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Abstract— We provide two results concerning the optimality of
the stochastic-mutual information (SMI) decoder, which chooses
the estimated message according to a posterior probability mass
function, which is proportional to the exponentiated empirical
mutual information induced by the channel output sequence
and the different codewords. First, we prove that the error
exponents of the typical random codes under the optimal
maximum likelihood (ML) decoder and the SMI decoder are
equal. As a corollary to this result, we also show that the error
exponents of the expurgated codes under the ML and the SMI
decoders are equal. These results strengthen the well-known
result due to Csiszar and Korner, according to which, the ML
and the maximum-mutual information (MMI) decoders achieve
equal random-coding error exponents, since the error exponents
of the typical random code and the expurgated code are strictly
higher than the random-coding error exponents, at least at
low coding rates. The universal optimality of the SMI decoder,
in the random-coding error exponent sense, is easily proven
by commuting the expectation over the channel noise and
the expectation over the ensemble. This commutation can no
longer be carried out, when it comes to typical and expurgated
exponents. Therefore, the proof of the universal optimality of
the SMI decoder must be completely different and it turns out
to be highly non-trivial.

Index Terms: Error exponent, expurgated code, mutual in-
formation, stochastic decoding, typical random code, universal
decoding.

I. INTRODUCTION

The error exponent of the typical random code (TRC) [19]
is defined as!

E.(R) = lim {~1E[log P.(C,)]}, (1)

n— o0

where R is the coding rate, P.(C,,) is the error probability of
a codebook C,,, and the expectation is with respect to (w.r.t.)
the randomness of C,, across the ensemble of codes.

In [1], Barg and Forney considered TRCs with indepen-
dently and identically distributed codewords as well as typical
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INote that this definition is different from the ordinary random-coding
exponent, which is given by E;(R) = limn—oco {—%LlogE[Pe(Cn)}},
where the notations are similar to those in (1) above.

linear codes, for the special case of the binary symmetric chan-
nel with maximum likelihood (ML) decoding. In [23] Nazari
et al. provided bounds on the error exponents of TRCs for both
discrete memoryless channels (DMCs) (which coincide with
one another for the optimal input distribution) and multiple—
access channels. In a recent article by Merhav [19], an exact
single-letter expression has been derived for the error exponent
of typical, random, fixed-composition codes, over DMCs, and
a wide class of (stochastic) decoders, collectively referred to as
the generalized likelihood decoder (GLD). Recently, Merhav
has studied error exponents of TRCs for the colored Gaussian
channel [20], typical random trellis codes [21], and has derived
a Lagrange—dual lower bound to the TRC exponent [22]. More
recently, Tamir et al. have studied the large deviations behavior
around the TRC exponent [28], and finally, Tamir and Merhav
have studied error exponents of typical random Slepian—Wolf
codes in [27].

Concerning universal decoding for unknown channels,
Goppa [9] was the first to propose the maximum-mutual infor-
mation (MMI) decoder, which decodes the message as the one
whose codeword has the largest empirical mutual information
with the channel output sequence. Goppa proved that for
DMCs, MMI decoding attains capacity. Csiszar and Korner
[2, Theorem 10.2] have further showed that the random-coding
error exponent of the MMI decoder, pertaining to the ensemble
of the uniform random-coding distribution over a certain type
class, is equal to the random-coding error exponent of the
optimum ML decoder. Since the seminal work of [2], much
work has been done in the area of universal decoding; the
interested reader is referred to [5], [6], [10], [11], [13], [14],
[16], [29], and the references therein.

In this work, we refer to the stochastic-mutual information
(SMI) decoder, which is a GLD with the empirical mutual
information metric. We prove that the error exponents of the
TRC under ML and SMI decoding are the same?. This result
improves upon the universal optimality of the MMI decoder
proved in [2], since the error exponent of the TRC is strictly
larger than the ordinary random-coding error exponent, at least
at low coding rates [19]. The fact that the SMI decoder is
optimal also w.r.t. the TRC is non-trivial, at least to the authors
of this paper. The proof of optimality of the SMI decoder
w.r.t. the random-coding error exponent [17, Section 3] relies
heavily on the possibility to commute the expectations over the
channel noise and the randomness of the ensemble of codes.
Here, in case of TRCs, this can no longer be done, because, by

2Since the proof in this work does not contain any assumptions on the
DMC, it actually follows that the ML and SMI decoders attain equal TRC
exponents, even if the DMC has a positive zero-error capacity.



definition of the TRC exponent, we first apply the logarithmic
function on the error probability and only then average over
the randomness of the codebook. Therefore, the proof of our
new result is much more involved than in ordinary random
coding.

It may seem surprising, at least at first glance, that a stochas-
tic decoder turns out to be universally optimal. To see why this
phenomenon should not be very surprising, after all (even for
the traditional random coding error exponents), let us recall
the competitive minimax approach, which has been developed
in [6]. Consider a parametric family of channels {Py(y|z)},
indexed by a parameter @ taking on values in © C RF, k
being a positive integer (for example, the class of all DMCs
with given finite input and output alphabets). A decision rule
is a (possibly randomized) map Q : Y — {0,1,..., M — 1},
characterized by a conditional probability vector function

Q={(wOly),...,wM —1]y)),y € "}, @)

with w(i|y) being the conditional probability of deciding
in favor of message 7 given the channel output y, ¢ =
0,1,...,M — 1. For a given decision rule {2, the overall
probability of error, for a uniform prior on the message set, is
given by
| M-l
PO =7 > > [ -w(ily)Po(ylz). G

i=0 ye)yn

Let 2*(#) denote the optimum ML decision rule and denote
P*(0) = P,(2*(0)|0). Finally, the competitive minimax is
defined as [6]

F.(2]0)
Pr(6)
A universal decoder asymptotically minimizes (4) for the
average code (i.e., when both P*(6) and P,(2|#) are replaced
by their ensemble averages). While in the simple case where
the channel statistics are perfectly known (i.e., the set © being
a singleton), the optimal decision rule is clearly deterministic
(since the objective in (4) is an affine function of the con-
ditional probabilities composing €2), it turns out that under
channel uncertainty, the inner supremum in (4) convexifies
the objective as a functional of {2 (since a supremum over
a family of affine functions yields a convex function), thus,
the competitive minimax criterion considered in (4), may
yield a randomized decision rule as an optimum solution. A
more comprehensive discussion on this issue, along with a
simple example, can be found in [6, Section 2], where it was
also discussed that for ordinary random coding, the optimal
randomized decoder can often be well approximated by an
asymptotically optimal deterministic decoder, that achieves the
same error exponent. Nonetheless, when it comes to TRC error
exponents, it is not apparent that this is guaranteed, in general.

“4)

inf sup
Q2 gco

Universal decoding w.r.t. TRCs has already been considered
in [27]. It was proved in [27] that for Slepian—Wolf source
coding, the error exponent of the TRC under the optimal
maximum a-posteriori decoder is equal to the TRC exponent
under two different universal decoders: the minimum-entropy
decoder and its stochastic counterpart. While the universality

result of [27] was obtained for some (semi-deterministic)
modification (for which the TRC error exponent is given by
a relatively simple expression) of the classic random binning
scheme, here, the SMI decoder is proved to be optimal w.r.t.
the ordinary (fixed-composition) random-coding scheme. In
light of this fact, we conjecture that the SMI decoder is optimal
w.r.t. the error exponent of the TRC also for more sophisticated
random-coding schemes, like the generalized random Gilbert-
Varshamov (RGV) code ensemble [26].

Our second result concerns the optimality of SMI decoding
w.r.t. expurgated codes. Error exponents of expurgated codes
were first developed for the ML decoder [4], [7], later on for a
more general family of deterministic decoders [3], and recently
for the GLD [17]. In [3, Section V], the question of finding the
channels for which the expurgated exponent can be achieved
by the minimum-entropy decoder (which is equivalent to the
MMI decoder under the fixed-composition code ensemble) was
left open. Here, under the assumption that only the decoder is
unaware of the channel statistics, we conclude that the SMI
decoder is asymptotically optimal also for the expurgated code.
Thanks to the intimate relation between the expressions of the
TRC exponent [19] and the expurgated bound [17], this result
immediately follows.

The remaining part of the paper is organized as follows.
In Section II, we establish notation conventions. In Section
III, we formalize the model and review some background. In
Section IV, we provide and discuss the main results of this
work, and in Section V, we prove them.

II. NOTATION CONVENTIONS

Throughout the paper, random variables will be denoted by
capital letters, specific values they may take will be denoted by
the corresponding lower case letters, and their alphabets will
be denoted by calligraphic letters. Random vectors and their
realizations will be denoted, respectively, by capital letters and
the corresponding lower case letters, both in the bold face font.
Their alphabets will be superscripted by their dimensions. For
example, the random vector X = (X1,...,X,,), (n — positive
integer) may take a specific vector value © = (x1,...,2,)
in X", the n-th order Cartesian power of A&, which is
the alphabet of each component of this vector. Sources and
channels will be subscripted by the names of the relevant
random variables/vectors and their conditionings, whenever
applicable, following the standard notation conventions, e.g.,
Qx, Qy‘ x, and so on. When there is no room for ambiguity,
these subscripts will be omitted. For a generic joint distribution
Qxy = {Qxy(z,y),z € X,y € Y}, which will often be
abbreviated by @, information measures will be denoted in the
conventional manner, but with a subscript @, that is, Hg(X)
is the marginal entropy of X, Hg(X|Y) is the conditional
entropy of X given Y, Io(X;Y) = Ho(X)—Hg(X|Y) is the
mutual information between X and Y, and so on. Logarithms
are taken to the natural base. The probability of an event £
will be denoted by P{€}, and the expectation operator w.r.t.
a probability distribution @) will be denoted by Eq|[-], where
the subscript will often be omitted. For two positive sequences



a, and by, the notation a,, = b,, will stand for equality in the
exponential scale, that is, lim,_, %log‘g—ﬁ = 0. Similarly,

an < b, means that limsup,,_,..(1/n)log (a,/b,) < 0, and
so on. The indicator function of an event £ will be denoted
by 1{€}. The notation [z]; will stand for max{0,z}. The
probability simplex for X will be denoted by P(X).

The empirical distribution of a sequence © € X", which
will be denoted by Pm is the vector of relative frequencies,
Py(z), of each symbol # € X in x. The type class of
x € X™, denoted T" (), is the set of all vectors &’ € X'™ with
P, = P,. When we wish to emphasize the dependence of the
type class on the empirical distribution P, we will denote it by
T (15) Information measures associated with empirical distri-
butions will be denoted with ‘hats’ and will be subscripted by
the sequences from which they are induced. For example, the
entropy associated with P,, which is the empirical entropy
of x, will be denoted by I:Iw(X ). Similar conventions will
apply to the joint empirical distribution, the joint type class,
the conditional empirical distributions and the conditional type
classes associated with pairs (and multiples) of sequences
of length n. Accordingly, Pmy would be the joint empirical
distribution of (z,y) = {(2:,v:) }i=1» T"(Qx |y |y) will stand
for the conditional type class induced by a sequence y and a
relevant empirical conditional distribution @ X|Y> which is the
set of all vectors € X™ with Py, = Qx|y % Py, Iy(X;Y)
will denote the empirical mutual information 1nduced by x
and y, and so on. Likewise, when we wish to emphasize the
dependence of empirical information measures upon a given
empirical distribution given by (), we denote them using the
subscript (), as described above.

III. PROBLEM SETTING AND BACKGROUND

A. Problem Setting

Consider a DMC W = {W(y|z), z € X, y € YV}, where
X and ) are the finite input and output alphabets, respectively.

When the channel is fed with a sequence © = (z1,...,2,) €

X", it produces y = (y1,...,Yn) € Y™ according to
W"(yle) = HW yilxs). ®)

Let C,, be a codebook, i.e., a collection {xg, x1,...,xTr—1} of

M = e™f codewords, n being the block-length and R being
the coding rate in nats per channel use. When the transmitter
wishes to convey a message, m € {0,1,..., M — 1}, it feeds
the channel with x,,. We assume that messages are chosen
with equal probabilities. We consider the ensemble of fixed-
composition codes: for a given distribution Q) x over &, all
vectors in C,, are uniformly and independently drawn from
the type class 7T"(Qx).

The optimal (ML) decoder estimates 1, using the channel

output y, according to

m(y) = argmax W"(y|z.m). (6)
me{0,1,...,M—1}

We also consider here the GLD. The GLD chooses the
estimated message m according to the following posterior
distribution, induced by the channel output y:

exp{ng(Pa,.y)} .,
ZM, -0 exp{ng( mm/y)}

where Py, ,, is the empirical distribution of (a,,,y) (whose
X-marginal, P, coincides with Q)x) and g(+) is a given con-
tinuous, real-valued functional of this empirical distribution.

{1} -

This GLD covers several important special cases. Obviously,
the choice

9(Pe,.y) = Z Pwmy(% y) log W (y|z) ®)

(z,y)€EXXY

corresponds to the stochastic likelihood (SL) decoder [25].
Slightly more generally, one may introduce a parameter 5 > 0
and define

9(Pe,y) = Po,y(z,y)logW(ylz). (9

B>

(z,y)EX XY

Here, 5 controls the degree of skewedness of the distribution
(7), in the spirit of the notion of finite—temperature decoding
[24]: while 8 = 1 corresponds to the SL decoder,  — oo
leads to the traditional (deterministic) ML decoder. The de-
coding metrics in (8) and (9) are well defined even if the
channel transition matrix {W (y|xz),z € X,y € Y} contains
zeros (e.g., the z-channel or the binary erasure channel), since
for every (z,y) € X x Y with W(y|x) = 0, obviously also
Py, y(x,y) = 0, and we use the convention that 0log 0 = 0.
Likewise,

9(Po,.y) = (10)

B> Pay(r,y)log W (ylz)

(z,y) €X' XY

defines a family of mismatched likelihood decoders, bridging
between the mismatched likelihood decoder of [25] and the
ordinary, deterministic mismatched decoder (although the pa-
rameter 8 might as well be absorbed in W’ in the form of a
power of W'). Yet another important case is

9(Pa,y) = Bla,y(X;Y),

(1)
which is a parametric family of mutual information decoders,
where 8 — oo yields the ordinary MMI universal decoder [2].
The special case of § =1 corresponds to the SMI decoder.

