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Abstract

We derive a few extended versions of the Kraft inequality for lossy compression, which pave
the way to the derivation of several refinements and extensions of the well known Shannon lower
bound in a variety of instances of rate-distortion coding. These refinements and extensions in-
clude sharper bounds for one-to-one codes and D-semifaithful codes, a Shannon lower bound for
distortion measures based on sliding-window functions, and an individual-sequence counterpart
of the Shannon lower bound.

1 Introduction

The Shannon lower bound (SLB) is one of the most important analytic tools in rate-distortion
theory because it provides a simple, explicit, and often very tight lower bound to the rate-distortion
function for a wide class of sources and distortion measures, see, e.g., Subsection 3.4.1 of [1],
Sections 4.3 and 4.6 of [2], and Problem 10.6 of [3]. Its significance lies in giving a universal
benchmark that connects rate-distortion tradeoffs to the entropy or the differential entropy of the
source (depending on whether the source has a discrete or continuous alphabet), thereby offering
an intuitively transparent approximation in regimes where exact evaluation of the rate-distortion
function is intractable. The SLB is particularly powerful at low distortion, where it frequently
coincides with the exact rate-distortion function for smooth sources, and it serves as a foundation
for many refinements and asymptotic approximations (e.g., high-resolution analysis, corrections for

lattice quantizers, and recent non-asymptotic bounds). In fact, the literature contains reported



results on the asymptotic tightness of the SLB in the limit of low distortion under fairly mild
regularity conditions [4], [5]. Because computing the rate-distortion function exactly is generally
difficult, the SLB plays a central role in analysis, design, and performance assessment of lossy
compression schemes. More recent studies include the finite block-length regime [6], [7] and further

developments concerning the quadratic distortion function [8].

In [9] Campbell derived an extension of Kraft’s inequality, that leads to the SLB in both the
discrete- and the continuous alphabet cases. However, his results were claimed to apply to rate-
distortion codes whose distortion level is defined by the distance between the two most distant
source-space vectors that are mapped to the same codeword, namely, the diameter (as opposed
to the radius) of the distortion ball centered at the reproduction vector. In [10], a similar Kraft
inequality was derived for D-semifaithful codes, namely, codes that incur per-letter distortion that

never exceeds D in the usual sense. An additional benefit of the derivation in [10] was that it could

deliver also an O (105 ") redundancy term on top of the SLB at least for certain distortion measures
for which there is an explicit expression of the cardinality (or the volume, in the continuous case)

of a ball of normalized radius D in the source vector space.

In this work, we propose a few other extended versions of Kraft’s inequality that together pave
the way to several further refinements and generalizations of the SLB. In these extensions of Kraft’s
inequality, the idea is to upper bound the summation (or the integral, in the continuous case) of an
exponentiated negative linear combination of the code-length and the distortion incurred by each
and every vector in the source space. By contrasting an upper bound with a lower bound to this
quantity, we obtain several refinements and extensions to the SLB, which apply to the following

scenarios.

1. One-to-one codes. Instead of assuming that the reproduction vectors are represented by uniquely
decodable (UD) codes, we relax this restriction and allow any one-to-one code in the level of n-
vectors. The lower bound then becomes the SLB minus an O <10%) term, similarly as in the

lossless case derived by Rissanen [11].

2. D-semifaithful codes. Similarly as in [10], we consider D-semifaithful codes, but here we allow



several simultaneous distortion criteria. Using saddle-point integration, we show that the resulting
lower bound is given by the SLB plus % +o (%), where k is the “effective number” of distortion

constraints. The concrete meaning of this term will be provided in the sequel.

3. Sliding-window distortion functions. In some applications, one might wish to shape the spectrum
or the memory properties of the reconstruction error signal. This can be done by imposing addi-
tional distortion constraints defined by additive functions that operate on two or more consecutive
samples of the error signal in sliding-window fashion. Our framework is capable of incorporating

such distortion functions and allowing a derivation of generalized SLB for this case.

4. Individual sequences and finite-state encoders. By developing a generalized Kraft inequality,
similar (but not identical) to the one by Ziv and Lempel [12] for finite-state encoders, we derive
also an individual-sequence counterpart of the SLB, where the source entropy term is replaced by

the Lempel-Ziv complexity.

As is well known, the classical SLB can be obtained significantly more simply and easily than
going via the Kraft inequality. In particular, it is obtained by a straightforward direct manipulation
of the mutual information. But it should be emphasized that the point of this article is not in a
quest for a simpler proof of the SLB. The point is that the path that goes via the Kraft inequality

leads to the above mentioned extensions and the refinements.

The outline of the remaining part of this article is as follows. In Section 2, we establish some
notation conventions (Subsection 2.1) and provide elementary background on the SLB (Subsection
2.2). In Section 3, we present and prove our extended Kraft inequality in several variations. In Sec-
tion 4, we derive corresponding lower bounds, first, for UD lossless compression of the reproduction
data, then for one-to-one compression thereof (Subsection 4.1), and finally, for D-semifaithful codes
(Subsection 4.2). In Section 5, we address the case of sliding-window distortion functions. Finally,
in Section 6, we first provide some background on finite-state compression of individual sequences
and the LZ algorithm (Subsection 6.1) and then derive an individual-sequence counterpart of the

SLB (Subsection 6.2).



2 Notation Conventions and Background

2.1 Notation Conventions

Throughout this paper, scalar random variables (RV’s) will be denoted by capital letters, their
sample values will be denoted by the respective lower case letters, and their alphabets will be
denoted by the respective calligraphic letters. A similar convention will apply to random vectors
and their sample values, which will be denoted with same symbols superscripted by the dimension.
Thus, for example, U™ (n — positive integer) will denote a random n-vector (Uy,...,Uy,), and u" =
(uq, ..., up) is a specific vector value in U™, the n—th Cartesian power of U, which is the alphabet of
each component of u™. In some of our derivations below, there will be a need to refer to multiple
copies of the vector u". In such cases, in order to avoid cumbersome subscripts and superscripts for
indexing, we will use the alternative notation u for u™, and then the various copies will be denoted
by w1, us, etc. Returning to the first notation method, uf and Ul-j , where ¢ and j are integers
and ¢ < j, will designate segments (u;, ...,u;) and (Uj,...,Uj), respectively, where for i = 1, the
J

subscript will be omitted (as above). For ¢ > j, u;

2 (or Uj) will be understood as the null string.

Logarithms and exponents, throughout this paper, will be understood to be taken to the base 2
unless specified otherwise. The indicator of an event A will be denoted by Z{ A}, i.e., Z{A} =1 if
A occurs and Z{A} = 0 if not.

Sources and probability distributions associated with them will be denoted generically by the
letter P subscripted by the name of the RV and its conditioning, if applicable, exactly like in or-
dinary textbook notation standards, e.g., Pyn»(u™) is the probability function of U™ at the point
U™ = u", Pxy»(z|u™) is the conditional probability of X = x given U" = u", and so on. Whenever
clear from the context, these subscripts will be omitted. Information theoretic quantities, like en-
tropies and mutual informations, will be denoted following the usual conventions of the information
theory literature, e.g., H(U™), I(S;U™|V"™), and so on. The differential entropy of a continuous
valued RV, U", will be denoted by h(U™). The expectation operator will be denoted by E{-} and
the probability of an event A will be denoted by Pr{.A}.

It should be noted that our derivations will apply to both discrete-alphabet sources and to
continuous alphabet sources. To avoid repetitions, we henceforth carry on under the assumption of a

continuous alphabet source with the understanding that in the discrete-alphabet cases, integrations



over U™ should simply be replaced by summations.

Let U™ = (U1, Us,...,U,) denote a source vector, drawn from a stochastic process, P, whose
alphabet is Y. The source vector is compressed by a lossy fixed-to-variable (F-V) source code,
defined by an encoder ¢, : U™ — B, C {0,1}* and a decoder v, : B, — V,, C U™, where B,
denotes a certain subset of the set of all binary variable-length strings, {0,1}*. Without loss of
generality (and optimality), it is assumed that the encoder ¢,, can be viewed as a cascade of a
reproduction encoder (vector quantizer) U™ — V), and a uniquely decodable (UD) lossless code
Vn — By. In a certain part of our results this unique decodability assumption will be partially
relaxed to become the less demanding assumption of a one-to-one mapping. Let L[¢,(u")] denote

the length (in bits) of the compressed codeword, ¢y, (u™).

Assuming that U is a group with certain addition and subtraction operations (e.g., modulo-
K addition/subtraction for &4 = {0,1,...,K — 1} for a finite positive integer K, or ordinary
addition/subtraction for & = IR) we will focus on additive difference distortion measures, where
the distortion between the source vector u™ € U™ and the reproduction vector v" = ¢y, (¢, (u"™)) € V,

will be given by
d(u",v") = Z u;, v;) Zp (1)
i=1

where p(z), z € U is a certain non-negative function, Whlch vanlshes if and only if z = 0, for example,
p(2) = |z|, or p(z) = 22, etc. For the sake of convenience, we will sometimes denote d(u™,v™) by

" — ™), which for a given encoder-decoder pair, is also p(u"™ — ¥, (¢, (u™))). Given an encoder-

p(u
decoder pair, (¢n,9n), the expected distortion, Y ;" | E{p(U; — V;)} will be constrained to be less
than or equal to nD, where D > 0 designates the per-letter distortion level allowed. In certain parts
of our derivations, the more restrictive pointwise distortion constraint will be imposed, i.e., p(u™ —
Un(dn(u™))) < nD for all ™ € U™. In other parts, more than one difference distortion measure
will play a role, and accordingly, more than one distortion constraint will be imposed. Given k
difference distortion functions, p;(-), 7 = 1,2..., k, we then require E{p;(U" = (¢n(U™)))} < nD;
(or maxyneymn pj(u" —n(dn(u™)))} < nDj) forall j =1,2,..., k. In another part of our results, we
also allow distortion functions to be additive sliding-window functions operating on m consecutive

n

symbols of the difference 2" = u™ — v™. lL.e.,

Zp Zi— m+1 (2)

at



This corresponds to situations where we wish to shape not only the ‘intensity’ of the error signal,
z", but also its memory properties, for example, the correlations between consecutive symbols of

2"™. We will elaborate more on this in Section 5.

Similarly as with the u", for which we adopt the alternative notation u, the same will apply to

v"™, which will denoted also by v, along with its multiple copies vy, v2, and so on.

2.2 Background

For a continuous-alphabet memoryless source P, the SLB is given by

R(D) > Rsin(D) £ h(U) — ®(D), (3)

where h(U) is the differential entropy of a single symbol U and

®(D) 2 sup h(Z) = inf {ﬂD + log |:/ Q_Bp(z)dz] } ) (4)
{2: B{p(2)}<D} p=0 u

assuming that fu 276r(2)dz < oo for some B > 0. The equivalence between the two expressions
of ®(D) can be easily shown using standard techniques. For the sake of completeness, we prove
this equivalence in the appendix (see also Section 4.3.1 in [1] and Sections 4.3 and 4.6 in [2]). The
advantage of the second formula of ®(D) is that it involves optimization over one parameter only,
as opposed to variational calculus in the first formula. Clearly, if the source is discrete rather than
continuous, the differential entropy, h(U), should be replaced by ordinary entropy, H(U), and the

integration over U should be replaced by summation, as indicated above.

