...,X,). For a > 1, we get

E [fafl (Xn)]

n q(1—a)

=cot E{ [1 + Zg(XZ-)] } €2)
=1

PR RS SR L ST ) SRR

=G J F(Q(a—l))/o a ep{ (1+;g(fcz>>t}dt (C.3)

Cafl /oo n
=——0 11D et Eloxp| —t Y g(a;) | | dt. (C.4)
T(g(a—1)) Jo ;
where (C.2) holds due to (41); (C.3) follows from (48), and (C.4) holds by swapping order of

integrations. Furthermore, from (41) and (48),
Cn

f(wn) = <1 N Z?:l g(xi))q
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Cy /°° 1 —u ( - > n o pn

= ul e exp| —u g(z;) |du, Vz" e R", (C.5)
o) Jo 2 9l

and it follows from (C.5) and by swapping order of integrations,

cfon(-o55000)

Ch

- m /OOO wi et /n exp(—(t + u) gg(xz)>d$" du

Ch

_ OOUq—le—u n o0 expl— U T T u
- T(Q)/o {E/w p(—(t +u)g(z:)) d z}d

_ Fc(;l) /OOO il (/_Z exp(—(t + ) g(x)) dx)n du

_ Cn > —1_—urm
_F(q)/o ul e " Z"(t+u)du (C.6)

where (C.6) holds by the definition of Z(-) in (43). Finally, combining (44), (C.1), (C.4) and

(C.6) gives (49).
The proof of (50)—(53) is a straightforward calculation which follows by combining (C.1),

(C.2), (C.6) and Theorem 1 (we replace {«;} in Theorem 1 with {3;(n)} in order not to confuse

with the order « of the Rényi entropy of X").

APPENDIX D

CALCULATIONS OF THE n-DIMENSIONAL INTEGRALS IN SECTION III-D

D.1 Proof of Egs. (61)—(63)

/px' ya (2%, 4™ 1n<pY"|X"(yn’$
’L, n )

n

<1 _ u ry|x (Yilzi)
- v nyn (2", y" —— — | dz"dy™| d D.1
ule /px Y(w,y)exp< > a"dy" | du (D.1)

ni ay|x (yilz:)
1| 1<
—/0 [ >

=1

{H v |x (jls) px () 'Tyx(yz‘\ﬂfi)m(wi)}
i#i

n

- exp (_u E TY|X(W> da™ dy”] du (D.2)

ni CIY|X(?J1"$@‘)
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/ Z U 7’Y|X(yj|$y)>

avix (yjlz;) px (z;) eXp< —
— 1{};[ | n qy|x (y;lz;)

U Ty X(yz|$z) nin
Ty |x (Yilz:) px (i) exp< ) } dz" dy ] du

n QY\X(yz’l“z)

I
\
:\H

I—|

(D.3)

U 7"Y|X(yj\95j)
1T | avix(wilas) px (z5) exp ————— | da; dy;

ki n (JY|X(yj|$j)

/7“Y|X(yz|$z)px(fﬁz)exp< - WW) dz; dy; H du

n QY|X(yl’$1>

:/Omi[ . {

(D.4)
ST aew)
,/rYlX(y\x)pX(:c)exp< ZZK(?;E; H du (D.5)
:/Oooi [e“— (/qyx(ylx)px( )GXP( nggzx dxdy) 1
. / 7nYIX(y\gc)pX(gc)exp< Z;::igg da:dy]du (D.6)

= [T e () o ()]

where f(-) and g(-) are defined in (62) and (63), respectively. Consequently, f(0) = ¢g(0) = 1,

and 0 < f(u),g(u) <1 for all u > 0.
D.2 Proof of Eq. (64)

/pX",Y" (2", y") In gy x~(y"[2") dz" dy"