Let Y € Y" be the random channel output resulting from
the transmission of «,,. For a given code C,,, define the error
probability as

MZ]P’{m

where P{-} designates the probability measure associated with
the randomness of the channel output given its input and the
possibly stochastic decoding.

) # m|m sent}, (12)



B. Background

Merhav [19] has derived a single-letter expression for the
error exponent of the typical random fixed-composition code,

Eo(R,Qx) = lim {=3E[log P.(C)l},  (I3)

under the GLD. In order to present the main result of [19],
we define first a few quantities. Let

Oé(R, Qy) =

max

~ {9Qsy) — Io(X;Y) + R},
{Qx|y: Io(X5Y)<R, Qg=Qx}

(14)
and?
F(QXX’>R)
— min {~EqllogW(Y|X)] - Ho(Y] X, X')
Y| XX/
+ max{g(Qxy),a(R,Qy)} — g(@xv)|+}.  (15)
Then, the error exponent of the TRC is given by [19]
Eu-c R; - min
(R Qx) {Q@x/x: 1o(X;X")<2R, Qx/=Qx}
{T(Q@xx,R)+ Io(X; X')— R}.  (16)

This exponent function is well defined when ¢(Q) =
Eglog W (Y| X)] is considered (i.e., SL decoding), even if the
channel transition matrix {W(y|z),z € X,y € Y} contains
zeros, since the minimizing distribution Q) x x/y can always
be chosen to be equal to zero whenever W is zero, such that
both ¢(Qxy) and g(Qxy) are finite.

IV. MAIN RESULTS
A. Typical Random Codes

Our main result is the following, which is proved in Section
V.

Theorem 1: For any DMC, the SMI decoder is optimal
with respect to the TRC error exponent.

As mentioned before, Csiszar and Korner [2, Theorem 10.2]
have proved that the random-coding error exponent of the
MMI decoder, pertaining to the ensemble of fixed-composition
codes, is as high as the random-coding error exponent of
the optimum ML decoder*. The fact that the SMI decoder is

3Here and through the sequel, when Hg(Y|X,X') is involved in a
minimization over Qy|xx/, for a given Qxx-, then the subscript Q
in Hg should always be inferred as Qxx'y = Qy|xx’ X Qxx'-
Similarly, the subscript Q in Eq[log W (Y| X)] or in Hg(Y'|X) should be
inferred as the XY -marginal of @ x x/y . In other expectations of the form
Eglog G(X, X', Y)], e.g. (B.12), the subscript @ should always be inferred
as Qxxry-

4To be more precise, Csiszar and Korner [2, Theorem 10.2] have proved that
under MMI decoding, some fixed-composition codes have error probabilities
which decay exponentially fast with a rate not smaller than the random-coding
error exponent of the optimum ML decoder. Since this result is based on
the packing lemma [2, Lemma 10.1], which is proved by random-coding
arguments, the above statement easily follows. For the fact that the random-
coding error exponent achieved in [2, Theorem 10.2] equals the random-
coding error exponent of the random fixed-composition code ensemble under
ML decoding, the interested reader is referred to [2, Exercise 10.34] and the
references therein.

optimal w.r.t. the TRC is non-trivial. The proof of optimality of
the SMI decoder w.r.t. the random-coding error exponent [17,
Section 3] relies heavily on the possibility to average directly
the error probability, which is defined as

RC) = 3 Y Wilyle,)1(n(y) £ m), (7)

m=0 yeyn

by first calculating the expectation over the randomness of the
ensemble of codes and only then, calculating the expectation
over the channel noise. Here, when it comes to TRCs, this
can no longer be done, because we first apply the logarithmic
function on the probability of error of a given code and only
then average over the randomness of the codebook. Therefore,
the proof of Theorem 1 is more involved than in ordinary
random coding.

We conjecture that the deterministic MMI decoder is also
optimal in the TRC sense, from the following considerations.
Let EM (R, Qx) and E™'(R, Q x ) be the random-coding error
exponents under the ML and MMI decoders, respectively.
Also, denote by EM (R, Qx ) and EM'(R, Q) x) the error expo-
nents of the TRCs under ML and MMI decoding, respectively.
Let R*(Qx) be the lowest rate for which EM(R,Qx) =

EM(R,Qx). Then, for all R > R*(Qx), the following holds:

EXM(R,Qx) > E™(R,Qx) (18)
= E™(R,Qx) (19)
= B (R,Qx), (20)

where (18) is due to Jensen’s inequality, (19) follows from
the universal optimality of the MMI decoder in the ordinary
random-coding sense, and (20) holds for every R > R*(Qx).
Thus, the desired result holds true almost trivially for the entire
range of high coding rates. On the other extreme, one can
prove, using similar arguments to those in Appendixes C and
D, that

EM0,Qx) >
C Y Qx@ex@)los | S VTGRWER) |
(z,2")eX? yey

2y

which is exactly E.,(0,Qx), i.e., the error exponent of the
expurgated code at rate zero, hence the optimality of MMI
decoding follows at rate zero as well. Unfortunately, the
challenge of proving the optimality of the MMI decoder across
the entire range of rates, has defied our best efforts so far.

B. Expurgated Codes

The result in [17, p. 5045, Theorem 2], which is on the exis-
tence of sequences of fixed-composition codes with relatively
high error exponents, was stated and proved for the GLD. The
proof of [17, Theorem 2] was corrected a short time after in
[18], concluding that the general expression of [17, Eq. (36)]
is still correct, at least when g(Q xy ) is an affine functional of
Q@ xy, which is the case of the matched/mismatched stochastic
likelihood decoder. Since we need the expurgated exponent to



hold for nonlinear decoding metrics as well (e.g., for SMI
decoding), we first prove that [17, Theorem 2] holds for every
continuous, real-valued functional g(Qxy ).

For a given code C,, the probability of error given that
message m was transmitted is given by

exp{ng(Pe,,y)}
= W™ (y|z.m,) - — - - (22)
m/z;aé:m yezy:" ETI\”;[:OI exp{ng(Pmm'y)}

Then, the following proposition is proved in Appendix A.

