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Abstract
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for memoryless sources with abruptly changing statistics. The first method, which improves on
Willems’ weighting approach, asymptotically achieves a lower bound on the redundancy, and
hence is optimal. The second scheme achieves redundancy of O (log N/N) when the transi-
tions in the statistics are large, and O (loglog N/log N) otherwise. The third approach always
achieves redundancy of O (\/bgT/N) Obviously, the two fixed complexity approaches can be
easily combined to achieve the better redundancy between the two. Simulation results support
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1 Introduction

Traditional sequential universal lossless source coding schemes are usually designed for classes
of stationary sources. Not surprisingly, these schemes may perform poorly when the source is
non-stationary, unless some adaptation mechanism is applied. While adaptive schemes such as
the dynamic Huffman code [4], [9], [15], [22] and variations of the sliding-window Lempel-Ziv
algorithm [21], [24], [25] have been developed and applied for general non-stationary sources, much
less attention has been devoted to systematic, rigorous theoretical development of universal codes
for simple classes of non-stationary sources. One example of such a class is that of memoryless
sources with piecewise fixed letter probabilities [11]-[12], [16]-[19], namely, sources for which the
probability mass function (PMF) is subjected to occasional abrupt changes. This model is useful
in several application areas, like compression of speech or text retrieved from several sources, edge

information in images, and abrupt scene changes in video coding.

In this paper, we adopt this simple model of piecewise stationary memoryless source (PSMS).
Neither the source parameters at any stationary segment, nor the transition locations and their
number are assumed to be known in advance. One can show that traditional adaptation mechanisms
combined with classical compression schemes perform poorly for this class. Dynamic Huffman
coding requires large block length, and thus exponentially large dictionary, in order to approach
the entropy even in a stationary segment. Variations of the Lempel-Ziv algorithm require increasing
window length, which results in slow convergence to the source entropy. One may use adaptive
entropy coding w.r.t. estimated letter probabilities across a sliding window or an exponential one.

But such estimates have non-decaying variance, and thus yield poor coding performance.

This calls for a different approach. First, recall the well-known fact that, ignoring asymptotically
negligible integer length constraints, the problem of sequential lossless coding (using e.g., arithmetic
coding [7], [8]), is completely equivalent to the problem of sequential probability assignment, where
the length function of the code is understood as the negative logarithm of the assigned probability,

i.e., the ideal code length. From this point on, we treat the latter problem.

To the best of our knowledge, universal coding for the PSMS model was first investigated by
Merhav [11] (see also [12]). Merhav showed that the average universal coding redundancy over
all sequences of N letters, drawn by almost any PSMS with C transitions from an alphabet of r

letters, is lower bounded by

RN2(1—€)<%(C+1)+C>$. (1)



This bound was presented as a sum of two terms: The first term, henceforth referred to as parameter
redundancy (PR), corresponds to universality w.r.t. the unknown source parameters within each
stationary segment. It consists of 0.5log N/N bits per symbol for each component of the parameter
vector and each stationary segment (see, Rissanen [13]). The second term, henceforth referred to as
transition redundancy (TR), corresponds to universality w.r.t. the unknown transition times from
one stationary segment to another. This term consists of log N/N bits per symbol for each such

transition.

In [11], Merhav also demonstrated a universal compression scheme for the PSMS that achieves
this lower bound. This scheme employs the method of mixtures in two stages. The first-stage mix-
ture gives Krichevsky-Trofimov probability estimates [10] for each set of transition times, henceforth
referred to as transition path. The second-stage mixture is performed over all possible transition
paths. A strongly sequential version of this scheme was also obtained. That is, a scheme that
sequentially updates the conditional coding probability of the next symbol given the past, indepen-
dently of the future and of the horizon N. Merhav’s scheme is of linearly increasing per-letter coding
complexity, when we assume at most a single transition. It can be generalized to any fixed number
of transitions, yielding an algorithm of polynomially increasing complexity, and to an exponentially

increasing complexity scheme if no assumption of a fixed number of transitions is made.

Three strongly sequential schemes of smaller, but still increasing complexity, for universal coding
of PSMS’s were later proposed by Willems [16]-[19]. These schemes are all based on context tree
coding [20] combined with arithmetic coding. They all obtain redundancy of at least O (log N/N),
but with coefficients larger than the coefficient of the lower bound in [11]. Willems implemented
two-stage mixtures as described above by constructing suitable state diagrams for the second-stage
mixture. The weight of a transition path in the mixture is hence obtained by state transition
weights along the path. The first two schemes ([16]-[18]) take into account all transition paths. In
[17] and [18] all transition paths that assume the same most recent transition time are unified into
one trellis state. This results in linearly increasing per-letter computational complexity, storage
complexity of O (Nlog N) and redundancy of 0.5 (C + 1) log N/N beyond the lower bound. The
second scheme [16], [17] groups transition paths into states according to both the last transition
time and the hypothesized number of transitions thus far. The diagram results in more states, each
representing less transition paths. This leads to quadratically increasing per-letter complexity and
a total redundancy of 0.5log N/N beyond the bound. The third approach, proposed recently in

[19], selectively eliminates states according to the time they were created. This scheme is still of



increasing complexity of O (log N) and achieves per-letter redundancy of O (log2 N/N) overall. To

the best of our knowledge, no fixed complexity universal scheme has been obtained for PSMS’s.

In this paper, we derive, analyze and present simulation results of three new universal strongly
sequential data compression schemes for PSMS’s based on context tree coding. The first scheme
achieves the lower bound on the redundancy, whereas the two other schemes provide slower decay
rate of the redundancy, but have fized complexity (and logarithmic bit storage complexity). The first
scheme is a generalization of Merhav’s scheme which uses Willems’ linear transition diagram with
different weights. Similarly as Willems’ scheme, it is of linearly increasing per-letter complexity.
Unlike all the schemes presented in [11], [16]-[19], for which the number of states grows with
time, the last two schemes have fixed number of states, and hence can be applied for practical
purposes. Although the convergence rate does not meet the bound, it is better than any existing

low-complexity scheme for PSMS’s.

The second scheme combines decisions based on the observed past with a reduced-state transi-
tion diagram, using different state transition weights than those used by Willems. It uses decisions
to eliminate unlikely states in the diagram, thus preserving a fixed number of states. This scheme
achieves average redundancy of O (log N/N) for large transitions if the number of stationary seg-
ments is upper bounded by some constant S, that depends on the design parameters of the scheme.
Otherwise, pointwise redundancy (for any N-tuple) of at most O (loglog N/log N) is obtained. In
the third scheme, we partition the data sequence into smaller blocks and encode each one separately.
Using the optimal block length, we achieve pointwise redundancy of O (\/W) Simulations
show that the true redundancies of the last two schemes are even better than the upper bounds

obtained.

We can easily combine both fixed complexity schemes to obtain the better redundancy between
the two for any sequence. We hence obtain a maximum upper bound of O (\/log N/N ), which is

better than the currently known O (1/log N) upper bound of the Lempel-Ziv algorithm.

The outline of this paper is as follows. Section 2 contains notation and definitions. In Section
3 we generalize the analysis for the redundancy of a coding scheme. Section 4 presents the first
scheme of linear per-letter complexity. In Section 5, we describe and analyze the second scheme of
decisions and weighting. Section 6 presents the block partitioning scheme along with the analysis
of its rate of convergence. Numerical results are presented in Section 7. Finally, in Section 8, we

present the summary and conclusions of this work.



2 Notation and Definitions

Let {Py} be a parametric family of memoryless stationary PMF’s of vectors whose components
take on values in a finite alphabet ¥ of size r. The parameter 6 designates the r — 1 dimensional
vector of letter probabilities. A string drawn by the source from time instant 7 to time instant
J (zi,@ig1,...,25), 7 > 1, will be denoted by xf Let 2 LN 2 (1,29,-..,Zp,...,ZN) be a
string emitted from an r-ary PMF whose parameter 6 takes on a particular value 6y from n =1
ton =t —1; then 8 = 61 from n = ¢; until n = ¢5 — 1, and so on. Finally, from n = t¢ to
n = N, 6 is held at . The vectors {z1,..., 24, 1}, {Zty,-- - Tto—1}, -, {Zty, .-, xn} will be
referred to as stationary segments, and correspondingly, 0,61, -, 0¢c will be called the segmental
parameters. It will be assumed that the different segments are statistically independent. The
extended vector (6,01, ...,0¢c) will be denoted by O, and will be referred to as the parameter set.
The C' dimensional vector, representing the C time instants before which transitions take place,
(t1,t9,...,tc), will be denoted by T, and referred to as the true transition path. For convenience,
we define tg 2 1 and to4q = N + 1. We will assume that the number of transitions C is either
fixed or is of lower order than the time n. Noting that C' is a function of the dimension of the other

parameters, the PMF of the PSMS is parameterized by the pair {©, T}, and defined as follows.

c
P('IJN | @,T) :HPHI (mtia"'amti+1*1)a (2)
i=0
where the PMF of each segment is obtained by
tiy1—1
Pai (mtia"' 7mt1‘+1*1) = H Pg,‘ (7;71) (3)
T
ued

where Py, (zy,) is the probability of the letter z, drawn by Py,, which for simplicity, will be denoted

by P;, and nZ*rl (u) denotes the number of occurrences of u € 3 within the 4-th segment.

The per-letter average entropy of a PSMS is obtained by

||l>
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where H (6;) is the entropy of the i-th segment.

Since we assume no prior knowledge of {O, T}, we will not be able to assign the true probability
of the sequence for a coding scheme. Instead, we will seek a universal sequential probability

assignment that will implement a two stage mixture and will serve as the basis for arithmetic



coding. The probability assigned to the substring 2" by an algorithm .4 will be denoted by Q 4 (z").
To enable sequential updating of () 4, the conditional probability Q4 (7, | 2" ') defined by [13] as

Qa(wn [ 2" 1) £ Qu ") /Qu (=" "), (5)

must be well defined. Additionally, in order to enable the use of arithmetic coding, the assigned
probability must fulfill the terms described in [20]
Qa(eh) = Y Qual), Vot exn, (6)
Tp€EX

where the probability of the empty string is one by convention.

The first-stage mixture, implemented to obtain the assigned probability, is performed for a given
transition path. The conditional probability assignment @) (:rN \ 7") given any transition path
T' = (t},....ty), is recursively defined using the Krichevsky-Trofimov (KT) empirical estimates
[10], that result from mixing the parameter with a Dirichlet(0.5) prior. The KT estimates will be

used with relative frequency counts that are reset at every hypothesized transition. Specifically,

the conditional letter probability is defined as

t—1 1
n ' (U) + b
Q(Xi=ulai™,7T) éﬁ t<t<th, Vuey, (7)
) 2
and the probability of an n-tuple is obtained by
7l .
Q| T) = T[Q (% 2. 7) (8)
i=1

= Qa7 1 T) Q| 277 T),
where z{ represents the null string, whose probability is one by convention.

To implement the second stage mixture, the probability assigned to an N-tuple will be a
weighted sum of conditional probability assignments given transition paths. Each probability as-
sumes a different path 7' from a set of paths {7} 4, selected by the algorithm A. Each path will
be weighted with some weight function W4 (T').

Qa(s")= > wa(m)Q (N |T). 9)
T'e{T}
The weight function must be non-negative for all 7' and satisfy

Y Wa(T) =1 (10)
T'e{T}



The idea of the coding scheme is to construct a group {7}, that always includes the true
transition set 7, or at least a good estimate T of T, that induces large values of @) (:UN | 7')
and Wy (7’) Such an estimate 7 defines a triplet {C’,@,'f'}, where © is defined by convex
combinations of the true segmental parameters ; along each hypothesized segment. The weights
of each convex combination are the relative durations of each 6; within the hypothesized segment
of 7. For example, if T = {aN +1}, 0 < a < 1, i.e., a single true transition, but we estimate
no transitions, i.e., 7 = ¢, then © = {é[]}, where 6y = afy + (1 — @) ;. We define the probability
assignment for an estimated PSMS as @) (mN \ e, 'f'), similarly as in eq. (2).

3 The Redundancy

The pointwise redundancy of scheme A for an N-tuple 2% is defined as

1 P(acN | @,T)
N 108 Qa(zN) 7

N
ignoring negligible integer length constraints. The (expected) N-th order redundancy of scheme A

R (s A) = (11)

is defined as

A
By (A) = Bory R («"; )] (12)
where Eg 1} denotes the expectation w.r.t. a given PSMS {©, T'}.

The pointwise redundancy of an N-tuple for a PSMS can be expressed as

R(mN;A) =

= Ry (mN;A) +R, (mN;A) + Ry (rI:N;A)

Eq. (13) decomposes the pointwise redundancy into three terms: Ry - transition redundancy (TR),
R, - parameter redundancy (PR), and Ry - decision redundancy (DR). The TR reflects universality
w.r.t. the transition path. The PR is the cost of universality w.r.t. © for a given transition set.
The DR is the additional redundancy caused by estimation error of the transition path and the
segmental parameters it imposes. These terms all depend on the specific algorithm, but of course,

it is the total redundancy that should be compared to the lower bound.

Assigning the KT estimate to a stationary segment of length m results in additional % log m +
O (1) code bits of unnormalized PR for that segment [10], [14], similarly to Rissanen’s lower bound.

Hence, using the conditional probability assignment of egs. (7)-(8) for @ (.’I,‘N | 'i') results in extra



code length, that is the sum of the additional code bits obtained for each of the segments imposed by
T. Using the Jensen inequality and normalizing by N, we conclude that the PR is upper bounded
by

N N
R, (rI:N;A) < Tgl (C‘+1) log]\f“ +0 (%) (14)

From eq. (9) and the definition of TR in (13), we obtain that the TR depends on the weight of 7

and is upper bounded by

v T
R, (mN;A) 2 %log% (15)
_ 1. Q(aV | 7)

N e Wa(T) QN [ T7)

< —%log W4 (7') .

The inequality holds by definition of 7. The DR results from coding more than one true stationary
segment as if it were a single stationary block. Assume the block Tzﬂn of length m contains data
drawn by s distributions P, 1 to P15, and assume this block is coded as if it were drawn by a
stationary PMF @, then () is defined as the convex combination of the true distributions, where each
PMF P, is weighed by its relative duration in the block. It is easy to show that the contribution to
the DR of this block is upper bounded by the entropy of the relative durations vector multiplied by

m and normalized by the complete sequence length N. Since the vector consists of s components,

we can bound the contribution of this block to the DR by

; mlog s
Ry (w75 4) < 555 (16)

The DR of an N-tuple is the sum of the contributions of all segments hypothesized by T.

4 An Optimal Linear Per-Letter Complexity Scheme

The scheme presented in this section and denoted by W, uses Willems’ linear weighting scheme
[17], [18] to group transition paths into states in a diagram, but with different weight functions,
corresponding to the scheme in [11]. It will be shown to achieve the lower bound on the redundancy,

as opposed to Willems’ scheme.

The idea of Willems’ linear scheme is to implement the mixture method using a linear transition
diagram that contains all possible transition paths, as illustrated in Figure 1. This trellis reduces

the exponential complexity and still enables weighting of all transitions paths. A directed path
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Figure 1: linear transition diagram at time instants 1 to 4. A number in a state box denotes the most recent transition point

of the state represented by the box. The time is denoted below the graph.

along the diagram represents a transition path. Horizontal move denotes that the source remains
in the same stationary segment. An upward move in the graph represents a transition of the source.
A box in the diagram represents a state. State s,, at time n is defined as the time instant of the most
recent transition within the period 1 < ¢ < n. Each state is assigned a weight G (z] | s, ) associated
with the subsequence z7, in order to implement the weighting procedure. The probability assigned

to «7 is the sum of the weights of all states in the diagram at time n.
A n
Qw ) 2 Y Gt | sn). (17)
Sn—=1

We note that by definition of a state, the diagram will always consist of n states at time n, that

form a partition of all transitions paths into n disjoint sets.

The weight of a state is recursively defined by the KT estimates and the transition rules of the

trellis. The KT probability of letter x,, at state s,, is obtained, similarly as in (7), by

n—1 (Tn) + %

AN
T | sn) = 22 2 18
Qan | sn) & (18)

The only two possible transitions from state s, at time n to state s,y; at time n + 1 are the self
transition, i.e., sp41 = S, and sp,4+1 = n + 1, i.e., transition to the only new state formed at time

n + 1 that assumes a source transition between time n and time n + 1. Associated with each such



transition, there is a weight Wy, (sp41 | $n), where
Wi (Snt1=8n | $n) + Wiy (Spy1=n+1 | s,) = L. (19)
The weight of a state is therefore recursively updated by

Wi (Sn = Sp—1 | Snfl) -G (.’IJ?71 | Snfl) , Sp <N

G (27 | sn) = Q (zn | sn) - _— ] o1 '
Zj:l Wiy (Sn:n ‘ Snflzj)G(ml | Sn71:.7)7 Sp ="

It is easy to see that the weight assigned to a state by this procedure is a weighted sum of the KT
estimates assigned to all transition paths 7, of order n that lead to this state,
G} [sn)= D> W(T,) Q" | ), (21)
Th—sn
where 7, — s, is the set of all paths leading to s,. The weight W (7)) is the product of all the

transition weights along the path representing 7, in the diagram.

So far, we have described a general linear scheme as presented in [17], [18]. The transition

weights defined by Willems use the binary KT estimates of the distance from the last transition.

1
ey St =n+1
Wir (s [sa) =4 (nvin " - (22)

2 —
TsaFie Sntl = Sn

The proposed scheme defines state transition weights Wy, (sp41 | $,), that are different from those

defined above. The weights are defined as follows. For a given € > 0, let:

N A 1 .

m(j) = e 1<j<N; (23)

A &

7=1

oo
and Cs = Y m(j). (25)

j=1

Now,
m(n) _
A 00— Sn+t1=n+1

Wir (sny1 | sn) = CooCno " (26)

Coo—C,
CoooiCnil’ Sn4+1 = Sn

By eqgs. (23)-(26), we assign to each time n, 1 < n < N, a distribution over the fixed time ¢, t > n
for the probability that the next transition occurs just before time ¢. The probability of source
transition at time n+1 is the weight Wy, (n + 1 | s,), which is selected to decay as n~+%), causing
additional TR of (1 4 €)logn/N if a true transition occurs at that point. We note that the above

weights depend on the absolute time, instead of the relative time from the last transition as in

10



(22). This reduces the weight of a transition, and is justified by the assumption that the number
of transitions is small. This also leads to a computational improvement. First, the self-transition
weight can be calculated once using (26) for all self-transitions in eq. (20). Furthermore, eq. (20)

for s, = n reduces, using eq. (17), to
G (2} | sn=n) = Q(@n | 50) Wir (s =1 | 551 <) Qw (s77), (27)

where Wy, (s, =n | sp—1 <n) is the same for all s,_1 < n. The drawback of the scheme with these

weights is that it is computationally more demanding than the scheme with Willems’ weights.

Willems’ weights attain pointwise redundancy higher than the lower bound, presented in (1),

N r—1 3C+1}10gN <g>
R@,E)S{Q (C+1)+ = —Ho(+) (28)

where £ denotes Willems’ scheme. The quadratical per-letter complexity scheme does not attain
the bound either. The scheme with the proposed weights, on the other hand, attains the lower

bound. This is stated in the following theorem.

Theorem 1 The redundancy of the linear weighting scheme with state transition weights as in

(26), is upper bounded by

R(!ICN;W)S[%(C+1)+C+€:| IO?VNJFO(%) (29)

for every N-tuple drawn by any PSMS, for all € > 0.

. . A ik
If we let € decay slowly with time, such that ¢; = M, k> 1, and

log j
. é . 1+E) _ ]-
m(j) =5 ) = ——, (30)
j (log 24)"
we have
N, r—1 log N C'loglog N
R@,W)g{ w+n+4 v +0@—77—-. (31)

We conclude this section with the proof of the theorem.

Proof of Theorem 1: 1t is straightforward that this coding scheme satisfies eq. (9) (see e.g. [17]),
and weighs all possible transition paths. Therefore, the true path 7 is always included, and so,
Ry =0and 7 = 7. The PR is upper bounded by (14), with C = C, and thus attains the lower
bound, as expressed by the first term of (29). It is thus sufficient to show that the TR attains the

lower bound as well. We will show that
1
R, (rI;N;W) < N (CH+e)logN +(C+1)(1+¢)— Cloge]. (32)

11



We will first obtain Wyy (7) using (26), and then upper and lower bound the partial sum Cy —
Cyn, Yn:0 <n < N, by approximating the sum by an integral. Finally, we will apply these bounds
to the cumulative weight function Wy, (7)) and upper bound TR by — log Wy, (T) /N.

The weight of T is obtained by

C tz+1 1
W (T) = [ |Wa (st =ti | ssm1=tic1) - [[ Wi (sj =t | sj21=1t) (33)
i=0 j=ti+1
N—1 c
Wi (s, =t | ti 1)

= Wi (s Sn | s
nl_ll tr (et = 8 [ sn)- 1;[ Wi (s, = tiza | tio1)

_ Nl:f Coo — Ch ﬁ Tt —1)
n=1 C'oo —Yn-1 C'oo_c'tlfl
Coo — CN 1 7T(tz' — 1)

We define Wy, (s1 = 1|sg = t_1) = 1. The first equality is obtained by taking the transition weights
along 7. The second equality is obtained by multiplication and division by the self-transition
weights at points of true source transitions. We use the telescopic property of the first product to

obtain the last equality.

Approximating the infinite sum by an integral, we bound the partial sum C, — C,, by
1 21+€
— < Cp —Cp <——, Vn>0. 34
e(n+1)° = " e(n+1)" "= (34)

We note that Coo = Coo — Cp. Finally, we use this bound to upper bound the transition redundancy

by the upper bound of eq. (15).

1
Ry (zV;W) <~ log Wy (T) (35)
1 — Cj,—
= — lo —1 _ 1
N _Z g 1) 0g (Coc — Cn-1) + Ong]
1 21+ (ti 1)t 21+e
< = £
< N Elog o + log (eN¥) + log
1 [C
< N > logtitee +elog N+ (C+1) (1+¢) — Clogs]
Li=1
1
< ﬁ[(C—i—a)logN—i-(C—i-l)(l—i—a)—Cloga].

The last inequality is obtained by taking N as an upper bound on ¢;. This proves that the TR

attains the lower bound, and therefore concludes the proof of the theorem.

12



5 A Decision Weighting Scheme

In this section we show that there exists a fixed complexity scheme, based on the transition diagram
of the linear per-letter complexity scheme, that achieves vanishing redundancy. The redundancy
is of the order of the lower bound when the transitions are large. We refer to the new scheme
as the decision weighting scheme (DW), and denote it by D. This scheme uses a data-dependent
reduced-state transition diagram. It eliminates transition paths with low likelihood and it does not

create a new state every time instant.

The scheme produces new states every k > 1 time instants instead of every instant, in order
to reduce the diagram’s growth rate. This forms a partition of the data into N/k non-overlapping
blocks of length k, and for each block only one state is created. The parameter k is a design
parameter, that will be referred to as the block length. In order to keep the number of surviving
states (and the computational complexity) fixed, we assign to each state s a metric M (s), that
determines the likelihood of transition within the block represented by s. States with low metric
values are eliminated. The number of high metric surviving states S is the second design parameter
of the algorithm. By definition of the transition diagram, the set of surviving states defines a set
of surviving transition paths, and a transition path that leads to an eliminated state is said to be

eliminated and not to exist in the diagram.

The state number s represents the block number in which the most recent transition is assumed
to have occurred. A state s, s > 1, that estimates transition at any time within the block it
represents, is created at the block midpoint. The first state s = 1 is naturally created at the first

time instant.

The metric of a state s is defined as follows. