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1 IntroductionTraditional sequential universal lossless source coding schemes are usually designed for classesof stationary sources. Not surprisingly, these schemes may perform poorly when the source isnon-stationary, unless some adaptation mechanism is applied. While adaptive schemes such asthe dynamic Hu�man code [4], [9], [15], [22] and variations of the sliding-window Lempel-Zivalgorithm [21], [24], [25] have been developed and applied for general non-stationary sources, muchless attention has been devoted to systematic, rigorous theoretical development of universal codesfor simple classes of non-stationary sources. One example of such a class is that of memorylesssources with piecewise �xed letter probabilities [11]-[12], [16]-[19], namely, sources for which theprobability mass function (PMF) is subjected to occasional abrupt changes. This model is usefulin several application areas, like compression of speech or text retrieved from several sources, edgeinformation in images, and abrupt scene changes in video coding.In this paper, we adopt this simple model of piecewise stationary memoryless source (PSMS ).Neither the source parameters at any stationary segment, nor the transition locations and theirnumber are assumed to be known in advance. One can show that traditional adaptation mechanismscombined with classical compression schemes perform poorly for this class. Dynamic Hu�mancoding requires large block length, and thus exponentially large dictionary, in order to approachthe entropy even in a stationary segment. Variations of the Lempel-Ziv algorithm require increasingwindow length, which results in slow convergence to the source entropy. One may use adaptiveentropy coding w.r.t. estimated letter probabilities across a sliding window or an exponential one.But such estimates have non-decaying variance, and thus yield poor coding performance.This calls for a di�erent approach. First, recall the well-known fact that, ignoring asymptoticallynegligible integer length constraints, the problem of sequential lossless coding (using e.g., arithmeticcoding [7], [8]), is completely equivalent to the problem of sequential probability assignment, wherethe length function of the code is understood as the negative logarithm of the assigned probability,i.e., the ideal code length. From this point on, we treat the latter problem.To the best of our knowledge, universal coding for the PSMS model was �rst investigated byMerhav [11] (see also [12]). Merhav showed that the average universal coding redundancy overall sequences of N letters, drawn by almost any PSMS with C transitions from an alphabet of rletters, is lower bounded by RN � (1� ")�r � 12 (C + 1) + C� logNN : (1)2



This bound was presented as a sum of two terms: The �rst term, henceforth referred to as parameterredundancy (PR), corresponds to universality w.r.t. the unknown source parameters within eachstationary segment. It consists of 0:5 logN=N bits per symbol for each component of the parametervector and each stationary segment (see, Rissanen [13]). The second term, henceforth referred to astransition redundancy (TR), corresponds to universality w.r.t. the unknown transition times fromone stationary segment to another. This term consists of logN=N bits per symbol for each suchtransition.In [11], Merhav also demonstrated a universal compression scheme for the PSMS that achievesthis lower bound. This scheme employs the method of mixtures in two stages. The �rst-stage mix-ture gives Krichevsky-Tro�mov probability estimates [10] for each set of transition times, henceforthreferred to as transition path. The second-stage mixture is performed over all possible transitionpaths. A strongly sequential version of this scheme was also obtained. That is, a scheme thatsequentially updates the conditional coding probability of the next symbol given the past, indepen-dently of the future and of the horizon N . Merhav's scheme is of linearly increasing per-letter codingcomplexity, when we assume at most a single transition. It can be generalized to any �xed numberof transitions, yielding an algorithm of polynomially increasing complexity, and to an exponentiallyincreasing complexity scheme if no assumption of a �xed number of transitions is made.Three strongly sequential schemes of smaller, but still increasing complexity, for universal codingof PSMS's were later proposed by Willems [16]-[19]. These schemes are all based on context treecoding [20] combined with arithmetic coding. They all obtain redundancy of at least O (logN=N),but with coe�cients larger than the coe�cient of the lower bound in [11]. Willems implementedtwo-stage mixtures as described above by constructing suitable state diagrams for the second-stagemixture. The weight of a transition path in the mixture is hence obtained by state transitionweights along the path. The �rst two schemes ([16]-[18]) take into account all transition paths. In[17] and [18] all transition paths that assume the same most recent transition time are uni�ed intoone trellis state. This results in linearly increasing per-letter computational complexity, storagecomplexity of O (N logN) and redundancy of 0:5 (C + 1) logN=N beyond the lower bound. Thesecond scheme [16], [17] groups transition paths into states according to both the last transitiontime and the hypothesized number of transitions thus far. The diagram results in more states, eachrepresenting less transition paths. This leads to quadratically increasing per-letter complexity anda total redundancy of 0:5 logN=N beyond the bound. The third approach, proposed recently in[19], selectively eliminates states according to the time they were created. This scheme is still of3



increasing complexity of O (logN) and achieves per-letter redundancy of O �log2N=N� overall. Tothe best of our knowledge, no �xed complexity universal scheme has been obtained for PSMS's.In this paper, we derive, analyze and present simulation results of three new universal stronglysequential data compression schemes for PSMS's based on context tree coding. The �rst schemeachieves the lower bound on the redundancy, whereas the two other schemes provide slower decayrate of the redundancy, but have �xed complexity (and logarithmic bit storage complexity). The �rstscheme is a generalization of Merhav's scheme which uses Willems' linear transition diagram withdi�erent weights. Similarly as Willems' scheme, it is of linearly increasing per-letter complexity.Unlike all the schemes presented in [11], [16]-[19], for which the number of states grows withtime, the last two schemes have �xed number of states, and hence can be applied for practicalpurposes. Although the convergence rate does not meet the bound, it is better than any existinglow-complexity scheme for PSMS's.The second scheme combines decisions based on the observed past with a reduced-state transi-tion diagram, using di�erent state transition weights than those used by Willems. It uses decisionsto eliminate unlikely states in the diagram, thus preserving a �xed number of states. This schemeachieves average redundancy of O (logN=N) for large transitions if the number of stationary seg-ments is upper bounded by some constant S, that depends on the design parameters of the scheme.Otherwise, pointwise redundancy (for any N -tuple) of at most O (log logN= logN) is obtained. Inthe third scheme, we partition the data sequence into smaller blocks and encode each one separately.Using the optimal block length, we achieve pointwise redundancy of O �plogN=N�. Simulationsshow that the true redundancies of the last two schemes are even better than the upper boundsobtained.We can easily combine both �xed complexity schemes to obtain the better redundancy betweenthe two for any sequence. We hence obtain a maximum upper bound of O �plogN=N�, which isbetter than the currently known O (1= logN) upper bound of the Lempel-Ziv algorithm.The outline of this paper is as follows. Section 2 contains notation and de�nitions. In Section3 we generalize the analysis for the redundancy of a coding scheme. Section 4 presents the �rstscheme of linear per-letter complexity. In Section 5, we describe and analyze the second scheme ofdecisions and weighting. Section 6 presents the block partitioning scheme along with the analysisof its rate of convergence. Numerical results are presented in Section 7. Finally, in Section 8, wepresent the summary and conclusions of this work.4



2 Notation and De�nitionsLet fP�g be a parametric family of memoryless stationary PMF's of vectors whose componentstake on values in a �nite alphabet � of size r. The parameter � designates the r � 1 dimensionalvector of letter probabilities. A string drawn by the source from time instant i to time instantj (xi; xi+1; : : : ; xj) ; j > i, will be denoted by xji . Let xN1 4= xN 4= (x1; x2; : : : ; xn; : : : ; xN ) be astring emitted from an r-ary PMF whose parameter � takes on a particular value �0 from n = 1to n = t1 � 1; then � = �1 from n = t1 until n = t2 � 1, and so on. Finally, from n = tC ton = N , � is held at �C . The vectors fx1; : : : ; xt1�1g, fxt1 ; : : : ; xt2�1g ; � � � ; fxtC ; : : : ; xNg will bereferred to as stationary segments, and correspondingly, �0; �1; � � � ; �C will be called the segmentalparameters. It will be assumed that the di�erent segments are statistically independent. Theextended vector (�0; �1; : : : ; �C) will be denoted by �, and will be referred to as the parameter set .The C dimensional vector, representing the C time instants before which transitions take place,(t1; t2; : : : ; tC), will be denoted by T , and referred to as the true transition path. For convenience,we de�ne t0 4= 1 and tC+1 4= N + 1. We will assume that the number of transitions C is either�xed or is of lower order than the time n. Noting that C is a function of the dimension of the otherparameters, the PMF of the PSMS is parameterized by the pair f�;T g, and de�ned as follows.P �xN j �;T � = CYi=0P�i �xti ; : : : ; xti+1�1� ; (2)where the PMF of each segment is obtained byP�i �xti ; : : : ; xti+1�1� = ti+1�1Yn=ti P�i (xn) (3)= Yu2�P�i (u)nti+1�1ti (u) ;where P�i (xn) is the probability of the letter xn drawn by P�i , which for simplicity, will be denotedby Pi, and nti+1�1ti (u) denotes the number of occurrences of u 2 � within the i-th segment.The per-letter average entropy of a PSMS is obtained byH (�;T ) 4= 1N CXi=0 (ti+1 � ti)H (�i) ; (4)where H (�i) is the entropy of the i-th segment.Since we assume no prior knowledge of f�;T g, we will not be able to assign the true probabilityof the sequence for a coding scheme. Instead, we will seek a universal sequential probabilityassignment that will implement a two stage mixture and will serve as the basis for arithmetic5