Proposition 1: There exists a sequence of fixed-composition
codes, {C,,, n=1,2,...}, with composition @ x, such that

.. log max,, ]{Im(cn)
liminf | — > E.(R,Qx), (23)
n—oo n
where,
Eex R7 = mln
(@) {Q@xrx: I(X3X)<R, Qx/=Qx}
{T(@xx,R)+ Io(X;X')—R}. (24)

Although the proof in [18] and the new proof in Appendix
A are quite similar, there is still at least one major difference
between the two. Both proofs use the inequality (>, a;)® <
Zi a;, which holds whenever 0 < s <1 and a; > 0 for all 4,
but in a slightly different manner. While here, in Appendix A,
this inequality is used in a sum which is only polynomially
large, in [18], it is used in an exponentially large sum. As
a consequence, in the proof of Proposition 1, the supremum
over p > 1 can be switched by the limit of p — oo to yield
the desired result, while in the proof in [18], the supremum
over p > 1 and the minimum over @ y/|x must be commuted
in order to yield the desired result, but this commutation is
much more complicated to be justified for a general decoding
metric.

Before stating our main result here, one comment is now
in order. One must note that the expurgation process of the
codebook relies on the knowledge of the channel statistics, as
is evident from the proof in Appendix A. Hence, we assume
that only the decoder is ignorant of the channel statistics, while
the encoder (or some third party that expurgates the codebook)
knows them perfectly. Yet, this assumption can apparently be
relaxed by considering more sophisticated code ensembles,
like the generalized RGV codes [26]. The RGV code ensemble
is, in fact, inherently expurgated, and it is proved in [26] that
its random-coding error exponent is at least as high as the
expurgated exponent derived by Csiszdr and Korner [3]. We
conjecture that by relying on the RGV code ensemble and the
SMI decoder, one may attain universality (w.r.t. the channel
statistics) in both the codebook generation process and the
channel decoding, while achieving an error exponent as given
in (24). We will not elaborate more on this issue.

Then, our main result is the following.

Theorem 2: For any DMC, the SMI decoder is optimal
with respect to the expurgated code.

Since the TRC exponent (16) and the expurgated bound (24)
are very similar, and differ only in the constraint of the outer
minimization, the proof of this theorem is almost identical to
the proof of Theorem 1, and hence omitted.

V. PROOF OF THEOREM 1

Let E™(R,Qx), E-(R,Qx), and EM(R, Qx) denote the

TRC exponents under ML, SL, and SMI decoding, respec-
tively. Since ML decoding is optimal, it immediately follows
that EM(R,Qx) > EN(R,Qx). Concerning stochastic de-
coders, let us recall the result of [12, Theorem 7], which
asserts that the probability of error for SL decoding is at most
twice the error probability of ML decoding, which guarantees
that the error exponents of the TRC under the ML and the
SL decoders are equal, i.e., that EM(R,Qx) = E%(R,Qx).

tre tre

Hence, it remains to prove that E5/(R,Qx) < EM(R,Qx)
also holds. This will be done in a few steps. First, we provide
an explicit upper bound on the TRC exponent under SL

decoding. To this end, we need two definitions:

JAN
Gly) = > Wylr)Qx(x), ye, (25)
reX
and,
G(QXleR)
s SR — (oo
R T R VR
(z,x’)eX?
xlog | S W(yla) = Gly) W (yla)"| ¢, (26)

yey

where A =1 — \.

Then, the following lemma provides such an upper bound.
Its proof is in Appendix B.

Lemma 1: The TRC error exponent under SL decoding is
upper-bounded by
EM(R, < min
m( QX) {QX/\X: Io(X;X')<2R, Qx/=Qx}
As a second step, we now provide a lower bound on the TRC
exponent under SMI decoding. Denoting,

(Qxx', R)

A —

= max max min AR — Enlloe W (VX
ME[O,l]Ae[O,l]Qy‘XX,{’u Q[log W (Y| X)]

— Ho(Y|X, X') + n(Mo(X;Y) = Io(X;Y))}, (28)
the following lemma is proved in Appendix C.
Lemma 2: The TRC error exponent under SMI decoding

is lower-bounded by

EJ(R,Qx) 2 min
{Qx/\xi Io(X;X")<2R, Qx/=Qx}

{2(Qxx/,R)+ Io(X;X")—R}. (29)



Notice that the expressions of (27) and (29) have similar
forms, and so, we only have to show that ®(Qxx/, R) >
O(Qxx, R) in order to complete the proof. The following
lemma, which is proved in Appendix D, establishes this fact.

Lemma 3: For every Qxx € P(X?) and R > 0,

O(Qxx, R) < ®(Qxx/, R). (30)

Now, we are in a position to compare E%(R,Qx) and

tre

EX(R, Qx):
SL .
B (R Qx) < {Qx|x: IQ<X:,)I?/1)%2R, Qx/=Qx}
{0(Qxx,R) +Io(X;X')— R} (31)
< min
{Q@x/x Io(X;X")<2R, Qx/=Qx}
{®(Qxx, R) +Io(X;X')— R} (32)
< EXN(R,Qx). (33)

Hence the optimality of SMI decoding follows and Theorem
1 is proved.

APPENDIX A
Proof of Proposition 1

Assuming that message m was transmitted, the probability
of error, for a given code C,, is given by

Pin(C) = D Y W'(ylam)

m'#myeynr

y _exp{ng(Pa,y)} i
exp{ng(Pmmy)} + Zm;ﬁm exp{ng(Pmﬁy)}

. (A1)

Let

Zm(y) = > exp{ng(Pu,y)}, (A2)

m#m
fix € > 0 arbitrarily small, and for every y € J", define the
set

B.(m,y) = {Cn 2 Zm(y) < exp{na(R — g]sy)}} (A3)

Following the result of [17, Appendix B], we know that, con-
sidering the ensemble of randomly selected fixed-composition
codes of type Qx,

P{B.(m,y)} < exp{—e"* + ne + 1},
,M —1} and y € Y™, and so, by the

(A4)

for every m € {0,1,...
union bound,

P{B.(m)} =P} |J Be(m.y) (A.5)
yeyn
< Y P{B(m,y)} (A.6)
yeynr
< Z exp{—e"“ + ne + 1} (A7)
yeyn
=|Y|" - exp{—e" + ne + 1}, (A.8)

which still decays double—exponentially fast. Define the set
Q(Qx) ={Qx/x : Qx = Qx} and the enumerator

Nm(QX’\X) = Z 1 {wm’ € Tn(QX’\XLTm)} .

m’'#m

(A9)

Now, for p > 1, taking the expectation w.rt. the set

{X v, m’ #m}, while conditioning on X,,, = @,,, yields
E |:]De|m(cn)l/p m'm:|

P (Ca) "7 1{Be(m)}

=E

..