For a source with memory, the SLB is given by

I n. n h n
Ra(D) 2 min 5V S WU _ g py, (5)
{Pynign: E{p(Un—V")<nD} n n
which in the limit of large n. becomes
h(U™ -
RD) = tim M) o) 2 =) - a(D), (6)
n—00 n

where h(U™) is the differential entropy rate of the source. In all cases, the function ®(D) remains

as in (4).



3 Extended Kraft Inequalities

For a given encoder-decoder pair, (¢, 1y,), and parameters « > 1 and 8 > 0, define the extended

Kraft integral (or, the extended Kraft sum, in the discrete-alphabet case) as:
n A n n n n
Z"(a, B) :/u expo{ —aL[dn(u")] — Bp(u” — n(Pn(u")))du”. (7)

Lemma 1. Let (¢p,1y) induce a UD lossless compression of v = 1, (¢n(u"™)). Then, for every

a>1land >0,

Z"(a, B) < [ /M Q_Bp(z)dz} " (8)

Proof of Lemma 1. Let us examine the expression of [Z,(a, 3)]* for an arbitrary positive integer k.

[27(a, B)]*

k
[ [ esvat-ationtu)] - spte - ¢n<¢n<u>>>}du]
k k
= /n dug - - /n duy, - expy {—aZL[%(ui)] — B> plu; - ¢n(¢n(ui)))}
=1 =1
>

=Ll S Lw))=0

exm{—af—ﬁi;p(ui—vi)}
irﬂf > /ndzl---/un dz}, expy {—sz:p(zi)}

=1 {vadh s Y5, L(vi)=t} =1

22—“ -2f [ /u dz" epr{—ﬁp(Z”)}] k

= [/n dz" esz{—ﬁp(z”)}} R gz—(a—w

nk
_ [fl/l dz e;(i)ii__ﬂlp(z)}] ’ (9)

o0

IN

dup - - - dukx

/{Uli P (dn(U1))=V1} /{uk: P (dn(Uk))=V}

IN

IN

and so,

[ fyy dzexpo{—Bp(2)}]"

Zn(awﬁ) < (20471 — 1)1/l~c )

which upon taking the limit £ — oo, becomes

Z™M(a, B) < [/u zﬂp(z)dz} n, (11)



completing the proof of Lemma 1.

For one-to-one codes, instead of taking the limit of £k — oo in the proof of Lemma 1, we simply
set k = 1, since the one-to-one property is merely imposed in the level of a single n-block rather
than in the level of concatenations of blocks, as in UD codes. This yields the following variation of

Lemma 1.

Lemma 2. Let (¢n, ) induce a one-to-one mapping between ¢, (u") and v™ = 9, (¢, (u™)). Then,

for every a > 1 and 8 > 0,
L 2700)dz ] i
20-1 1 7

Z(a, B) < (12)

where Z7' (o, ) is defined exactly as Z"(«, 3), except that it may apply to the larger class of

one-to-one codes, rather than UD codes.

When a € (1,2), the denominator, 2*~! — 1, is smaller than unity, and then the upper bound to
Z% (a, ) in Lemma 2 is larger than that of Lemma 1. Indeed, the interesting region for selecting

the values of « is in the vicinity of unity, where 297! — 1 < 1.

Returning to the class of UD lossless encodings of v™ = ¢, (¢, (u")), two additional variations
of the above extended Kraft inequality can be considered. The first pertains to D-semifaithful
codes, namely, codes for which the distortion is restricted to never exceed nD, pointwise, and
not merely in expectation, that is, maxynecyn p(u"™ — ¥p(Pn(u™))) < nD, where D is the allowed
per-letter distortion. The second variation is associated with fixed-rate codes, i.e., codes for which

L{¢n(u™)] = nR for all u™ € U™, where R > 0 is the allowed coding rate.

For D-semifaithful codes, let us re-define the integrand of the extended Kraft integral by replac-
ing the term Bp(u™ — ¥, (Pn(u™))) at the exponent with the function W (p(u" — o (pn(u™))) —nD),
where W] is the infinite well function (IWF),

W(t) (13)

A0 t<0
1l oo t>0

This causes the integrand of the extended Kraft integral to vanish wherever the distortion constraint



is violated, and then the extended Kraft integral becomes

78 f(a) 2 / expy{—aL{gn(u™)]}du™, (14)
Sn(D)

where S, (D) = {u" : p(u" — Yp(dn(u™))) < nD}. In this case, a simple modification of the proof

of Lemma 1 yields the following version of the extended Kraft inequality (see also [10]):

Lemma 3. Let (¢n,%,) be a D-semifaithful code that comprises UD lossless encoding of v =
U (¢n(u™)). Then, for every o > 1,

Zh (o) < Vol{z" : p(z") < nD}. (15)

Here too, if the UD property is replaced by one-to-one property, then the right-hand side should
be divided by 21 — 1.