— /pX,L7Yn(x”,y”) Zln(IY\X(yj|$j)d$n dy" (D.8)
j=1

1 n
/HPX 7y nZ{HQYX(W’x@) TYX(Z/i’@’z‘)}ZIHQYX(ZIj’%j)dendZ/n (D.9)

i=1 i j=1

/pr ) ZZ{H ayx (yele) - vy x (vilw:) 1anx(yg!w])}d:E dy" (D.10)

i=1 j=1 \{#£4
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= % /X" EPX(UTZ) (ZZ/yn HQY|X(?/€|$£) 'Ty|X(yi|fL’i) In qY‘X(yj]:Uj) dy") dz"

i=1 j=1 04
(D.11)
We next calculate the inner integral on the right-hand side of (D.11). For 7 = j,
/ HqY|X(ye|$e) Ty ix (YilTi) Ingyx (ys]z;) dy™
Ny
:H/ qv|x (yelze) dye'/ryx(yz‘ﬂ?z‘) In gy |x (yilz:) dy;
(#i Y Y
= /y"”YX(y‘xi) In QY|X(y’xi> dy, (D.12)
else,
/ T avix elze) - vy x (il i) In gy (yj15) dy™
yn e;ﬁz
= H QYX(W’xf)dyf'/ QY\X(ZJJ"%') IHQY|X(yj|xj)dyj'/TYX(yi‘xi)dyi
e¢{ig Y Y Y
= /qux(yl%') In gy | x (ylz;) dy. (D.13)

Hence, from (D.11)—(D.13),

/pX",Y" (xn’ yn) In anan (yn ’,’L‘n) dxz™ dyn
:1/ ﬁpx(:vg) En:/ ryix (yl2i) In gy x (y|z:) dy
n Jyn L [, |
/=1 =1
+ Z E /qu|X(y|ij) 1HQYX(y|9Cj)dy> da™

i=1 j#i

Al

=1

£ 0 XY

ngX($£)d$g-/XXpr(fj)QYD((yl'j) In gy x (y]z;) da; dy}]

= [;/XXJ)TYIX(QW) Ingy|x (y|z) px (x) dz dy

n

+ZZ/X><)JPX($) qy|x (ylr) In gy x (y|z) dxdy]

i=1 j#i
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_ / px () ryix (4]2) I gyix (yle) dz dy
XxY

+(n—1) /X | Px() oy x(vle) Iy o) d . (D.14)
D.3 Proof of Egs. (66)—(72)
Py (4") = / Py (§7]27) pxcn (27 da™

Z{H/QYD( yjlz;) px (z;) da; - /TY|X(yz|xz)PX($Z) dxz}
J#i

= ﬁv(yj) = i w(v:) vy" e yr, (D.15)
i= " '
where v(-) and w(-) are probability densities on ), as defined in (67) and (68), respectively.
This proves (66).
We next prove (69), which is used to calculate the entropy of Y with the density py-(+)
in (D.15). In view of the integral representation of the logarithmic function in (1), and by

interchanging the order of the integrations, we get that for a positive random variable Z

E{ZInZ} = / —E{Z (e " —e ")} du
/00 E{Z}e™ - E{Ze‘“z} du

/ My M( )du, (D.16)

which proves (69). Finally, we prove (70). In view of (D.15),

/ py«(y") Inpy~(y") dy"

/ o(y;) :sz((;l)) . _1n<1i[v(yj)> +ln<i 'n f((yz))ﬂ dy
i
/ o(50) ;XH:Z_: w(yil))(l;i)v(yj) 4
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- [TLot - 3o 1(71 ' “’(y?)) day' D.17)

=233 [T et wiw) o) (D.18)

i=1j=1" (£

For 7 = j, the inner integral on the right-hand side of (D.18) satisfies

/ TT (o) - w(ws) ov(y;) dy”
O£

= H/U(yf)dyf‘/w(yi) Inv(y;) dy;

(#i
— [ wt) e, (D.19)

and for ¢ # j,

[T et wi) W)

(i

— H‘/v(yg)dy@-/w(yi)dyi'/v(yj) Inv(y;) dy;

L]

= /v(y) Inov(y) dy. (D.20)