LE [Pc‘m(cn)l/p : H{Be(m)}‘wm}

Z Z Wn (y|m7n)

m/#m yeYn

(A.10)

<E

. /e
exp{ng(Px . ,y)} . m) Ve
exp{ng(Py,.y)} + Zm(y)> HEm e

+P{Bc(m)|zm} (A.11)
<E|| D > W'ylenw)
m/#myeyn
eng(ﬁxm/y) 1/p
X min< 1, - _ T
eng(Pwmy) + ena(R—e,Py)
+P{Bc(m)} (A.12)
[ 1/p
=E Z exp{an(}smme, JR—¢€)} T
m’#m
+P{B.(m)} (A.13)
[ 1/p
<E Z N (Qx11x) - el (@xx/ R=e) Tom
Q(Qx)
+[Y[" - exp{—e" + ne+ 1} (A.14)

< Z E [Nm(qux)l/p‘a:m} e T Qxxr R=e)/p.
Q(Qx)
(A.15)

where (A.11) follows from the definitions in (A.1) and (A.2)
and the fact that P,,(C,) < 1. In (A.12), we used the
definition of the set B.(m) in order to lower-bound Z,,(y)
by exp{na(R — ¢, P,)} for every y € V™. Furthermore,
we used the fact that B.(m) and X, are independent. The
passage to (A.13) is due to the method of types and the
definition of T'(Qxx/, R) in (15). In (A.14) we used the
definition of the enumerators N,,,(Qx/x) in (A.9) and the
upper bound in (A.8). Using the techniques of [15, Section
6.3], the conditional expectation in (A.15) is given by

E {Nm(QX/\X)l/plﬂﬂm}

. { exp{n(R - Iq(
{

N/t Io(X;X') <R
exp{n(R — Ig( X

N} (XX >R
(A.16)

X, X'
X X'



= exp{nE(R.Q.p)}. (A.17)

Note that the expression of F(R, @, p) is independent of x,,.
Substituting it back into (A.15) provides an upper bound on
E [R|m((,’n)1/”’mm], which is independent of x,,, hence, it
also holds for the unconditional expectation, i.e.,

E [Py (Ca) ]

< Z e E(RQp) | o=nTQxx R=)/p 2 A (A18)
Q(Qx)
According to Markov’s inequality, we get
1= 1
P — P (C)YP >2A % < = A.19
{Mg_joq (Ca)''7 > }2, (A.19)
which means that there exists a code with
M—1
(A.20)

1
M Z ]De|m(cn)l/p S 2A.
m=0

We conclude that there exists a code C,, with M /2 codewords
for which

max P,p,,, (C,)'/7 < 4A, (A.21)
and so
ma’XPe‘m(C;L)
P
< Z e E(R.Q.p) | o —nl(Qxxs,R—€)/p (A.22)
2(Qx)
= > exp{npE(R,Q,p)} - exp{—nI'(Qxx/, R — )}
Q(Qx)
(A.23)
e {0 guin QxR -~ pE(R. Q)] |
Q(Qx)
(A.24)
thus,

lim inf — 1 log max P,j,,, (C;,)
n—oo n m
T(Qxx R— ) — pE(R.Q p)].
(A.25)

> min
Qxx€Qx)

Since the inequality in (A.25) holds for every p > 1, the
negative exponential rate of the maximal probability of error
can be bounded as

1
lim inf —— log max P,,,,(C;,)
n— 00 n m

> su min T R —¢)— pE(R,Q,

B PZIiQX/\XGQ(Qx)[ (QXX ) p ( Q ﬂ)]
(A.26)

> lim min T "R —¢)— pE(R,Q,

_pﬁooQX,‘XEQ(QX)[ (Qxx ) — pE(R,Q, p)]
(A.27)

= lim min min

p—00 {Qx/x€Q(Qx): Io(X;X")>R}

{T(Qxx, R—€)+p-(Io(X;X') = R)},

min
{Q@x/1x€2(Qx): Io(X;X")<R}
{T(Qxx,R—¢€) +I1o(X;X') — R}} (A28)

= min< lim min
P=00{Qx/ 1 x€QQx): Io(X;X')>R}

{T(@xx,R—e)+p-(Io(X;X') = R)},

min
{Q@x/x€Q(Qx): Io(X;X’)<R}
{P(Q@xx,R—e€) +Io(X; X') — R}}, (A29)

where (A.28) follows from (A.16) and (A.29) is due to the
fact that if a,, — a and b, — b, then also min{a,,b,} —
min{a, b}.

Concerning the left-hand-term inside the minimum in
(A.29), let {p,} be any sequence with p,, — oo and let us
denote by Q(p,,) the minimizer for p,,. Note that the sequence
{Q(pn)}52; must have at least one accumulation point since
the simplex of finite-alphabet probability distributions is a
compact set. Let us define Q* as an accumulation point (and
if there is more than one, choose an arbitrary one), and note
that it must satisfy Io«(X;X’) = R, since otherwise, the
minimum yields infinity. Let {Q(pn,)}72, be a subsequence
that tends to QQ*, which exists by the very definition of an
accumulation point. Then, we have the following

lim min
P=o0{Qx/ x€Q(Qx): Io(X;X')=R}
[D(QxxB—) +p- (Ig(X;X') — R)}  (A30)
= lim min
n—00 {Qx/x €Q(Qx): Io(X;X')>R}
{T(Qxx R—¢€)+pn-(Io(X;X')—R)} (A31)
n—r oo
+pn - (1Q(p) (X3 X') — R)} (A.32)
> limsupN(Qxx/(pn), R — €) (A.33)
n—oo
> lim T(Qxx(pn,) R =) (A34)
== F(Q;{XU R - 6)7 (A.35)

where (A.32) follows from the definition of Q(p,) as the
minimizer in the minimization problem in (A.31). The passage
to (A.33) is due to the fact that p, - (Ig(,,)(X; X') = R) >0
and (A.35) follows from the definition of the accumulation
point Q*. Finally,

NQ%x,R—¢)
> min r wR—e€ A.36
T {Qx/x€Q(@Qx): Io(X;X')=R} (QXX ) ( )
= min
{Q@x1x€2(Qx): Io(X;X")=R}
{T(Q@xx,R—e€)+Io(X;X')— R}, (A37)

where (A.36) follows from the fact that Io-(X;X’) = R
holds for the accumulation point QQ*, but we are still able



to minimize over all distributions with Io(X;X’) = R.
Substituting (A.37) back into (A.29), we conclude that

1
lim inf —— log max P.,,,(C;,)
n—00 n m
> min
{Q@x/x€Q(Qx): Io(X;X")<R}

{T(Qxx,R—€) +Io(X;X') —R}. (A38)

The proof of Proposition 1 is now complete, thanks to the
arbitrariness of € > 0.

APPENDIX B
Proof of Lemma 1

Recall that our main objective is to upper-bound
ES(R,Qx), which is the TRC exponent under SL decoding

tre

(i.e., 9(Q) = Egllog W (Y| X)]). First, note that

F(QXX'7R)
= min {~EqllogW(Y|X)] - Ho(Y|X,X)
Y XX/
+ max{g(Qxvy), ®(R,Qy)} — 9(@xv)l,}  (B.1)
= in max {~Eq[logW(Y[|X)] - Ho(Y|X, X'
Y|IXX!P )

+p (max{g(Qxvy), (R, Qy)} — 9(Qxv))},

where (B.1) is by the definition of I'(Qxx/, R) in (15) and
(B.2) is due to the identity [A]; = max,c[o,1]{pA}. Now, we
use the following upper bound, which is proved in Appendix
E. For every R > 0 and Qy € P(}),

a(R,Qy) <w(R,Qy) E R+ Qv(y)logG(y). (B3)

yey

(B.2)

It follows from (B.3) that

F(QXX'7R)

< min max {—Eg[logW(Y|X)] — Ho(Y|X, X")
Qy|xx/ p€[0,1]

+ p (max{g(Qxv), w(R,Qy)} — 9(Qxv))} (B.4)
= max min {-Eg[logW(Y|X)] - Ho(Y|X,X")

p€[0,1] Qy | x x7

+ p (max{g(Qxv), w(R,Qy)} — 9(Q@xv))} (B.5)

= max min {—Eg[logW(Y|X)]— Ho(Y|X,X")
p€[0,1] Qy | xx/
+p (krg[%ﬁ]{/\g(Qxy) + A (R, Qy)} — g(QXfy)) }
(B.6)
= i —Eo[log W(Y|X)] — Ho(Y|X, X’
ax, Jmin f?%fi]{ Qllog W(Y'|X)] — Ho(Y| )
+ 0 (M(Qxy) + (R, Qy) — g(Qxry)) } (B.7)
in {~EollogW(Y|X)] — Ho(Y|X, X'
Jnax, max Qiﬂl;nx,{ Qllog W (Y| X)] — Ho(Y[X, X')

+p(A(Qxy) + Aw(R,Qy) — 9(Qxv)) },

where (B.5) is because the objective is convex in Qy|xx’
under ML decoding (i.e., when g(Q) = Eg[log W (Y'|X)]) and
concave (affine) in p. The convexity is explained as follows:
the first term is affine in Qy|xxs and hence convex. The

(B.8)

second term is convex in Qy|xx due to the concavity of
Hq(Y|X,X’). As for the third term, w(R,Qy) is affine
in Qy|xx/ and the maximum between two affine functions
is convex. In (B.6), we used the identity max{A, B} =
maxye(o,1{\A + AB}. The passage to (B.8) is due to the
fact that the objective function in (B.7) is convex in Qy|x x’
under ML decoding and concave (affine) in A. Denoting
= /yR) = max max min
(QXX ) p€[0,1] A€[0,1] Qy | x x7
{~Eqllog W (Y|X)] — Ho(Y|X, X')
+p (Ag(@xy) + (R, Qy) —9(Qxv)) },

we have just shown that T'(Qx x+, R) < Z(Qxx, R), and so,
it follows from (16) that

(B.9)

E*(R, < min
lrc( QX) {QX’\X: IQ(X§XI)S2R, QX/:QX}
{E(Qxx",R) + Io(X;X') = R}. (B.10)
As for the inner minimization in (B.9), we have
min {~Eqllog W(Y|X)] - Ho(Y]X, X')
YIXX/
+p (M(Qxy) + (R, Qy) — 9(Q@xv))}
— min {~EqllogW(Y|X)] — Ho(Y] X, X')
Yv|IXx/!
+p (Ag(Qxy) + AR+ AEq[log G(Y)] — g(Qx'v)) }
(B.11)
= pAR
. Qyxx (Y]X, X)
+ min Eg |log -
YIXX/ W(Y|X)lfp/\G(Y)fp)\W(Y|X/)p
(B.12)
= pj\R — Z QXX/(LC,LUI)
(z,2")eX?
xlog | Y W(ylz)' " Gly) P W(yla')" |, (B.13)

yey

where (B.11) follows by substituting w(R,Qy) as defined
in (B.3) and in (B.12) we wrote the explicit definition of
the conditional entropy Hg(Y'|X, X’) and used the fact that
9(Q) = Eg[logW(Y|X)]. The passage to (B.13) is due to
the fact that

min
QEP(X)

Eq [1og ?(())g))] = —log (Z f(a;)) (B.14)

zeX

holds for every positive function f. Substituting (B.13) back
into (B.9) yields that

E(Qxx, R)
— AR — , !
GG AP VI
(z,x")eX?
xlog | Y W(ylz)' = G(y) "W (yla')*| (B.15)
yeY
= 0(Qxx, R), (B.16)



where (B.16) is by the definition of ©(-,-) in (26). Upon
substituting (B.16) into (B.10), we complete the proof of
Lemma 1.

APPENDIX C

Proof of Lemma 2

Under SMI decoding, the error exponent of the TRC is given
by

EM(R, = min
w (R, Qx) {Qx/ x: To(X;X)<2R, Qx/1=Qx}
{QQxx/, R) +Io(X; X') = R}, (C.D)
with
QUQxx, R)
= min {-Eq[logW (Y|X)] - Ho(Y|X, X')
Qy|xx’
+ [max{Io(X;Y), R} — Io(X;Y)] +} (C.2)

= Qmin | max {~Eqllog W(Y[X)] — Ho(Y]X, X")
+ p (max{Io(X;Y), R} — Io(X";Y))} (C3)
> max  min {—Eqg[logW(Y|X)] — Ho(Y|X, X")
nel0,1] Qv x x/
+p(max{Io(X;Y), R} — Io(X";Y))} (C4)

= max min {-EgllogW (Y |X)] — Ho(Y|X, X")
nel0,1] Qv x x/

+p <AI£[%§]{AIQ(X; Y)+ AR} — Io(X ;Y)) } (C.5)

= max min max {—Egp[logW(Y|X

MG[O,l]mex')\E[O,l}{ Qllog W (Y| X)]

— Ho(Y[X,X') +p(Mg(X;Y) + AR — Io(X";Y))}
(C.6)

> max max min {—EpllogW(Y|X

_ME[OJ])\E[OJ]QY\XX/{ Qllog W (¥1X)

— Ho(Y[X,X") +p (Mg(X;Y)+ AR — Io(X';Y))},
(C.7)

where (C.2) follows from the definition of I'(Qxx/, R) in
(15) and the fact that «(R,Qy) = R under the decoding
metric ¢g(Q) = Io(X;Y) and (C.3) is due to the identity
[A]; = max,c[o1j{pA}. The passage to (C.4) is due to
the commutation between the minimization over Qy|x x+ and
the maximization over u and in (C.5), we used the identity
max{A, B} = maxyc[,1]{A\A + AB}. The passage to (C.7)
is due to the commutation between the minimization over
Qy|xx+ and the maximization over \.

Thus, it follows from the definition of ®(Qxx-, R) in (28),
that

QQxx/,R) > ®(Qxx, R), (C.8)
and hence,
EM(R,Qx) > min
{Qx/1x: 1o(X;X/)<2R, Qx/=Qx}
{2(Qxx R)+ Io(X;X') — R}, (C9)

which completes the proof of Lemma 2.