coding. The probability assigned to the substring xn by an algorithm A will be denoted by QA (xn).To enable sequential updating of QA, the conditional probability QA �xn j xn�1� de�ned by [13] asQA �xn j xn�1� 4= QA (xn) =QA �xn�1� ; (5)must be well de�ned. Additionally, in order to enable the use of arithmetic coding, the assignedprobability must ful�ll the terms described in [20]QA �xn�11 � = Xxn2�QA (xn1 ) ; 8xn�11 2 �n�1; (6)where the probability of the empty string is one by convention.The �rst-stage mixture, implemented to obtain the assigned probability, is performed for a giventransition path. The conditional probability assignment Q �xN j T 0� given any transition pathT 0 4= (t01; : : : ; t0C), is recursively de�ned using the Krichevsky-Tro�mov (KT) empirical estimates[10], that result from mixing the parameter with a Dirichlet(0:5) prior. The KT estimates will beused with relative frequency counts that are reset at every hypothesized transition. Speci�cally,the conditional letter probability is de�ned asQ �Xt = u j xt�11 ;T 0� 4= nt�1t0i (u) + 12(n� t0i) + r2 ; t0i � t < t0i+1; 8u 2 �; (7)and the probability of an n-tuple is obtained byQ �xn1 j T 0� = nYi=1Q �xi j xi�11 ;T 0� (8)= Q �xn�11 j T 0� �Q �xn j xn�11 ;T 0� ;where x01 represents the null string, whose probability is one by convention.To implement the second stage mixture, the probability assigned to an N -tuple will be aweighted sum of conditional probability assignments given transition paths. Each probability as-sumes a di�erent path T 0 from a set of paths fT gA, selected by the algorithm A. Each path willbe weighted with some weight function WA (T 0).QA �xN� = XT 02fT gAWA �T 0�Q �xN j T 0� : (9)The weight function must be non-negative for all T 0 and satisfyXT 02fT gAWA �T 0� = 1: (10)6



The idea of the coding scheme is to construct a group fT gA that always includes the truetransition set T , or at least a good estimate T̂ of T , that induces large values of Q �xN j T̂ �and WA �T̂ �. Such an estimate T̂ de�nes a triplet nĈ; �̂; T̂ o, where �̂ is de�ned by convexcombinations of the true segmental parameters �i along each hypothesized segment. The weightsof each convex combination are the relative durations of each �i within the hypothesized segmentof T̂ . For example, if T = f�N + 1g ; 0 < � < 1, i.e., a single true transition, but we estimateno transitions, i.e., T̂ = �, then �̂ = n�̂0o, where �̂0 = ��0 + (1� �) �1. We de�ne the probabilityassignment for an estimated PSMS as Q �xN j �̂; T̂ �, similarly as in eq. (2).3 The RedundancyThe pointwise redundancy of scheme A for an N -tuple xN is de�ned asR �xN ;A� 4= 1N log P �xN j �;T �QA (xN ) ; (11)ignoring negligible integer length constraints. The (expected) N -th order redundancy of scheme Ais de�ned as RN (A) 4= Ef�;T g hR �xN ;A�i ; (12)where Ef�;T g denotes the expectation w.r.t. a given PSMS f�;T g.The pointwise redundancy of an N -tuple for a PSMS can be expressed asR �xN ;A� = 1N log Q�xN j T̂ �QA (xN ) + 1N log Q �xN j �̂; T̂ �Q �xN j T̂ � + 1N log P �xN j �;T �Q �xN j �̂; T̂ � (13)4= Rt �xN ;A�+Rp �xN ;A�+Rd �xN ;A�Eq. (13) decomposes the pointwise redundancy into three terms: Rt - transition redundancy (TR),Rp - parameter redundancy (PR), and Rd - decision redundancy (DR). The TR re
ects universalityw.r.t. the transition path. The PR is the cost of universality w.r.t. � for a given transition set.The DR is the additional redundancy caused by estimation error of the transition path and thesegmental parameters it imposes. These terms all depend on the speci�c algorithm, but of course,it is the total redundancy that should be compared to the lower bound.Assigning the KT estimate to a stationary segment of lengthm results in additional r�12 logm+O (1) code bits of unnormalized PR for that segment [10], [14], similarly to Rissanen's lower bound.Hence, using the conditional probability assignment of eqs. (7)-(8) for Q �xN j T̂ � results in extra7



code length, that is the sum of the additional code bits obtained for each of the segments imposed byT̂ . Using the Jensen inequality and normalizing by N , we conclude that the PR is upper boundedby Rp �xN ;A� � r � 12 �Ĉ + 1� log N̂C+1N +O ĈN ! (14)From eq. (9) and the de�nition of TR in (13), we obtain that the TR depends on the weight of T̂and is upper bounded byRt �xN ;A� 4= 1N log Q �xN j T̂ �QA (xN ) (15)= 1N log Q �xN j T̂ �PT 02fT gA WA (T 0)Q (xN j T 0)� � 1N logWA �T̂ � :The inequality holds by de�nition of T̂ . The DR results from coding more than one true stationarysegment as if it were a single stationary block. Assume the block xi+mi+1 of length m contains datadrawn by s distributions Pu+1 to Pu+s, and assume this block is coded as if it were drawn by astationary PMF Q, thenQ is de�ned as the convex combination of the true distributions, where eachPMF Pu+l is weighed by its relative duration in the block. It is easy to show that the contribution tothe DR of this block is upper bounded by the entropy of the relative durations vector multiplied bym and normalized by the complete sequence length N . Since the vector consists of s components,we can bound the contribution of this block to the DR byRd �xi+mi+1 ;A� � m log sN : (16)The DR of an N -tuple is the sum of the contributions of all segments hypothesized by T̂ .4 An Optimal Linear Per-Letter Complexity SchemeThe scheme presented in this section and denoted by W, uses Willems' linear weighting scheme[17], [18] to group transition paths into states in a diagram, but with di�erent weight functions,corresponding to the scheme in [11]. It will be shown to achieve the lower bound on the redundancy,as opposed to Willems' scheme.The idea of Willems' linear scheme is to implement the mixture method using a linear transitiondiagram that contains all possible transition paths, as illustrated in Figure 1. This trellis reducesthe exponential complexity and still enables weighting of all transitions paths. A directed path8
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Figure 1: linear transition diagram at time instants 1 to 4. A number in a state box denotes the most recent transition pointof the state represented by the box. The time is denoted below the graph.along the diagram represents a transition path. Horizontal move denotes that the source remainsin the same stationary segment. An upward move in the graph represents a transition of the source.A box in the diagram represents a state. State sn at time n is de�ned as the time instant of the mostrecent transition within the period 1 � t � n. Each state is assigned a weight G (xn1 j sn) associatedwith the subsequence xn1 , in order to implement the weighting procedure. The probability assignedto xn1 is the sum of the weights of all states in the diagram at time n.QW (xn1 ) 4= nXsn=1G (xn1 j sn) : (17)We note that by de�nition of a state, the diagram will always consist of n states at time n, thatform a partition of all transitions paths into n disjoint sets.The weight of a state is recursively de�ned by the KT estimates and the transition rules of thetrellis. The KT probability of letter xn at state sn is obtained, similarly as in (7), byQ (xn j sn) 4= nn�1sn (xn) + 12(n� sn) + r2 : (18)The only two possible transitions from state sn at time n to state sn+1 at time n+ 1 are the selftransition, i.e., sn+1 = sn and sn+1 = n+ 1, i.e., transition to the only new state formed at timen+ 1 that assumes a source transition between time n and time n+ 1. Associated with each such9