Finally, for fixed-rate codes, let us replace the term L[¢p,(u™)] of the Kraft integrand by nR and
return the second term therein to be Sp(u™ — ¥y, (¢ (u™))). By similar manipulations of the proof
of Lemma 1, we find that for fixed rate codes, the Kraft integral becomes

A

230, 8)2 [ expy{-ank = Bplu” — vn(6,(a)}dur" (16)
with the following version of the extended Kraft inequality:

Lemma 4. Let (¢n, 1) be a rate-R fixed-rate code. Then, for every a > 0 and 5 > 0,

ZMa, B) < 2n(1-)f. U 2—5P<Z>dz] : (17)
u

4 Lower Bounds

To fix ideas, we first demonstrate how the classical SLB is obtained from Lemma 1. Consider
an arbitrary encoder-decoder pair, (¢n, ), in which the reproduction vector, v" = ), (¢, (u"))
is losslessly compressed by a UD code. Then, following Lemma 1, we have the following chain of

inequalities:

[ /u 25p(z)dzr (? Zn(a, B)



= expa{=aLlon ()] = Bp(a — vu(6 ("))

= [ P expy{-aLign(u)] - Bp(u" ~ b(on(u") - log P(u ) pu"
= B {expy{-aLloa(U™)] — Bp(U" — ba(6a(U)) — log P}

> expy [CaB{L[B(UM)]} — BB{p(U" — vn(0n(U™))} — B{log PU)}

= expy [—aB{L[pn(U")]} = BE{p(U" — ¢n(¢n(U")))} + (U")], (18)

where (a) stems from Lemma 1 and (b) is due to Jensen’s inequality applied to the convex function,

f(t) =2t Tt follows that

QB {L[n (U]} + BE{p(U" — tn(én(U™))} > h(U™) - nlog [ / 2—BP<Z>dz} )

Since this holds true for every v > 1 while the right-hand side is independent of «, we may take
the infimum of the left-hand side in the range o« > 1 to obtain, after normalization by n,

E{Lpn(U™)]} ‘8. E{p(U" — ¢n(6n(U™)))} > h(u") log {/ Qﬁp(z)dz] _ (20)
u

n n n

At this point, there are several possible perspectives that can be adopted regarding eq. (20). The
first is, of course, to view this as a lower bound to the Lagrangian of rate and distortion. The
second is to impose an expected distortion constraint, E{p(U" — ¥ (¢, (U™)))} < nD, and then,

after normalization by n, (20) would yield a lower bound to the expected rate according to

B{LW (U]}, h(U™) { / 2—5p<z>dz] _ 8D. (21)
u

n n

Since this holds true for every 8 > 0 while the left-hand side is independent of 5, we may maximize

the right-hand side over 8 > 0, to obtain

E{LlpaUM]} _ h(U™) . {1og [ /u sz)dz] N BD} M ey, @)

n - n B>0

thus recovering the classical SLB. In case of multiple distortion constraints, say,

the above rate lower bound continues to apply, provided that §, D and p(z) are redefined as

k-dimensional vectors, 8 = (B1,...,5k), D = (D1,...,Dy), and p(2) = (p1(2),...,pk(2)), and

10



accordingly, 8D and fp(z) are understood to be inner products. The infimum over /5 is then

defined across [0, 00)*.

Returning to eq. (20) and to a single distortion criterion, we may alternatively apply a rate

constraint E{L[¢,(U™)]} < nR and then obtain a lower bound to the expected distortion:

B(p(U" — vu(@aU™)} | 1 <h<U”> log [ / 2Bp(z)dz] —R>

n 0B\ n
= supy <h(U ) —log { / 2P<Z>/de] —R), (24)
v20 n u

which is the distortion-rate counterpart of the SLB.

Having established the classical SLB for general variable-rate codes with UD lossless compression
of the reproduction vectors, we now carry on to derive some refinements and extensions associated
with the other types of codes that we mentioned. The idea would be to apply the same chain of
inequalities as in (18), but to invoke Lemma 2 or Lemma 3, or Lemma 4, according to the relevant
class of codes, instead of Lemma 1. We next implement this plan for one-to-one codes and for
D-semifaithful codes. The same methodology can be applied to fixed-rate codes, but will not delve

into this here.

4.1 One-to-One Codes

For one-to-one codes, we repeat the same derivation as in (18) by invoking Lemma 2 instead of

Lemma 1. This yields the following modified version of eq. (19):

aE{L[pn(UM]} + BE{p(U" = ¢n(6n(U™)))} > H(U") = nlog [ /u 2—ﬂp<z>dz} +log(2%71 —1). (25)

Applying the the average distortion constraint, optimizing over 8, and normalizing by n, we obtain

B 5 g {00 = 2D) o8 =1}, )
a>1

n « an

The maximization of the right-hand side w.r.t. @ does not seem to lend itself to a closed form

logn

expression, but by selecting & = o, = 1+ ¢=2* (c being an arbitrary positive constant), it is

readily seen that the resulting lower bound becomes

EALGU"} S MO _ gy <10g"> , (27)

n - n n

11



which is in agreement with the subtraction of an O((logn)/n) below the entropy for lossless one-
to-one codes [11]. This reduction of O((logn)/n) is due to the fact that the class of one-to-one
codes is broader than the class of UD codes, and therefore, the former codes are potentially more

capable for a given finite n, albeit the difference fades away as n grows.

4.2 D-Semifaithful Codes

For D-semifaithful codes with UD correspondence between the compressed bit-stream and the

reproduction, we obtain from Lemma 3, combined with a derivation like (18):
E{L[pn(U")]} = h(U") —log Vol{S,(D)}, (28)

which is line with the results of [10], and the remaining issue becomes the assessment of the log-
volume of §,(D), or an evaluation of a good upper bound to this quantity. One way to proceed
is to apply a Chernoff bound, as was suggested by Campbell [9]. For ¢/ = IR, this amounts to the

following derivation:

log Vol{S, (D)} = logVol{z: p(z) <nD}
= log [/]Rn I{p(z) < nD}dz}

< log (ég% /]R expa{f[nD — p(Z)}dZ)

— n-inf {AD +1 9= Pr(z)
s (20

— nd(D), (29)

and we are back to the ordinary SLB,

E{L{¢n(U™)]} _ MU") _

n - n

o(D), (30)

exactly as we had for UD lossless compression of the reproduction data, and once again, this
derivation extends straightforwardly to the case of multiple simultaneous distortion constraints by

considering 3, D, and p(-) to be vectors rather than scalars, as mentioned before.

However, since the class of D-semifaithful codes is narrower (and hence more limited to a
certain extent) than the class of codes that merely comply with an average distortion constraint,

it is conceivable to expect a somewhat tighter (larger) lower bound. Indeed, this is turns out to be

12



the case if the log-volume of S, (D) is estimated using a more sophisticated analysis tool, namely,
the saddle-point method (see, e.g., Chapter 5 in [13] and Chapter 3 in [14] as well as its extension

to the multivariate case [15]).

To apply the saddle-point method, the idea is to represent the indicator function at the integrand
of the second line in (29) as Z{p(z) < nD} = u(nD — p(z)), where u(t) is the unit step function,
defined as

wn={ 115 (31)
which in turn is represented as the inverse Laplace transform of the complex function U(s) = %,
i.e.,

u(t) = 1 eStds’ (32)

N 271 Re{s}:c S

where i 2 v/ —1 and c is an arbitrary positive real. It follows that

Vol{Sn(D)} = /IR u(nD ~ pl=))dz

B / dz/ es(nD—p(2)) 45
B n 270 Re{s}=c S

snD
_ L crds / 502 4.5
2mi Re{s}=c S n

1 snD n
= s / exp{—sZp(zt)}dz
" t=1

271 Re{s}=c §

snD n
_ e 7ds [ / e—sp<z>dz]
2mi Re{s}=c S R

= i ds exp {n [sD +1n (/ e_SP(Z)dzﬂ } . (33)
2mi Re{s}=c S R

This path integral in the complex plane complies with the general form ff g(s)e™f (5)ds, which

under certain regularity conditions, can be approximated for large n (see, e.g., eq. (5.7.2) in [13])

[aoronsen [ F oo [0 ()], o

provided that the functions f and g are independent of n and analytic within some connected region

according to:

D that includes A and B (which are also independent of n). Here, s, € D is a saddle-point, i.e., a
point where f(sy) = 0, f”(s4) > 0 and g(s,) # 0. The angle 6 is called the axis and is given by
0 = (m —arg{f"(s«)})/2. In our case, f(s) = sD+In[ [ e **dz], g(s) = 1,0 =7, and s, is the

13



point at which f’ vanishes, which is assumed strictly positive. But this point of zero derivative is
also the point that minimizes the convex function f across the positive reals. It follows then that

Vol{S,,(D)} can be approximated as follows:

Vol{S,, (D)} = S*m - exp {n (S*D +1In [/]R e_s*p(z)dz} )} : [1 +0 (i)] . (35)

As for the exponential factor, observe that

exp {n <S*D +In [/ es*p(z)dz] > }
R
= exp {n - inf (sD +In {/ eSp(Z)dz} >}
s>0 R
1
= i . —sp(z) logy e
expy {n(log2 e) ;gg <5D + oz log, [/11%2 2 dz] >}
= exp, {n inf (sD log, e + log, [/ 9~ sp(z)log edz] > }
s>0 R
= expy {nég% <6D + log,y {/]R 2’3P(z)dz]> }

2n<I>(D) , (36)

and so,

Vol{S, (D)} = S\/% - [1 +0 (;)] , (37)

which yields

1 {5, (D 1 1
og Vol{ S, ( )}:@(D)— ogn_0<>’ (38)
n 2n n
and then, following eq. (28), we end up with
E{L|p,(U" " 1 1
(L) 5 M) gy 10804 (1), )
n n 2n n

We therefore observe that the SLB for D-semifaithful codes is given by the ordinary SLB plus

logn

redundancy whose leading term is 3:*. This is in agreement with findings of [10], where the

derivations corresponded to special cases for which simple geometric and/or combinatorial consid-
erations facilitated the accurate characterization of log Vol{S,, (D)}, but here the conclusion is more
general. Note that we could have been even more precise and specify also the O (%) term to be

L log[s.\/27[f”(s.)]] + O (7)., but this is, of course, less important.

When k simultaneous distortion constraints are imposed pointwise, i.e.,

max pi(u" —p(Pn(u™))) <nDj;, j=1,2,...,k, (40)
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then using the multivariate saddle-point method [15], the above derivation extends with the vector
version of the definition of ®(D) replacing the scalar one, and the pre-exponential factor of the
saddle-point approximation becomes
(2m/n)¥/
Qv/det{Hess{f}[s.}
where @ is the product of the components of the k-dimensional vector s, — the point at which

Vf(s) = 0, where f(s) = s- D+ In[fg e~*?*)dz] is defined such that s, D and p(-) are k-

dimensional vectors with s - D and s - p(z) being inner products, as was defined before. Here,
det{Hess{f}|s, is the determinant of the Hessian of f, computed at s = s,. It is assumed, of
course, that the k x k matrix Hess{f}|s, is non-singular, otherwise there might be redundant
(inactive) constraints, which should be removed from the calculation. In this case, the redundancy

: g 1 -
on top of the ordinary SLB is *55% 4+ O (1), i.e.,

B{LIn(U"]} MUY _ g ), Klogn <1> , (41)

n T on 2n n
where k' < k is the effective dimension after the possible removal of redundant constraints.