APPENDIX D

Proof of Lemma 3

Recall that the definition of ®(Qxx/, R) in (28) is

(b(QXX’vR)

= max max min AR —Epllog W(Y|X
Jnax, max min {u Qllog W(Y[X)]

— Ho(Y[X, X') + p(Mq(X;Y) — Io(X';Y))}, (D.1)
and note that

pMQ(X;Y) — plo(X';Y)
= pAHQ(Y) — pAHQ(Y|X) — nHo(Y) + pHo(Y]X')
(D.2)
= uHo(Y|X') — pAHo(Y|X) — pXHo(Y). (D.3)

Substituting the identity (refer to the steps between (E.9)-
(E.11))

WHO(YIX') — pAHQ(Y|X) — jiAHo(Y)
= max max min {—uEqlog T(Y|X")]

+ pAEqg[log V(Y] X)] + uXEg[log U(Y)]}, (D4

into (D.1) yields that

(Qxx, R)

= max max_ _min AR — Enlloe W(Y|X
nel0,1] Xe[0,1] @y x x/ {n Q[log W (Y[ X)]

—Ho(Y|X,X')+ m‘z/ixmgmein{—,uEQ[logT(Y\X')}
+ uAEq[log V(Y| X)] + pAEq[log U(Y)]} }

= max max min maxmaxmin {u;\R
p€[0,AE[0,1] Qyxx» V U T

— EqlogW(Y|X)] — Ho(Y]X, X')
~ WEQlosT(Y|X")] + pAEqlog V (¥]X)]
+ uAEqllog U(Y)]}

> max max maxmaxmin min
nel0,1] Xgfo,1] VU Y|xx/

—Eq[log W(Y|X)] — Ho(Y|X, X')
— pEq[log T(Y'|X")] + uAEq[log V(Y] X)]
+ uAEg[log U (Y)]}

= max max maxmaxmin min {,uj\R
nel01]aefo1] Vo U T Qyxxr

Qv xx (Y]X, X')

(YX)V(YIX)“AU(Y)’“T(YIX/)“] } ’
(D.8)

(D.5)

(D.6)
{/J\R

(D.7)

+Eo |lo
Q gW

where (D.7) follows by the commutation between the min-
imization over )y xx- and the maximizations over V' and



U and in (D.8), we grouped the five expectations in (D.7)
together. It follows from (B.14) that

P(Qxx/,R) > max max maxmaxmin
n€01]Ae0,1] VU T

PAR — Z Qxx(z,z")
(z,2’)eX?

x log [Z W (yl2)V (yla) " U (y) " T(y|2' )"
yeY
) (D.9)

Instead of maximizing over the distributions V' and U, we
lower-bound by choosing V(ylz) = W (y|z) and U(y) =
G(y), where {G(y)} is defined in (25). We arrive at

P(Qxx, R)

> Qxx(x,a))

(z,z")eXx?
] } (D.10)

> max max min {,u)\R —
p€l0,1] xe[0,1] T

x log [Z W (ylz)' ~"AG(y) " T (yla' )

yeY
Note that
> Wyla)' G ly) T (gla!)”
yey
B 2)1—HA —pA ALl T(y|m/) 8
= 3 WOl G0 Wy (s )
(D.11)
1/r
< [Z (W(ylx)1’“AG(y)’“XW(y\x’)”) ]
yey e
T(yl') \*
%(W(ylx’)) ’ o

where (D.12) is due to the Holder inequality with 1/r+1/s =
1 and r,s € (1,00). Substituting (D.12) back into (D.10)
yields that

¢(QXX'7R)
> AR — / !
u@%ﬁ]x@[%ﬁ]m%n{“ >, Qxx(@a)
(z,2")€X?
1/r
xlog | | 32 (Wiyla) " Gly) Wiyla')*)
yey
_ 1/s
T(w’))‘s“
% Z( / (D.13)
= W (yla')
- AR — (z, 2
SR AR 2 Qevle)

(z,z")eX?

1/r

(yl) G y) W (gla'))

x log Z (W

yey
1/s
T(ylz) \™
— Y Qx(x)log | > ( (D.14)
= = \Wiyle)
= max max { u\R — Z Qxx(z,2")
1€[0,1] A€[0,1] { (e
1/r

xlog | 3 (Wiyla)' 2 Gly) W (yla'))

yey
s s
S(mn)| {f

—max ¢ Y Qx(x)log
reX yey
(D.15)
where (D.14) follows from the fact that (Qx = Q) x. For the
maximization over 7" in (D.15), we have
Z Qx(z)log ( )
TGX
1 SK
< —
<1 3 Qxlo s o | 3 (3725 )
rzeX ey
(D.16)

=13 Qx(e)log {max{z;,< >A}]

TEX
(D.17)
We define the Lagrangian function
-y ( T(y|x) )S“ o [ Y T(ylr) 1 (D.18)
= \Wylz) =
Now, differentiating with respect to T'(y|z) yields
F T (y|a) s
oF _ (swWTyl)™ (D.19)
T (ylx) W(ylz)*+
The requirement 0F/IT (y|z) = 0 is equivalent to
T(yla)™=" = v(1/sp)W (yl2)™ (D.20)
or
T(ylz) ='W (ylw)™/ 10, (D:21)
and thus
W(y‘x)su/(su_l)
T (y|z) = . (D.22)
Zy/Ey W(y/|x)5/1«/(511*1)



Now,

wion)

<
R
S

ye
sp/(sp—1) o
- Wiyl) T (D.23)
vey W(ylz) > y' €Y W (y'|z)sr/ (51
)/ (su=1) H
_ ( y‘ et (D.24)
yey 1/ rey W(y'|z)
W (y) )t/ (sp—1)
_ Do Wl _ 025)
(nyey W(y/|x)su/(su—1))
1—sp
= | Y Wiyla)s/r1) (D.26)
yey
Continuing from (D.17), one obtains
1 T(ylz) \**
- Qx(z)log | max < (D.27)
s ;( x(@)log | max 4 D )
T yey
1—sp
_1 s/ (su—1)
== D Qx(@)log | [ > Wyl
reX yey
(D.28)
= LSS Q) log | S Wyle) /D | L (D29)
s
TEX yey
Lower-bounding (D.15) using (D.29) yields
(Qxx/, R)
> max max { AR — Qxx(z,2")
n€l0,1] A€(0,1] (@, 12:@\_»2
1/r

% log Z (W

(yle) = Gly) W (yla!))

yeY
1_
= =R Y Q@) log | 0 W(gla) e/ er)
5 zEX yey
(D.30)
2 J(p, A,y 8). (D.31)
Optimizing over (r, s) in their feasible set yields
(Qxx, R)
> sup max max J(u, A, r,s) (D.32)
rse(1,00), | HEI01] A€[0,1]
{1/r+1/s:1}
= max max sup J(p, A,y ) (D.33)
1€f0,1] A€[0,1] rys€(1,00),
{1/7‘+1/s=1}
> max max lim  J(p, A7, 8) (D.34)
1eE[0,1] A€[0,1] (r,s)—(1,00)
= max max { uAR — Z Qxx(z,2")

1€f0,1] A€(0,1] (e ex?

x log Z W(ylx)k“AG(y)7”;\W(y|$/)”

yey
+u Y Qx()log [ > W(ylr) (D.35)
TEX yey
= 5\ — ’ /
e e VAR D Qo)
(z,x")eX?
x log ZW(y\m)l_“)‘G(y)_“”_\W(y|x')" , (D.36)

yey

where (D.33) follows by commuting the supremum over
{r,s € (1,00), 1/r +1/s = 1} and the maxima over p
and . In passage (D.34), we lower-bounded by switching the
supremum over the set {r,s € (1,00), 1/r +1/s = 1} to
the value of J(u, A, 7, s) at the limiting point (1, c0), which
belongs to the constraint set of the supremum.

Comparing O(Qx x+, R) in (26), and ®(Qxx-, R) yields
q)(QXX’a R)
> AR — , /
= et aco | 2, Qux(e)
(z,z")eX?
x log Z W (y|z) PG (y) M W (y|a ) (D.37)
yey

— 0(Qxx, R), (D.38)

which completes the proof of Lemma 3.

APPENDIX E
Proof of Eq. (B.3)
We upper-bound (R, Qy):
a(R,Qy)

= _max
{Qxyv: Io(X3Y)<SR, Qx

=Qx}
{g(QxY) —Io(X;Y) + R}
uf {9(Qsy) + (R - Io(X;Y))}

(E.2)

(E.1)
{Qx\y Qx QX} >1
ma. inf
= Qe ax_ QX}U>1{9(QXY)
+ (R~ Ho(X) + Ho(X|Y))} (E3)

= ma. inf o
Qe g {9(Qxy)

+o(R— Ho(X) + HQ(X\Y))} (E4)
{Q(QXY)

= inf max
021{Qxy: Qx=Qx}

+o(R— Ho(X) + HQ(X\Y))} (E.5)
inf {o(R ~ Ho(X))



+ {mengif:QX}{g(Q;zy) + UHQ(X|Y)}} (E.6)

= inf {
o>1
+oHo(XY) = TD(QxQx)} . ET)
where (E.1) is by the definition of a(R, Qy) in (14), (E.2) is
due to the identity
max = max inf +o- ,
QM F(Q)=max inf {£(Q)+0-9(Q)

and (E.4) is by the constraint ) ; = () x. The passage to
(E.5) follows from the minimax theorem, since the objective
function in (E.4) is concave in () Xy and convex (affine) in o.
In (E.7), we replaced the constraint ) ; = ()x by the addition
of the term —sup,~,7D(Q ¢ ||@x ). Note that

~ D(QxlQx)

= THo(X) + mEq[log Qx (X)] (E.9)

= min {7Ho(X) + 7D(Q< V) } + TEqllog Qx (X))
(E.10)

= min { ~rEqllog V(X)]} + rEqllog Qx (X)), (E.11)

where (E.9) follows directly from the definition of the relative
entropy and (E.10) is since miny D(Q ¢||V') = 0. The passage
to (E.11) follows again from the definition of the relative
entropy. Substituting (E.11) into the inner optimizations of
(E.7), yields:

max inf {g(Q5y) + oHo(X]Y) - 7D(Q<]Qx) }

QX‘Y 7>0

— max inf {g(QXY) +oHo(X]Y)

Q)"(‘YT>0
+ min{~7Eqlog V(X)]} + 7Eqllog Qx (X)] } (E.12)

= gf‘o; ;Izl% min {EQ[log W(Y|X)] 4+ ocHg(X|Y)

o(R— Hgo(X)) + max inf {g(Q ¢y )

QX\Y 7>0

(E.8)

~ mEqllog V(X)) + 7Eqllog Qx (0]} (E.13)

< inf min max { Eg[log W (Y|X)] + 0 Ho(X|Y)
>0 V. Qgzy

— TEq[log V(X)) + 7Eq[log QX(X)]} (E.14)

ZQY (y) Z Q}E’\Y(xh/)

yey reX
QX\Y(z|y)g
W (ylz)Qx (z)V (z)~7

Z Qv (y) Z quy(ﬂy)

yey T€EX
Qs (ly)
W) 7 Qx @77V (@) 7/

> Qv(y)

yey

= inf mm max
>0 XIY

x log [ (E.15)

= o inf mln max
>0 XIY

x log [ (E.16)

= o inf mln
>0

x log <Z W(y|30)1/”QX(CC)T/JV(QC)_T/”>} (E.17)

zeX

= mf mm Z Qv (y

yey

x log <Z W(y|x)1/"QX(x)”"V(x)‘””) } ,

zeX
(E.18)

where (E.13) is since ¢(Q) = Egl[logW(Y'|X)], (E.14) is
due to the commutation between the maximization over ) |y
and the minimizations over 7 and V/, and in (E.15), we wrote
explicitly the expectations and grouped the four terms together.
The passage to (E.17) is due to (B.14). Substituting (E.18)
back into (E.7) and using the notation

Gly,0,7,V) = (ZWylx )'oQx (x >T/”V<x>—f/”> :

reX
(E.19)
we obtain
a(R,Qy)
< ;r;flir;%mln {o(R — Hg(X))
+ Z Qv (y)logG(y,o,7,V) (E.20)
yey
= 1I;f1 mf HllIl {o(R— Hg(X))
+EqgllogG(Y,0,7,V)]}. (E.21)
Defining
* QX(x)l_l/T
\%4 = E.22
W= o B
yields
G(y,o,1,V™)
B <Z W<ylw>“"62x(x)T/UV*(@_T/U) (E.23)
reX
[Z W y|x l/oQ ( )1 (1-1/7)]7/o
TzeX
7/0] 7
(Z Qx ()~ 1”) (E.24)
r'eX
<Z W y|x 1/0QX 1/0) (Z Q 1 1/7') ]
TEX TeEX
(E.25)



Taking the limit 7 — oo in the second factor of (E.25), we
have

lim (> Qx(x)' 71"

T—>00 weX

~ lim exp log (Y, cn @x (z)=/7) ©26)
T—00 1/7-

= ilg(l) exp log (ZzeXSQX (Z)l_s) (E.27)

. Y opex Qx () log(Qx (2))(—1)

— igx(l) exp { ex ZZEX O (x)l—s } (E.28)

_  Yaex @x(2)log(Qx (2)) }

= exp { Zwex Ox () (E.29)

= exp {Ho(X)} (E.30)

where (E.28) is due to L'Hospital’s rule. Continuing from
(E.21), we obtain

OZ(R7 QY)

< inf inf {o(R ~ Ho(X)) + Eqlog G(Y. 0,7, V)]}
o (E.31)

< inf lim {o(R— Hg(X)) +Egllog G(Y, 0,7, V*)]}

o>17—00

(E.32)
= ;gfl {o(R— Hg(X))+ Hg(X)
+Eq |logd | Y W(Y[2)/7Qx ()7 (E.33)
xEX
<R+ Qvy)log| Y W(ylr)Qx(x) |, (E.34)
yeY TEX

where (E.34) follows from the choice o = 1. The proof of Eq.
(B.3) is now complete.
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