transition, there is a weight Wtr (sn+1 j sn), whereWtr (sn+1 = sn j sn) +Wtr (sn+1 = n+ 1 j sn) = 1: (19)The weight of a state is therefore recursively updated byG (xn1 j sn) = Q (xn j sn) �8><>: Wtr (sn = sn�1 j sn�1) �G �xn�11 j sn�1� ; sn < nPn�1j=1 Wtr (sn = n j sn�1 = j)G �xn�11 j sn�1 = j� ; sn = n : (20)It is easy to see that the weight assigned to a state by this procedure is a weighted sum of the KTestimates assigned to all transition paths T 0n of order n that lead to this state,G (xn1 j sn) = XT 0n!snW �T 0n�Q �xn1 j T 0n� ; (21)where T 0n ! sn is the set of all paths leading to sn. The weight W (T 0n) is the product of all thetransition weights along the path representing T 0n in the diagram.So far, we have described a general linear scheme as presented in [17], [18]. The transitionweights de�ned by Willems use the binary KT estimates of the distance from the last transition.Wtr (sn+1 j sn) 4= 8><>: 12(n�sn)+1 ; sn+1 = n+ 1(n�sn)+ 12(n�sn)+1 ; sn+1 = sn : (22)The proposed scheme de�nes state transition weights Wtr (sn+1 j sn), that are di�erent from thosede�ned above. The weights are de�ned as follows. For a given " > 0, let:� (j) 4= 1j1+" ; 1 � j < N ; (23)Cn 4= nXj=1� (j) ; (24)and C1 = 1Xj=1� (j) : (25)Now, Wtr (sn+1 j sn) 4= 8><>: �(n)C1�Cn�1 ; sn+1 = n+ 1C1�CnC1�Cn�1 ; sn+1 = sn : (26)By eqs. (23)-(26), we assign to each time n; 1 � n < N , a distribution over the �xed time t; t > nfor the probability that the next transition occurs just before time t. The probability of sourcetransition at time n+1 is the weight Wtr (n+ 1 j sn), which is selected to decay as n�(1+"), causingadditional TR of (1 + ") log n=N if a true transition occurs at that point. We note that the aboveweights depend on the absolute time, instead of the relative time from the last transition as in10



(22). This reduces the weight of a transition, and is justi�ed by the assumption that the numberof transitions is small. This also leads to a computational improvement. First, the self-transitionweight can be calculated once using (26) for all self-transitions in eq. (20). Furthermore, eq. (20)for sn = n reduces, using eq. (17), toG (xn1 j sn = n) = Q (xn j sn) �Wtr (sn = n j sn�1 < n)QW �xn�11 � ; (27)whereWtr (sn = n j sn�1 < n) is the same for all sn�1 < n. The drawback of the scheme with theseweights is that it is computationally more demanding than the scheme with Willems' weights.Willems' weights attain pointwise redundancy higher than the lower bound, presented in (1),R �xN ;L� � �r � 12 (C + 1) + 3C + 12 � logNN +O�CN � ; (28)where L denotes Willems' scheme. The quadratical per-letter complexity scheme does not attainthe bound either. The scheme with the proposed weights, on the other hand, attains the lowerbound. This is stated in the following theorem.Theorem 1 The redundancy of the linear weighting scheme with state transition weights as in(26), is upper bounded byR �xN ;W� � �r � 12 (C + 1) + C + "� logNN +O�CN � (29)for every N -tuple drawn by any PSMS, for all " > 0.If we let " decay slowly with time, such that "j 4= log(log 2j)klog j , k > 1, and� (j) 4= j�(1+"j) = 1j (log 2j)k ; (30)we have R �xN ;W� � �r � 12 (C + 1) + C� logNN +O�C log logNN � : (31)We conclude this section with the proof of the theorem.Proof of Theorem 1: It is straightforward that this coding scheme satis�es eq. (9) (see e.g. [17]),and weighs all possible transition paths. Therefore, the true path T is always included, and so,Rd = 0 and T̂ = T . The PR is upper bounded by (14), with Ĉ = C, and thus attains the lowerbound, as expressed by the �rst term of (29). It is thus su�cient to show that the TR attains thelower bound as well. We will show thatRt �xN ;W� � 1N [(C + ") logN + (C + 1) (1 + ")� C log "] : (32)11



We will �rst obtain WW (T ) using (26), and then upper and lower bound the partial sum C1 �Cn; 8n : 0 � n < N , by approximating the sum by an integral. Finally, we will apply these boundsto the cumulative weight function WW (T ) and upper bound TR by � logWW (T ) =N .The weight of T is obtained byWW (T ) = CYi=024Wtr (sti = ti j sti�1 = ti�1) � ti+1�1Yj=ti+1Wtr (sj = ti j sj�1 = ti)35 (33)= N�1Yn=1 Wtr (sn+1 = sn j sn) � CYi=1 Wtr (sti = ti j ti�1)Wtr (sti = ti�1 j ti�1)= N�1Yn=1 C1 � CnC1 � Cn�1 � CYi=1 � (ti � 1)C1 � Cti�1= C1 � CN�1C1 � CYi=1 � (ti � 1)C1 � Cti�1 :We de�ne Wtr (s1 = 1js0 = t�1) 4= 1. The �rst equality is obtained by taking the transition weightsalong T . The second equality is obtained by multiplication and division by the self-transitionweights at points of true source transitions. We use the telescopic property of the �rst product toobtain the last equality.Approximating the in�nite sum by an integral, we bound the partial sum C1 � Cn by1" (n+ 1)" � C1 �Cn � 21+"" (n+ 1)" ; 8n � 0: (34)We note that C1 = C1�C0. Finally, we use this bound to upper bound the transition redundancyby the upper bound of eq. (15).Rt �xN ;W� � � 1N logWW (T ) (35)= 1N " CXi=1 log C1 � Cti�1� (ti � 1) � log (C1 � CN�1) + logC1#� 1N " CXi=1 log 21+" (ti � 1)1+""t"i + log ("N ") + log 21+"" #� 1N " CXi=1 log t1+"�"i + " logN + (C + 1) (1 + ")� C log "#� 1N [(C + ") logN + (C + 1) (1 + ")� C log "] :The last inequality is obtained by taking N as an upper bound on ti. This proves that the TRattains the lower bound, and therefore concludes the proof of the theorem.12



5 A Decision Weighting SchemeIn this section we show that there exists a �xed complexity scheme, based on the transition diagramof the linear per-letter complexity scheme, that achieves vanishing redundancy. The redundancyis of the order of the lower bound when the transitions are large. We refer to the new schemeas the decision weighting scheme (DW), and denote it by D. This scheme uses a data-dependentreduced-state transition diagram. It eliminates transition paths with low likelihood and it does notcreate a new state every time instant.The scheme produces new states every k � 1 time instants instead of every instant, in orderto reduce the diagram's growth rate. This forms a partition of the data into N=k non-overlappingblocks of length k, and for each block only one state is created. The parameter k is a designparameter, that will be referred to as the block length. In order to keep the number of survivingstates (and the computational complexity) �xed, we assign to each state s a metric M (s), thatdetermines the likelihood of transition within the block represented by s. States with low metricvalues are eliminated. The number of high metric surviving states S is the second design parameterof the algorithm. By de�nition of the transition diagram, the set of surviving states de�nes a setof surviving transition paths, and a transition path that leads to an eliminated state is said to beeliminated and not to exist in the diagram.The state number s represents the block number in which the most recent transition is assumedto have occurred. A state s; s > 1, that estimates transition at any time within the block itrepresents, is created at the block midpoint. The �rst state s = 1 is naturally created at the �rsttime instant.The metric of a state s is de�ned as follows. Let ns (u) be the number of occurrences of the theletter u in block s. The empirical per-letter entropy of the block is obtained byH (s) = �Xu2� ns (u)k log ns (u)k : (36)The empirical entropy of the concatenation of blocks r and s is obtained byH (r; s) = �Xu2� nr (u) + ns (u)2k log nr (u) + ns (u)2k : (37)Now, M (s) is de�ned byM (1) 4= 1 (38)M (s) 4= H (s� 1; s+ 1)� 12H (s� 1)� 12H (s+ 1) ; 8s > 1: (39)13
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s-1 s s+1r+1rr-1Figure 2: block partitioning for DW. The solid line represents the data sequence, that is divided into blocks of length k.True transition occurs at T and can be only estimated at the block midpoint by state s with likelihood M(s), obtained by theempirical data of the two neighboring blocks s� 1 and s+ 1. Another estimated transition is within block r estimated at itsmidpoint, with likelihood M(r).The quantity M (s) measures the `distance' between the empirical distributions of blocks s � 1and s + 1. If M (s) is large then it is likely that a change has occurred within block s. It iswell-known that M (s) serves as asymptotically optimal statistics for testing weather or not twosequences emerged from the same source [6], [23]. IfM (s) is large the scheme will assume transitionwhich will be referred to the midpoint of block s by state s in the trellis. Figure 2 illustrates thepartitioning mechanism. The metric M (s) is non-negative for all s > 1, even if transition has notoccurred. This can cause elimination of s = 1 if its metric had been de�ned smaller, even whenother transitions have not occurred. Since state s = 1 always represents a transition, we thus de�neits metric to be in�nite.The probability assignment scheme can be described by the state diagram shown in Figure3 for k = 4 and S = 3. The diagram begins when all S high metric states already exist, i.e.,in steady state. The boxes in the diagram denote the states, and the numbers in the boxes theblock numbers of the most recent transitions assumed by the states. As in the linear scheme, eachstate is assigned a weight G (xn1 j sn) associated with the subsequence xn1 . The weight of a state isrecursively de�ned by the KT estimates and the transition rules shown in the diagram. The KTprobability of letter xn at state sn is obtained byQ (xn j sn) 4= nn�1�n (xn) + 12(n� �n) + r2 ; (40)where the time �n is the �rst time instant after the last transition assumed by sn, which is de�nedby �n 4= 8><>: 1; sn = 1b(sn � 0:5) kc+ 1; sn > 1 : (41)The transition rules and update procedures at each time point are de�ned for three di�erent casesas follows: 14
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Figure 3: example of DW transition diagram in steady state for k = 4 and S = 3. The diagram starts right after time instantm at the �rst point of the r + 1 block. A single new state is created at any block midpoint, and a single low metric state iseliminated at any block partition point. Time instants are denoted below the diagram.1. At a block midpoint n = b(m+ 0:5) kc+ 1; m > 0 �xed, a new state r is created. The stateweights are recursively updated almost as in the linear scheme byG (xn1 j sn) = Q (xn j sn) �8><>: Wtr (sn = sn�1 j sn�1) �G �xn�11 j sn�1� ; sn < rPr�1j=1Wtr (sn = r j j)G �xn�11 j sn�1 = j� ; sn = r ; (42)where the transition weights are obtained byWtr (sn+1 j sn = j) 4= 8><>: �(r�j)C1�Cr�j�1 ; sn+1 = rC1�Cr�jC1�Cr�j�1 ; sn+1 = j : (43)(The weight of a previously eliminated state j is zero G �xn�11 j j� = 0 ). We note that thetransition weights depend on the relative block number from the last transition instead ofthe absolute time, as in the linear scheme. The proof of Theorem 2 will be based on thisde�nition.2. At the �rst point of a new block n = mk+1; m � 5 �xed, at most a single state i is eliminatedinto another state j. The weight of i is added into the weight of j, which is the smallest statein the diagram that is still larger than i. Only the self-transition is performed from all other15



states. G (xn1 j sn) = Q (xn j sn) �8>>>><>>>>: 0; sn = iG�xn�11 j i�+G �xn�11 j j� ; sn = jG�xn�11 j sn� ; otherwise : (44)3. At any other point n there are only self-transitions.G (xn1 j sn) = Q (xn j sn) �G �xn�11 j sn = sn�1� (45)The elimination retains a �xed number of states in the diagram. It also ensures that no morethan one state of any three consecutive states remain in the diagram. This is done to avoid asituation where a single transition is represented by two or three states. If a transition occurs atthe midpoint of block s, all three states s � 1, s and s + 1 may have large metrics, and we onlyneed to save one of them to represent the transition. We will therefore eliminate the states withthe lower metric values among the three. The computation of the metric of state s requires delayof 1:5k time points, to obtain the empirical data of block s+1. An additional delay of 2k points isrequired for computation of the metrics of s+ 1 and s+ 2, that are tested against s. Hence, everynew state will exist at least 3:5k time points before it is tested for the �rst time. Due to the delayof 3:5k time points between creation and the �rst possible elimination of a state, the steady statediagram contains S + 3 states at time points of �rst halves of partition blocks and S + 4 states attime points of second halves.The elimination procedure at n = mk + 1 takes three stages of testing the metric of thestate s, created at n � 3:5k. If s � 1 or s � 2 exist in the diagram, state s is eliminated, sinceM (s� 1) �M (s) orM (s� 2) �M (s). Otherwise, state s is tested against states s+1 and s+2,and if M (s+ 1) > M (s) or M (s+ 2) > M (s), s is eliminated. If s passed both tests and thereare less than S states, created before n � 3:5k, no elimination is performed. If there are S suchstates, the state with the lowest metric among the existing states, created at n� 3:5k or earlier, iseliminated. A state is always eliminated by adding its weight into the weight of the closest newerstate. This strategy minimizes the DR in case a true transition is eliminated by replacing it by theclosest hypothesized transition point, still existing in the diagram.The probability assigned to the subsequence xn is obtained, as in the linear scheme, by the sumof the weights of all states that exist in the diagram at time instant n.QD (xn1 ) =Xsn G (xn1 j sn) ; (46)16



where the notation Psn represents a sum over all states existing in the diagram at time instantn. In contrast to the linear scheme, this strategy does not satisfy the general mixture structurepresented in eq. (9), but can be easily shown to yield a valid probability function.The update procedure of the transition diagram is fully described in a 
ow-chart in Figure 4.The per-letter computational complexity of this scheme is O (S). Since we will assume a �xed S,O (S) = O (1). Every state stores occurrence counts of O (N), therefore, the storage complexity ofthe scheme is O (logN).We conclude this section with two theorems that upper bound the pointwise and average re-dundancies of the DW by expressions that vanish as k and N increase (as long as k is of smallerorder). Both theorems show that the redundancy decays to zero, and speci�cally at the rate of thelower bound for large transitions. The next theorem upper bounds the pointwise redundancy.Theorem 2 The pointwise redundancy of the DW is bounded uniformly for all PSMS's byR �xN ;D� � r � 16 log kk +O (� (N; k)) (47)for every xN , where � (N; k) is de�ned by� (N; k) 4= max�1k ; CkN ; logNN � : (48)The proof of the theorem is presented in Appendix A. It is based on the choice of the transitionweights in eq. (43), that depend on the relative block number from the last transition instead ofthe absolute time.The DW scheme performs decisions. Obviously, there is a trade-o� consideration associatedwith the choice of the parameter k. A larger k provides a more reliable metric, leading to smallerprobability of eliminating the best T̂ . On the other hand, larger k increases the DR caused by esti-mation of transitions at block midpoints. An upper bound on the average N -th order redundancyas a function of k can be obtained based on the analysis in Appendix B. By di�erentiating thisbound w.r.t. k, it can be shown that the optimal choice of k is of the formk = A logN +O (log logN) ; (49)where the parameter A depends on the parameters of the PSMS. Since, we desire a universalscheme, we will de�ne the block length as k = A logN; (50)17
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where the parameter A will be a design parameter of the DW scheme. By substituting the blocklength of (50) in Theorem 2, we conclude that the pointwise redundancy for this choice of k isupper bounded by R �xN ;D� � r � 16A log logNlogN +O� 1logN � : (51)We now present the main theorem of the DW scheme. We begin with two de�nitions thatcharacterize a PSMS. The error exponent of a PSMS, E (�), is de�ned asE (�) 4= min0�i�C�1(�2 log Pu2�pPi (u)Pi+1 (u) + 12 ) : (52)The error exponent expresses the `size' of the `minimal' transition between adjacent segments of aPSMS. It can easily be shown that 0 � E (�) � 2. The larger is E (�), the larger is the `minimal'transition of the PSMS.The divergence (relative entropy) D (P jjQ) between distributions P and Q is de�ned asD (P jjQ) 4= Xu2�P (u) log P (u)Q (u) : (53)We de�ne the mean PSMS DR divergence asD (�) 4= 1C CXi=1 fD (Pi�1jjPi) +D (PijjPi�1)g : (54)Theorem 3 Let k = A logN . Assume a PSMS f�;T g of at most S segments, each of lengthlarger than O (k). Then, the average N -th order redundancy of the DW scheme is upper boundedby RN (D) � 8>>>>>>><>>>>>>>: K1 logNN + o �C logNN � ; if E (�) > 2A and D (�) <12:5AC log2NN +O �C logNN � ; if E (�) > 2A and D (�) =1K2 logr�1NNAE(�)�1 +O �C logNN � ; if 1A < E (�) � 2Ar�16A log logNlogN +O � 1logN � ; if E (�) � 1A ; (55)where K1 4= �r � 12 (C + 1)�+ [(1 + ")C + "] + f2:5A [log e+D (�)]Cg ; (56)K2 4= (A+ 1)r�1 C log (C + 1) ; (57)O (�) denotes the order of �, and o (�) denotes order smaller than the order of �.The theorem demonstrates that we can achieve the order of the lower bound with a �xed complexityscheme if the transitions are large enough, while for smaller transitions we can still achieve decaying19



redundancy. The proof of the theorem is presented in Appendix B. The bounds obtained are nottight. Tighter bounds of the same orders may be obtained by a much more complicated analysisthan the one presented in Appendix B.We note the di�erent behavior of the average redundancy for di�erent transition `sizes'. IfE (�) > 1=A, it is likely that there exists a surviving path T̂ , s.t. Ĉ = C and all transitions areestimated near their true locations. For large transitions, E (�) > 2=A, the redundancy is mostlyin
uenced by the block partitioning, i.e., by estimating transitions only at block midpoints. Thisfactor increases if the PSMS contains transition of in�nite divergence, thus obtaining the secondregion of the bound. When the transitions are smaller, 1=A < (�) � 2=A, the redundancy isdetermined by the probability that the smallest transition is not detected near its true location. Ifthe PSMS contains very small transitions, E (�) � 1=A, the scheme cannot ensure a good estimateof T , and thus, we obtain redundancy of higher order.The condition that bounds the number of segments ensures that if the last transition is thesmallest one, the scheme will still create a surviving state for it. However, the condition restrictingto segments larger than O (k) is required only for mathematical convenience purposes. It obtainsthe very simple expressions for the error exponent and the PSMS divergence, presented above, buthas no e�ect on the nature of the results. Therefore, we can obtain bounds of the same order forPSMS's with shorter segments, but the mathematical representations of the error exponent andthe PSMS divergence will become much more complex, and dependent on T . (Viewing the �rstregion of the upper bound, shorter segments will increase the low order term to be of the order ofthe �rst term).6 Block CodesThe DW scheme achieves low order redundancy for some PSMS's, while for others it achievesredundancy that vanishes very slowly as O (log logN= logN). It can be shown that the LZ-78algorithm has a pointwise upper bound with the same rate. We desire a scheme that attains betterredundancy for the second group of sources, for which the DW scheme performs poorly and doesnot achieve better rate than LZ. In this section we present such a scheme, that can be combinedwith the DW scheme in order to achieve the better redundancy for any PSMS. The new scheme isreferred to as the block partitioning (BP) scheme and will be denoted by P.The BP scheme partitions the N -tuple into B blocks, and codes each block b; 1 � b � B of20



Figure 5: description of block partitioning. The horizontal line represents the time axis and the vertical lines the partitionpoints.length mb as if it were a stationary segment, using its KT estimate. The probability assigned toan N -tuple is de�ned as QP �xN� 4= Q �xN j T̂ � ; (58)where T̂ 4= nt̂1; t̂2; : : : ; t̂B�1o is independent of xN and is recursively de�ned ast̂b 4= t̂b�1 +mb; 1 � b � B � 1; (59)where t̂0 4= 1. (Hence, by de�nition, B 4= Ĉ + 1). The idea is to choose the set fmbg that will givethe fastest decay of the pointwise redundancy uniformly over all PSMS's. We will achieve decayrate slower than O (logN=N) but faster than O (log logN= logN).From eq. (15) we obtain that there is no TR, since there is a single transition path and noweighting. The redundancy is therefore obtained by trading o� the PR, which decreases with theblock length since Ĉ decreases (eq. (14)), and the DR which increases with the block length, (eq.(16)). It can be shown that for a given N , the best trade o� is achieved by selecting the blocklength as mopt = O �pN logN� ; 8b: (60)Since N is unknown in advance, we can de�ne the block length to increase with n, s.t. at timeinstant n the length of a block will be O �pn logn�. The BP block length, obtained by the followingequation, satis�es this requirement. mb = bkb log bc ; b > 1; (61)where m1 4= 1. The parameter k is a design parameter. This assignment ensures that the lastblocks will be O �pN logN� and larger than the preceding blocks, and therefore will dominate theredundancy. Figure 5 demonstrate the partitioning of an N -tuple.Theorem 4 The pointwise redundancy of the BP is bounded uniformly for all PSMS's with Ctransitions by R �xN ;P� � �r � 12pk + Cpk�s logNN + o0@s logNN 1A ; 8xN : (62)
21



The proof of Theorem 4 is presented in Appendix E. It is easy to show that if C is known inadvance, the choice of k = r � 12C (63)will obtain the best upper boundR �xN ;P� � q2 (r � 1)Cs logNN + o0@s logNN 1A ; 8xN : (64)If C is unknown, we can choose k = (r � 1) =2 to obtainR �xN ;P� � (C + 1)pr � 1p2 s logNN + o0@s logNN 1A ; 8xN : (65)The BP scheme is very simple to implement and requires a single state only. Its per-letter compu-tational complexity is O (1) and storage complexity O (logN).We can easily combine the DW and the BP schemes into a combined scheme, denoted by C.Obviously, the probability assignmentQC �xN� 4= 12QD �xN�+ 12QP �xN� (66)attains the minimal redundancy between the two schemes. The pointwise redundancy of this schemeis always upper bounded by O�q logNN � as in Theorem 4. If a PSMS satis�es the conditions ofTheorem 3, its average N -th order redundancy is upper bounded byRN (C) � 8>>>>><>>>>>: K1 logNN + o �C logNN � ; if E (�) > 2A and D (�) <12:5AC log2 NN +O �C logNN � ; if E (�) > 2A and D (�) =1� r�12pk + Cpk�q logNN + o�q logNN � ; otherwise : (67)
7 Simulation ResultsIn this section we present numerical examples of the performance of the schemes presented inSections 4 through 6, and compare them to the performance of the schemes presented in [17]-[19].We show that we achieve better performance with the new schemes and that the true redundanciesare much smaller than the upper bounds.Figure 6 compares the redundancies of both linear schemes (Willems' scheme and the optimalone) for a sequence of length 1000, drawn by a PSMS of C = 3 transitions. We use the optimalscheme with " = 0:1 to obtain better redundancy than Willems' scheme. The true performance ofboth schemes is better than the upper bound of Theorem 1.22
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becomes higher than that of the BP. At that point, the combined scheme attains the redundancyof the BP. The redundancy of the BP is shown to be of O �plogN=N�.8 Summary and ConclusionsIn this paper we investigated the problem of low complexity universal coding of a PSMS. We showedthat the entropy of the source can be asymptotically achieved with �xed complexity schemes, andthat these schemes can attain redundancies that decay faster than those obtained by any knownlow complexity scheme for coding PSMS's. Speci�cally, it was shown that the order of the lowerbound can be achieved when the transitions in the statistics are large, and for smaller transitionsthe order of its square root is achieved. The lower bound itself was achieved by an optimal linearper-letter complexity scheme that was presented. Finally, all results were supported by simulationsthat showed that in practice all algorithms perform much better than the performance suggestedby the analysis. All the schemes can be extended to more complex piecewise stationary sourcesusing context tree coding schemes.Appendix A { Proof of Theorem 2We begin the proof of Theorem 2 with a lemma.Lemma A.1 Let T̂ be a transition path that is not eliminated from the transition diagram of theDW scheme, and let Ĉ be the number of transitions assumed by T̂ . Then the pointwise TR is upperbounded as in (15) byRt �xN ;D� � � 1N logWD �T̂ � (A.1)� 1N �(1 + ") Ĉ log NkĈ + " log Nk + �Ĉ + 1� (1 + ")� Ĉ log "� ;where WD �T̂ � is the cumulative weight assigned to the path T̂ by eq. (43).Proof: The DW scheme weights all transition paths that survive in the diagram, with additionalweights obtained from paths that lead to eliminated states. Hence, unlike equality (9),QD �xN� � XT 02DWD �T 0�Q�xN j T 0� (A.2)� WD �T̂ �Q�xN j T̂ � ;25