For example, if k = 2, p1(z) = |2/, and pa(2) = 22, then obviously, (£ Y"1, \zt|)2 cannot exceed
LS, 22, and so, if Dy > y/Da, the constraint Y ;- ; |z| < nDj is inactive (and hence removable)
in the presence of the constraint » ;' , 22 < nDy. In this case, although k = 2, the effective
dimension is ¥/ = 1. Another obvious example of a superfluous distortion constraint occurs when
there is a linear dependence. For instance, let k = 3 and p3(z) = ap1(z) +bp2(z), where a and b are
fixed positive reals. Then whenever D3 > aD1 + bD-, the third distortion constraint is redundant
and then k&' = 2 (or even less, if there are additional superfluous constraints). More generally,

inactive constraints can be identified as those whose corresponding components of s, vanish.

Another type of situations where the effective dimension &’ is smaller than the formal dimension,
k, occurs when the dependence of f(s) on some of the components of s disappears in the first place.
Consider, for example, the case where k = 2, p1(z) = 22, and the other distortion constraint is
maxi<¢<n |2t] < A, in other words, we impose both an average quadratic constraint and a peak-
limited distortion constraint with the motivation of avoiding large spikes in the reconstruction
error signal. The peak-limited distortion constraint can be represented as an additive distortion

constraint if we select pa(z) = W (|z| — A), where W (-) is the IWF defined in (13) and the value

15



of Dy can then be selected to be an arbitrary finite, non-negative, real, say D2 = 0. Here again
k' =1, but as said, this time, it is because the function f(s) depends only on one component of

the vector s = (s1, s2) to begin with. To see this, observe that

f(s) = sD+In [ / e_Sp(z)dz]
R
= 51D1+52D3+1n [/ e‘slpl(z)-ﬂ-swa(Z)dz}
R

= s1D1+52-0+1In {/ e_slz2+52W(|z|_A)dz}
R

A 2
= s$1D1+1n [/ e 1% dz}
—A

— eDi (ﬂ - 2@(&/@])

— 51Dy + %m <§1> +1n[1 — 2Q(AV2s1)], (42)

where Q(+) is the well-known @Q-function, defined as

00 67w2/2dx
Qt) = . Vo (43)

Here, although formally there are k = 2 distortion constraints, the saddle-point integration is over

one complex variable only, and so, the redundancy is losn 4 (%) on top of the ordinary SLB,

2n
MU 4 a(D).

5 Sliding-Window Distortion Constraints

Consider a situation where one wishes to control not only the ‘intensity’ of the reconstruction error
signal, > " | p(z;), but possibly to shape also its ‘continuity’ or its ‘smoothness’ by imposing ad-
ditional limitations, say, on the empirical autocorrelations of the error signal, z" = (21, 22, ..., 2n),
in order to suppress, for example, high frequencies, which might be disturbing for the human
eye (in case of images and video streams) or the human ear (in case of audio signals). For in-
stance, one might wish to constrain the error signal to obey the first lag autocorrelation constraint,
% Y oieo ztz—1 > 0.95 (and perhaps also further lags), in addition to the ordinary mean-square error

constraint, say, %Z?Zl 22 < 0.01. More generally, consider the case where we impose k additive

16



constraints pertaining to sliding-window functions, of the form,
n

> pi(z i) SnDj, =12,k (44)

t=m
where m is a positive integer that designates the size of the sliding window. For m = 1, we are back
to ordinary additive distortion constraints, where the single-letter distortion function p; operates
on single symbols separately. If the sizes of the sliding window are different for the k various
constraints, which take m to be the largest one. Accordingly, in the above example where k = 2
and the constraints are = 31" | 22 < 0.01 and 2 31" , %21 > 0.95, we have p;(z) = 22, Dy = 0.01,
p2(z1,22) = —z1 - z2, and Dy = —0.95. In this case, the sliding-window size is m = 2, and the
minus signs in the correlation constraint are due to the reversal of the direction of the inequality
in %Z?:z zezi—1 > 0.95, as opposed to the direction of inequalities in our distortion constraints in

general.

How does the SLB extend to the case of sliding-window constraints of this type? In this section,
we assume that m is fixed while n tends to infinity, and we focus merely on the main terms of the

resulting SLB, disregarding the redundancy terms.

A straightforward extension of Lemma 1 and the subsequent derivation in Section 4 so as to

apply to a set of k sliding-window distortion constraints with window size m, yields the lower bound

E{L[p(U")]} = M(U") — inf v <log [/ exp2{ B Z Pz m+1 }

B€[0,00

+nf - D) . (45)

where 8= (B1,...,8k), D= (D1,...,Dg), p(zf_i1) = (p1(Z}_1ni1)s - - PE(ZH_1niq)), and the dot

operations are understood as inner products, as defined earlier.

The multi-dimensional integral

/ eXPQ{ B Z Pz m+1) } / Hexpz{ B-p(z m+1) }dZ (46)

can be viewed as being obtained by iterated applications of a sliding-window integral operator
whose kernel is given by Kpa(z}_,,.1) 41) = epr{ B plzt_,, 11 } and the integration is over one
component of 2z at a time. Under certain regularity conditions, the value of this multidimensional
integral grows exponentially with an exponential order of [A\(3)]", where A(f3) is the spectral radius

of the operator kernel, namely, the dominant eigenvalue, and then the asymptotic form of the SLB

17



becomes

lim inf AL (U")]} > h(U®)— inf [log\(B) + BD]. (47)

n—oo n BE[0,00)*

There are several equivalent formulas for calculating the spectral radius, A(53), of the of a sliding-
window kernel Kg(-) for a given 3, for example, the Collatz-Wielandt formula [16], [17], and the
Donsker-Varadhan formula [18] — for details, see, e.g., Subsection 3.4 of [19]. In certain special
cases, such as those that involve a symmetric kernel for m = 2, Kg(z,2’), the Rayleigh quotient

formula

A(9) = sup Jue g(z)IE;Z,é))iz )dzdz

can also be used. Clearly, in the finite-alphabet case, the operator kernel reduces to a finite-

(48)

dimensional matrix and then the spectral radius is simply the Perron-Frobenius eigenvalue (see,
e.g., Theorem 8.2.11 of [20]).

As a simple example, consider the case k = m = 2, p1(2) = 22, Dy = D, pa(2,2') = —z - 2/,

and Dy = —0, where D > 0 and 6 € [0,1) are given parameters. Then, following the analogous

derivation of Example 4 in [19], we find that the resulting SLB is given by
E{L "
o ing ELEOn @]}

_ 1 )

> ) — = _
im in " > h(U™) 5 log[2meD(1 — 67)], (49)
1

or, in words, the rate penalty due to the additional autocorrelation constraint is %log -

on top

of the SLB pertaining to the ordinary quadratic distortion constraint, @ — %log(ZTreD).

6 Individual Sequences and Finite-State Encoders

We conclude this article by deriving an individual-sequence counterpart of the SLB for finite-
alphabet, deterministic sequences, which is based on a variation of Ziv and Lempel’s generalized

Kraft inequality (see Lemma 2 of [12]).

Generally speaking, our model for lossy compression of individual sequences is based on the
following simple structure. Each source block of length m, u™ € U™ (m — positive integer) is first

mapped by an arbitrary reproduction encoder (or vector quantizer) into a reproduction vector,
v =q(u™) €V, CU™ (50)

and then, the concatenation of the resulting m-vectors, {v™}, forming the sequence vy, vy, ..., is

compressed losslessly by a finite-state encoder following the model of [12].
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To keep this article self-contained, we begin with some basic background on lossless compression
of individual sequences by finite-state encoders and the 1978 Lempel-Ziv (LZ78) algorithm. Readers
familiar with this background may safely skip Subsection 6.1 and move on directly to Subsection

6.2.

6.1 Background

Following the model of [12], consider a setting for lossless compression of v™ on the basis of finite-
state (FS) encoders. An FS encoder is defined by the set £ = (U, Y, %, f,g), where: U is the finite
alphabet of each symbol, v;, which is the same as the source alphabet, and whose size is r; ) is
a finite collection of binary, variable-length strings, which is allowed to consist of empty string A
(whose length is zero); X is a set of s states of the encoder; f : ¥ x U — Y is the output function,
and g : ¥ xU — X is the next-state function. Given an infinite input reproduction vector (obtained
by concatenating infinitely many output vectors from the reproduction encoder), v = (v, vo,...)
with v; € U, 1 = 1,2,..., the FS encoder E produces an infinite output sequence, y = (y1,y2,...)
with y; € ), henceforth referred to as the compressed bit-stream, while passing through a sequence

of states & = (01,09, ...) with o; € ¥. The encoder is governed recursively by the equations:

yi = [flopv), (51)

oiv1 = gloi,vi), (52)

for i =1,2,..., with a fixed initial state o1 = o, € Z. If at any step y; = A, this is referred to as

idling as no output is generated, but only the state is kept updated in response to the input.

An encoder with s states, henceforth called an s-state encoder, is one for which |¥| = s. For
the sake of simplicity, we adopt a few notation conventions from [12]: Given a segment of input
symbols vf with ¢ < j and an initial state o;, we use f(oy, vzj ) to denote the corresponding output
segment yf produced by E. Similarly, g(o;, vf ) will denote the final state ;41 after processing the
inputs vf , beginning from state o;.

An FS encoder F is called information lossless (IL) if, given any initial state o; € 3, any positive

integer n, and any input string, vﬁ”, the set (oy, f (0’2‘,’1);:—1—“), g(ai,var")) uniquely determines the
i+n

corresponding input string v;"".
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The incremental parsing process used by the LZ78 algorithm is a sequential procedure for
processing a finite-alphabet input u™. At each step of this process, one determines the shortest
string that has not yet occurred as a complete phrase in the current parsed set with the possible
exception of the last phrase, which might be incomplete. For example, applying this parsing method
to the sequence

w'® = 011010011000100

yields
0,1,10,100,11,00,01,00.

Let us denote by c(u™) the total number of distinct phrases generated by this procedure (here,
c(u'®) = 8). In addition, let LZ(u") represent the length in bits of the binary string produced by

the LZ78 encoding of u™. By Theorem 2 in [12], the following inequality holds:
LZ(u") < [e(u™) + 1]log{2r[c(u") + 1]} (53)
which can easily be shown to be further upper bounded by
LZ ™) < c(u™)loge(u™) +n - e1(n), (54)

where €;(n) tends to zero uniformly as n — oo. In words, the LZ78 code length for v™ is upper
bounded by an expression whose leading term is c(u")logc(u™). We shall refer to the quantity
c(u™)log c(u™) as the unnormalized LZ complexity of u", to distinguish from the normalized LZ

c(u™) log c(u™)

complexity defined as , which means the per-symbol LZ complexity.

6.2 SLB for Individual Sequences

The following lemma provides a variation of the generalized Kraft inequality of [12].

Lemma 5. For every IL FS encoder with s states, every a > 1, every 8 > 0, and every positive

integer £ which is an integer multiple of m,

2 —Bp(=)]*
S Y expy {-aLlf(eaw)] - fowt - quty} < T gy

oceX wlelyt
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2m

2 (q(wi™), q(witq), ..., q(wffmﬂ)), the latter being de-

where q(we) = q(wT7w%Lni1, ce wgferl)

fined as in (50) for vectors in U*.

Proof. From the postulated IL property, it follows that given ¢ € ¥, there cannot be more than
52F distinct vectors, {v*}, such that L[f(o,v")] = k, for every positive integer k. Therefore,

>3 o {—allf(,q(w)] - Bp(w’ — g(w’))}

ceX wlelt

=3y ¥ >, ey {—ak ~ Bp(w’ — Q(wg))}

€N k21 {uvt: L[f(o00)|=k} {wt: g(w?)=v'}

< Z Z g9k . 9—ak Z 9—Bp(z"))
o€ k>1 ztelt
Z o0
_ 2. [Z 2—50(2)] N g (a—1)k
ueU k=1
_Bo(2)1%
_ 82 [ZZEZ/IQ Bel )] (56)
20-1_1

This completes the proof of Lemma 5.

Now, let ¢ divide n. For a given FS IL encoder F, a given u™ € U", and the associated state
sequence o™ € X" (generated from u"™ by E using the next-state function g recursively), consider

the joint empirical distribution

n/l—1
P(o,w') = g Z Z{oit+1 = 0, uﬁgﬁ =w'}, oce¥ wel (57)
i=0
Then, according to Lemma 5,
2 [Loeu 2]
ga—1_ ]
> 33 expo {—aLlf(o,alw)] - Bp(w’ — g(w)) |
oeX wlel?t
= Z Z P(o, w') expy {—aL[f(a, q(w"))] = Bp(w’ — q(w?)) — log P(o, we)}
oceX wlel?
> expyd—aY S Plo,w)Lif(o,qwh)] -8 3 Plt)(wt — g(uwt)) + H(S,U)

oceX wteut wtelt
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n/l—1

3
NG

fl\

i

4 7 4 2 %
= om0 b S Lo 0] 8L Y p(ultt]  a(uifth) + H(S.U)
i=0 i=0
= exp —a-ézn:L[f(a v)]—ﬁ-ézn:p(u — o) + H(S,UY (58)
2 n yn ty Ut n var t t ) )

where P(w!) = 3" ves, P(o,w’) and H(S,U") is the joint entropy of the auxiliary random variables
S € and U’ € U’, induced by the empirical joint distribution P. Tt follows then that

o %ZL[f(Ut,vt)] #5° D ot =)
t=1 t=1

n ¢ ¢ ’

'} a—1

> H(SéU) log g [ZQ Bz log(2 . 1)
zeU

H(UY _ 2logs log(2¢71 —1)
> _ Bp(z) | _
> ;i log [Z 2 ] 7 + 7

zeU
n n a—1 _

> c(u")loge(u™) log [Z 2-80) | _ A (0) — 2log s n log(2 1) (59)

zeU

where lim;, oo Ap(€) = 1 and the last step can be found in eq. (12) of [21] as well as references
therein. By taking the limit of £ — oo (followed by the limit n — 00), the last three terms can be
made arbitrarily small, whereas the first two terms serve as the individual-sequence counterpart of
the right-hand side of eq. (20). Moving the distortion term to the right-hand side and optimizing
over 3, we obtain
n n n n
a: % ;L[f(at,vt)} > C(u)k;gc(u) ~ inf {B : % ;p(m — ) +log

2log s n log(20=1 — 1)
14 14

_ cl)loge(u) _ ( Zput_w)_

2logs log(27! —1)
Y A

3 2—ﬂp<z>] } _

zeU

An(@ -

An(l) - (60)

Let Limax = maxy, L[f(0,v)], Selecting a = 1 + {, where (, tends to zero at sub-exponential rate

(say, (¢ = 1/¢), we have on the one hand, the previous inequality, and on the other hand,

1 n
*ZL O-tyvt g ﬁ Z Gtavt)] +(ﬁ maxs (61)
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and so, our main result in this section is the following:

PRI ( Zput—vt)—
t=1

2log s n log(2% — 1)
1 1

o) log o) ( th_w)_

2log s N log({¢In2)
1 l

V

An(g) - - CZ . Lmax

An(g) - - CE . Lmax’ (62)

with the last four terms tending to zero in the limit of £ — oo followed by the limit n — oco.

To conclude, the individual-sequence counterpart of the SLB for finite-alphabet source sequences
is essentially of the same form as the classical SLB of the probabilistic setting, except that the
normalized entropy term is replaced by the normalized LZ complexity of the sequence and the

function ®(-) is calculated at the point of the actual distortion, 2 Y"1, p(us — vy).

Appendix

Proof of the second equality in eq. (4). Let us define the density function,
9—Bp(2)
g(Z) - fu Q_Bp(zl)dz,'

Then,

pife [ o0} = g {opi-ptar i [ 2] o)
- el ()]
- e {- psewss s [ [ sepon]}
gy | aromeresoa[o- | o]

= sup inf {h(Z) + B[D — E{p(Z)}]}
f 820

- {—oo E{p(2)} > D
P\ hz) E{p(2)} <D

= sup hZ), (A.2)
{Z: E{p(2)}<D}
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where (a) is due to the fact that the objective function, — [;, dzf(2)log f(2)+8 [D — [,, f(2)p(z)dz],

is concave in f and affine (and hence convex) in .
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