Therefore combining (D.18)—(D.20) gives

=1 "= v(y:)

— [wt) we)dy+ (- 1) [ o) o) dy (d.21)

Finally, we calculate the second integral on the right-hand side of (D.17). Let w, be the

probability density function defined as

pn(y™) = [T olys), v e Y™, (D.22)

Jj=1
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and let

N
i
3|
M=
g
=

(D.23)
=1

where {V;}"_, are i.i.d. }-valued random variables with a probability density function v. Then,

in view of (69), the second integral on the right-hand side of (D.17) satisfies

Totur. 15~ 2@) | (15~ w@) ) 4n
JRICE R (nzv@i)) W

7=1 =1 =1

du. (D.24)

o
IS

n u
- K (ﬁ> (D.25)
where
uw(y))
K(u) == dy, VYucR, D.26
(u) /yv(y) exp< o) )Y u € (D.26)

and consequently, (D.26) yields

o= (2) (2

- (/ *) eXp<uvu(}$)> dy) - / w(y) eXP<uvu(}5)/)> dy, (D.27)

M(0) = 1. (D.28)

and

Therefore, combining (D.24)-(D.28) gives the following single-letter expression for the second
multi-dimensional integral on the right-hand side of (D.17):

Toty)- L5220 (L)) g [~
/Hl ) 5 2 ! <n2v<y»>dy -

=1

S
—
Q\
IS
~
3
L
/N
SIS
~——~"
V)
/N
3e
——
—_
[}
s
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where the functions s(-) and ¢(-) are defined in (71) and (72), respectively. Combining (D.17),

(D.21) and (D.29) gives (70).

D.4 Specialization to a BSC with Jamming
In the BSC example considered, we have X =) = {0, 1}, and
ryix (ylr) = ez #y} + (1 —¢) Hz =y}, (D.30)
ayix(ylz) =6z # y} + (1 - 0) Yz =y}, (D.31)

where 1{relation} is the indicator function that is equal to 1 if the relation holds, and to zero

otherwise. Recall that we assume 0 < § < e < % Let

px(0) = px(1) = 3, (D.32)

be the binary symmetric source (BSS). From (62) and (63), for u > 0,

_uryix\ir) (ylz)
pr ) qy|x (y|z) exp
ady|x (y|z)
o (I-eu _Eu
=(1-9) exp( s + 6 exp 5 (D.33)
_uTry x\yiTr) (ylz)
pr ) ry|x (yle) exp
ay|x (ylz)
o (1-gu eu
=(1-¢) exp( 15 + ¢ exp -5 ) (D.34)
Furthermore, we get from (D.30), (D.31) and (D.32) that
- ZPX ) ry|x (y|z) Ingy|x (ylz) = —eInd — (1 — &) In(1 —9)
=d(g]|9) + hp(e), (D.35)
and
- pr ) ry|x (y|z) In gy x (y|z) = hi(6). (D.36)

Substituting (D.33)—-(D.36) into (65) (where integrals in (65) are replaced by sums) gives

u

HY"|X™) = d(e]|6) + () + (n — 1) b (8) + /OOO [ (W) o(B) — o] %‘. (D.37)

n
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Since the input is a BSS, due to the symmetry of the channel (54), the output is also a BSS.

This implies that (in units of nats)

H(Y")=nln2. (D.38)

As a sanity check, we verify it by using (70). From (67) and (68), for y € {0, 1},

v(y) = px(0) gyx (¥l0) + px (1) gy x (y/1) = 3, (D.39)

w(y) = px(0) ryx (¥|0) + px (1) ryx (y[1) = 3, (D.40)

and, from (71) and (72), it consequently follows that

s(u) = w(0) exp<—“;€é§])> +w(l) exp<—“;€8)> —e ", Yu>0, (D.41)

and also

t(u) =e", VYu>0. (D.42)

It can be verified that substituting (D.39)-(D.42) into (70) reproduces (D.38). Finally, subtracting

(D.37) from (D.38) gives (74).
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