where T 0 2 D denotes the set of (surviving) transition paths that exist in the diagram at time N ,and T̂ is one of these paths that is chosen as the estimate of the true transition path. Hence, byde�nition of TR in eq. (13), the �rst inequality of the lemma is proved, and we require an upperbound on � logWD �T̂ � to prove the second. To attain this bound, we perform a similar procedureto the proof of Theorem 1. We begin with expressing WD �T̂ � as in eq. (33), as a product of thetransition weights along the path. Since estimated transitions are �xed blocks apart, we count thepartition block number instead of the time, and denote it by b, (where b̂i represents the estimatedblock number of transition i, and sj represents the state at time instant n = b(j � 0:5) kc + 1 forj > 1, i.e. block midpoints, and n = 1 for j = 1).WW �T̂ � = 8<:Ĉ�1Yi=0 24 b̂i+1�1Yj=b̂i+1Wtr �sj = b̂i j sj�1 = b̂i�35 �Wtr �sb̂i+1 = b̂i+1 j sb̂i+1�1 = b̂i�9=; �bN=k+0:5cYl=b̂Ĉ+1 Wtr �sl = b̂Ĉ j sl�1 = b̂Ĉ� (A.3)= Ĉ�1Yi=0 8<:24 b̂i+1�1Yj=b̂i+1 C1 � Cj�b̂iC1 �Cj�b̂i�135 � �b̂i+1 � b̂i�C1 � Cb̂i+1�b̂i�19=; � bN=k+0:5cYl=b̂Ĉ+1 C1 � Cl�b̂ĈC1 � Cl�b̂Ĉ�1= 24 ĈYi=1 � �b̂i � b̂i�1�C1 35 � C1 � CbN=k+0:5c � b̂ĈC1 :The �rst equality is obtained by assigning weight for the path in each of the Ĉ + 1 estimatedsegments. Each such weight is a product of self transitions within the segment multiplied by thetransition weight to the next segment. The last term naturally does not exist for the last segment.We note that the number of points is bN=k + 0:5c instead of N since transitions only take place atblock midpoints. The second equality is obtained by substituting the values of the weights using eq.(43). By the telescopic property of the products, we obtain the last equality. Taking the negativelogarithm of the weight of the estimated transition path we attain� logWD �T̂ � = � ĈXi=1 log � �b̂i � b̂i�1�+ �Ĉ + 1� logC1 � log �C1 � CbN=k+0:5c�b̂Ĉ� : (A.4)The �rst term of the last equation can be upper bounded using Jensen inequality by� ĈXi=1 log � �b̂i � b̂i�1� = ĈXi=1 (1 + ") log �b̂i � b̂i�1� (A.5)� (1 + ") Ĉ log NkĈ :Using the last two equations, the bounds of (34) and the assumption that b̂Ĉ > 1, we conclude theproof of the lemma. 26



Proof of Theorem 2: We now use the lemma to prove Theorem 2. The heart of the proof isthe choice of T̂ . Let T̂ 4= f1:5k + 1; 4:5k + 1; 7:5k + 1; : : :g. The path T̂ is a partition of N intoblocks of length 3k. By de�nition of the DW scheme, a state is never eliminated before it is usedfor coding at least 3:5k data letters. Hence, the path T̂ always exists in the transition diagram andthus can be used to estimate T . By de�nition of T̂ , N= (3k)�1 � Ĉ � N= (3k)+1. Using eq. (14),the PR can be upper bounded byRp �xN ;D� � r � 16 log kk +O�1k� : (A.6)Substituting Ĉ in eq. (A.1), we bound the TR byRt �xN ;D� � (1 + ") log 63k +O� logNN � = max�O�1k� ; O� logNN �� : (A.7)To obtain the upper bound for the DR in the worst case where each transition contributes themost, we assume at most a single true transition in each block obtained by T̂ . Since the blocks areof length 3k, the DR is bounded, using (16), byRd �xN ;D� � 3CkN = O�CkN � : (A.8)Since Rp is the dominant term, the theorem is proved.Appendix B { Proof of Theorem 3To prove Theorem 3, we address two di�erent regions of the error exponent separately. For E (�) �1=A, we simply use the upper bound of Theorem 2 that applies to the redundancy of any sequence,and thus can be applied to the average redundancy for PSMS's with small error exponent.We now prove the upper bounds for the other three regions. To analyze the average redundancywe select a surviving path T̂ , that is most likely to be a good estimate of the true path T . Thispath is used to form a division of all data sequences drawn by the PSMS into two disjoint sets.The �rst is the set of N -tuples for which T̂ is a good estimate, i.e., all transitions are estimatednear their true time unit. The second set contains all the other N -tuples. We then upper boundthe probability of each set and the average redundancies of all N -tuples in the set. Summing upboth terms we obtain an upper bound for the average redundancy.Let T̂ = T̂ �xN� be an estimate of the true path T , s.t. T̂ connects the C +1 states of highestmetric (including the �rst state s = 1) and Ĉ = C. It is assumed as a condition of the theoremthat C + 1 � S. Hence, we will always have C + 1 states of highest metric, and therefore, this27
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Proposition B.2 Rd �xN� � 2:5C k logNN +O�CkN � ; 8xN 2 �F ; (B.3)R �xN� � 2:5AC log2NN +O�C logNN � ; 8xN 2 �F : (B.4)Proposition B.3 Pr � �F � � RNd �D j �F � � 2:5 [log e+D (�)]C kN + o�CkN � ; (B.5)Pr � �F � � RN �D j �F � � K1 logNN + o�C logNN � : (B.6)We will use the path S to estimate the transition paths of all N -tuples in F , for which T̂ isnot a good estimate, and T̂ to estimate the paths of N -tuples in �F . Since the path S assumes thewhole N -tuple is coded as a single stationary block, we can use eq. (16) with m = N and s = C+1to upper bound Rd �xN ; D�,Rd �xN ; D� � m log sN = log (C + 1) ; 8xN 2 F: (B.7)The path S assumes no transitions. Therefore, using Lemma A.1 we obtain TR of O (logN=N)and using eq. (14) we obtain PR of the same order. ThusR �xN ; D� � log (C + 1) +O� logNN � ; 8xN 2 F: (B.8)Using this bound and Proposition B.1 and taking k = A logN and (A logN + 1) � (A+ 1) logN ,we can upper bound the �rst term of eq. (B.1) byPr (F ) �RN (D j F ) � (A+ 1)r�1C logr�1NNAE(�)�1 � �log (C + 1) +O� logNN �� : (B.9)Summing up eqs. (B.9) and (B.6) of Proposition B.3, we obtain an upper bound on the averageredundancy for D (�) <1. If E (�) > 2=A the term of (B.6) is dominant, thus obtaining the �rstregion of the upper bound. If 1=A < E (�) � 2=A the term of (B.9) is dominant, resulting in thethird region of the upper bound. If E (�) � 1=A the upper bound of (B.9) is no longer useful. IfD (�) =1, we upper bound the probability of �F by 1, and eq. (B.4) of Proposition B.2 results inthe dominant term of the redundancy if E (�) > 2=A, obtaining the second region of the bound.This concludes the proof of Theorem 3.
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Appendix C { Proof of Proposition B.1We begin the proof of Proposition B.1 with a few de�nitions. We then present and prove a lemma,upon which we base the proof of the proposition. Let T̂ be de�ned as in Appendix B, and letti; 0 < i � C be the i-th true transition and si the block that contains ti. The distribution beforeti is Pi�1 and at ti it becomes Pi. Now, let r be any block, s.t. sj + 1 < r < sj+1 � 1; 0 < j � C,where for generalization we de�ne s0 4= 0 and sbN=kc 4= bN=kc + 1. Block r is de�ned s.t. blocksr � 1, r and r + 1 are entirely within the single true stationary segment j with distribution Pj .Lemma C.1 If xN 2 F there exist si and r as de�ned above s.t. M (si) � M (r), where bothmetrics are obtained from non-overlapping blocks.Proof: For transition in a block sl, there are at most three states sl � 1, sl and sl + 1 that mayhave metrics obtained by data of two di�erent stationary segments. The DW scheme allows atmost one of these three consecutive states to survive in the diagram and eliminates the other two.By de�nition of F , there exists t̂i, s.t. ���t̂i � ti��� > 2:5k. Thus, there is a transition ti, for which allthese three states were eliminated. But since Ĉ = C, this transition has an estimate. This estimatemust be at some block r, s.t. r and its neighboring blocks are entirely within a stationary segment,because all surviving states with metrics obtained from two di�erent segments are associated withother true transitions. Since si is eliminated and it is assumed the distance between transitions islarger than O (k), it must be that si was eliminated because M (si) � M (r). One of the blocksused to obtain M (r) may still overlap a block used for a metric of some sj, but sj 6= si since���t̂i � ti��� > 2:5k.As a result of the lemma, we can bound Pr (F ) byPr (F ) � Pr f9si; r : M (si) �M (r)g 4= Pr (A) : (C.1)We base the proof of the Proposition on this result. We select some �xed si and r, and upperbound the probability of event Air 4= fM (si) �M (r)g. Then we use the union bound twice, onceover all possible values of r and then on the values of i to upper bound the probability of the r.h.s.of inequality (C.1), which we denote as the probability of event A.Observe some �xed si and r as de�ned above. For convenience, let us de�ne a 4= si�1, b 4= si+1,c 4= r � 1 and d 4= r + 1. Figure C.1 illustrates this block partitioning. We de�ne the empiricaldistribution P� of block � as P� (u) 4= n� (u)k ; 8u 2 �; (C.2)30
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We de�ne Bir asBir 4= nxN1 : D (PcjjPj) +D (PdjjPj) � D (PajjPab) +D (PbjjPab)o ; (C.9)Since Air � Bir,E (Pi�1; Pi; Pj) � minBir fD (PajjPi�1) +D (PbjjPi) +D (PcjjPj) +D (PdjjPj)g (C.10)� minC fD (PajjPi�1) +D (PbjjPi) +D (PajjPab) +D (PbjjPab)g= minC 8><>: Px2� Pa (x) log 2P 2a (x)Pi�1(x)[Pa(x)+Pb(x)] +Px2� Pb (x) log 2P 2b (x)Pi(x)[Pa(x)+Pb(x)] 9>=>; ;where the constraint C is de�ned byXx2�Pa (x) = Xx2�Pb (x) = 1: (C.11)The second inequality is obtained by applying the constraint of Bir, while the last equality isobtained by de�nition of divergence and by expressing Pab (x) as 0:5 (Pa (x) + Pb (x)). The con-strained minimization is performed using Lagrange multipliers. We de�ne the functional J (Pa; Pb)as J (Pa; Pb) 4= Xx2�Pa (x) log 2P 2a (x)Pi�1 (x) [Pa (x) + Pb (x)] +Xx2�Pb (x) log 2P 2b (x)Pi (x) [Pa (x) + Pb (x)]+�a Xx2�Pa (x)� 1!+ �b  Xx2�Pb (x)� 1! : (C.12)It is straightforward to show that the Hessian metrix of J (Pa; Pb) w.r.t. Pa (x) and Pb (x) forx 2 � is positive de�nite. Hence the functional is convex and obtains the minimum where the �rstderivatives are zeros. By di�erentiation we obtainE (Pi�1; Pi; Pj) � �2 log Px2�pPi�1 (x)Pi (x) + 12 : (C.13)Substituting the error exponent by its minimal value over all transitions, we can upper bound theprobability of Air by Pr (Air) � 2�k[E(�)� r�1k log(k+1)]: (C.14)Using the union bound and accounting for all bN=k � 3Cc < N values of r �rst and then for all Cvalues of i, we obtain the upper bound on Pr (A), and by using eq. (C.1) we apply this bound toPr (F ) and conclude the proof of Proposition B.1.32



Appendix D { Proofs of Propositions B.2 and B.3In this appendix we present the proofs of Propositions B.2 and B.3, that summarize the contributionof event �F to the average redundancy. The di�culty in proving Proposition B.3 lies in the factthat the time instants of the estimates t̂i vary for di�erent N -tuples xN 2 �F , thus, we cannotassume anything about the distances ���t̂i � ti��� except that they are bounded by 2:5k. We beginwith analyzing the DR of an N -tuple xN 2 �F by breaking it into C + 1 terms, each represents thecontribution of a single segment. We then break each such term into two di�erent terms, whichare analyzed separately. For each term we obtain a pointwise upper bound and an average one.Finally, we reconstruct the total DR by adding all the separate terms in a pointwise manner toprove Proposition B.2 and in the average to prove Proposition B.3. The second parts of bothpropositions are obtained by adding the PR and the TR to the DR. Throughout this section, weuse the de�nition of T̂ presented in Appendix B.We begin with some de�nitions. For 0 � i � C, we de�ne the following block lengths.ai 4= max �ti � t̂i; 0� ;bi 4= max �t̂i � ti; 0� ; (D.1)ci 4= min�ti+1; t̂i+1��max �ti; t̂i� :We note that a0 = b0 = 0 and that for any i, either ai or bi must be zero. For generalizationpurposes we de�ne aC+1 = bC+1 4= 0. We next de�ne the vectors associated with each length.xia 4= �xt̂i ; xt̂i+1; : : : ; xti�1�xib 4= �xti ; xti+1; : : : ; xt̂i�1� (D.2)xic 4= �xti+bi ; xti+bi+1; : : : ; xti+1�ai+1�1� :If the last index of a vector is smaller than the �rst, the vector will be the empty vector � byde�nition. Therefore, for every i either xia or xib must be the empty vector. The probability of theempty vector with any distribution will be de�ned as 1. The nonempty vectors obtained from theC + 1 sets of the above three vectors are a complete parsing of the N -tuple into disjoint strings.Hence, we can express the DR as the sum of the contributions of all these vectors, where thecontribution of � is zero. Finally, the empirical distribution of vector xi� 6= � is de�ned asP i� (u) 4= ni� (u)�i ; 8u 2 �; (D.3)where ni� (u) is the number of occurrences of u in xi�. Figure D.1 demonstrates the de�nitionspresented above. Each sting xi� is noted by its length �i.33
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xic are drawn by Pi, but are assumed to be drawn by Qi�1 and Qi respectively. The last equalityis obtained by noticing that x0a = x0b = �. We summarize the pointwise and average bounds of riand Ri in the following lemma.Lemma D.1 ri � ai + bi+1N log e; 0 � i � C; (D.7)Ri � (ai + bi) logNN ; 1 � i � C; (D.8)Pr � �F �E �Ri j �F � � 2:5kN [D (Pi�1jjPi) +D (PijjPi�1)] + o� kN � ; 1 � i � C: (D.9)The proof of the lemma is presented at the end of this section. Using eq. (D.7) and noting thata0 = bC+1 = 0, we obtain CXi=0 ri � CXi=1 ai + biN log e � 2:5 (log e)C kN ; (D.10)where the last inequality is obtained by the fact that for each i either ai or bi must be zero and thede�nition of �F that ensures that either must be bounded by 2:5k. Similarly, we can show thatCXi=1Ri � 2:5C k logNN : (D.11)Adding both bounds of the last two equations, we conclude the proof of the �rst equation ofProposition B.2. The proof of Proposition B.2 is concluded by simply adding the bounds for thePR and TR in eq. (14) and (A.1) respectively with Ĉ = C and taking k = A logN , noticing the DRis the dominant term. Proposition B.3 is proved similarly to Proposition B.2 with one di�erence.Instead of taking the bound on Ri of eq. (D.8), we take the upper bound of (D.9) for the averageRi over all transitions to obtain D (�). To conclude this section, we present the proof of LemmaD.1.Proof of Lemma D.1: Eq. (D.7) and (D.8) are proved by straightforward manipulations. Beforeproving eq. (D.9) we present and prove another lemma. We can upper bound ri in the followingmanner. ri 4= 1N log Pi �xic�Qi (xic) (D.12)= ciN Xx2�P ic (x) log Pi (x)Qi (x) (D.13)� ciN Xx2�P ic (x) log Pi (x)ciAiPi (x) (D.14)35



= ciN log Aici (D.15)� 1N limci!1 ci log Aici = ai + bi+1N log e: (D.16)Eq. (D.13) is obtained by representing the probability of vector xic as the sum of the probabilities ofits components. Using the de�nition of Qi in (D.5) we obtain inequality (D.14). We note that thefunction on the l.h.s. of inequality (D.16) is an increasing function of ci in order to upper bound itby its value for ci ! 1. Finally, we use L'hospital rule to obtain this value, concluding the proofof eq. (D.7). We perform similar analysis to show thatRi � aiN log Aiai + biN log Aibi (D.17)� ai + biN logN:The second inequality is obtained by taking Ai ! N and discarding the denominators of the termsinside the logarithms, thus concluding the proof of eq. (D.8).Lemma D.2 1N log Pi�1 �xia�Qi (xia) � 1N log Pi�1 �xia�Pi (xia) + o� kN � ; (D.18)1N log Pi �xib�Qi�1 �xib� � 1N log Pi �xib�Pi�1 �xib� + o� kN � :Proof of Lemma D.2: We prove the �rst inequality, but the same analysis can be performed to provethe second. We �rst upper bound the expression log (Pi�1 (x) =Qi (x)) for x 2 � where Pi+1 (x) > 0.log Pi�1 (x)Qi (x) = log Pi�1 (x)1Ai [aiPi�1 (x) + ciPi (x) + bi+1Pi+1 (x)] (D.19)� ciAi log Pi�1 (x)Pi (x) + bi+1Ai log Pi�1 (x)Pi+1 (x)� log Pi�1 (x)Pi (x) + o (1) :The �rst inequality is obtained by Jensen's inequality and the second by the assumption thattransitions are larger than O (k) apart, thus O (Ai) > O (bi+1). We now show that we can obtainthe same bound when Pi+1 (x) = 0. We de�ne Bi 4= ai + ci.log Pi�1 (x)Qi (x) = log AiBiPi�1 (x)aiBiPi�1 (x) + ciBiPi (x) (D.20)� log AiBi + ciBi log Pi�1 (x)Pi (x) � log Pi�1 (x)Pi (x) + o (1) :36



The �rst inequality is obtained by Jensen's inequality, and the second by the fact that O (Bi) >O (bi+1), since transitions are larger than O (k) apart. We obtain the inequality by the well knownfact that if x! 0, log (1 + x) = o (x). Summing up for all terms of xia we obtain that1N log Pi�1 �xia�Qi (xia) = aiN Xx2�P ia (x) log Pi�1 (x)Qi (x) (D.21)� aiN Xx2�P ia (x) �log Pi�1 (x)Pi (x) + o (1)�= 1N log Pi�1 �xia�Pi (xia) + o� kN � ;which concludes the proof of Lemma D.2.To conclude the proof of Lemma D.1, we �rst extend the de�nition of ai and bi s.t.ai = bi = 0; 1 � i � C; 8xN 2 F: (D.22)The respective strings xia and xib are de�ned as the null strings. We de�ne � 4= 2:5k, and for all i,s.t. 1 � i � C, we make the following de�nitions.ui 4= �� ai; (D.23)vi 4= �� bi;xiu 4= (xti��; xti��+1; : : : ; xti�ai�1) ;xiv 4= (xti+bi ; xti+bi+1; : : : ; xti+��1) :The idea is to create the concatenated strings xiua and xibv, s.t. the �rst will contain all the � lettersright before the i-th true transition and the second the � letters right after the transition, for allxN 2 �N . By using this notation, we can generalize the analysis for Ri and average over xN . Weconclude by showing the proof of eq. (D.9), for convenience, we omit the superscript i from allvectors.Pr � �F �E �Rij �F � = 1N XxN2 �F Pr �xN� log Pi�1 (xa)Pi (xb)Qi (xa)Qi�1 (xb) (D.24)� 1N XxN2 �F Pr �xN� log Pi�1 (xa)Pi (xb)Pi (xa)Pi�1 (xb) + o� kN � (D.25)� 1N XxN2 �F Pr �xN� �����log Pi�1 (xa)Pi (xa) ����+ ����log Pi (xb)Pi�1 (xb) �����+ o� kN � (D.26)� 1N XxN2�N Pr �xN������log Pi�1 (xa)Pi (xa) ����+ ����log Pi (xb)Pi�1 (xb) ���� (D.27)+ ����log Pi�1 (xu)Pi (xu) ����+ ����log Pi (xv)Pi�1 (xv) �����+ o� kN �37



� 1N XxN2�N Pr �xN��log Pi�1 (xa)Pi (xa) + 2 log ee Pi (xa)Pi�1 (xa) (D.28)+ log Pi (xb)Pi�1 (xb) + 2 log ee Pi�1 (xb)Pi (xb)+ log Pi�1 (xu)Pi (xu) + 2 log ee Pi (xu)Pi�1 (xu)+ log Pi (xv)Pi�1 (xv) + 2 log ee Pi�1 (xv)Pi (xv) �+ o� kN �= 1N Xxua2�� Pi�1 (xua) log Pi�1 (xua)Pi (xua) + (D.29)1N Xxbv2�� Pi (xbv) log Pi (xbv)Pi�1 (xbv) + o� kN �= 2:5kN [D (Pi�1jjPi) +D (PijjPi�1)] + o� kN � : (D.30)Inequality (D.25) is obtained by Lemma D.2. We then upper bound the two logarithm termsby their absolute value to obtain eq. (D.26), and add non-negative terms for (D.27). The boundjlog xj � 2 log ee 1x + log x (see [5]) is then used to obtain (D.28). Finally, we discard all data lettersindependent of xua and xbv and realize that the distributions of xua and xbv are Pi�1 and Pirespectively (eq. (D.29)), and hence we obtain the sum of divergences in (D.30) multiplied by thelength of the strings 2:5k, concluding the proof of (D.9).Appendix E { Proof of Theorem 4To prove Theorem 4 we �rst need to upper bound the number of blocks B. We then use this boundto upper bound both the PR and the DR. By de�nition of the schemeN � 1 + B�1Xb=2 bkb log bc � B�1Xb=1 [kb log b� 1] (E.1)� k Z B�10 x log xdx�B = k log e2 hx2 (lnx� 0:5)iB�10 �B= k2 �(B � 1)2 log B � 1pe ��B = k2B2 logB �O �B2� :Therefore, N +O �B2� � k2B2 logB: (E.2)To satisfy the last equation, we must haveB � r4ks NlogN + o s NlogN ! : (E.3)38



As a result of the discussion before eq. (14), each block of length mb, coded by the KT estimate,produces r�12 logmb +O (1) extra PR bits. Hence, we can upper bound the PR byRp �xN ;P� � r � 12N BXb=1 [log bkb log bc+O (1)] (E.4)� r � 12N " BXb=1 log (kb log b) +O (B)# (E.5)= r � 12N "B log k + log (B!) + BXb=1 log log b+O (B)# (E.6)� r � 12N [B logB +O (B log logB)] = r � 12pk s logNN + o0@s logNN 1A : (E.7)Eq. (E.6) is obtained by opening the expression inside the logarithm, and inequality (E.7) by thefact that B! � BB.It is obvious from (16) that the largest DR is obtained for PSMS's with true transitions at themidpoints of the last C blocks. For these PSMS's we can upper bound the DR byRd �xN ;P� � CmBN � CkB logBN = Cpks logNN + o0@s logNN 1A : (E.8)We conclude the proof of Theorem 4 by summing up the last two upper bounds.AcknowledgmentThe authors gratefully acknowledge Professor J. Ziv, who served as the �rst author's M.Sc. co-adviser, for his helpful suggestions.
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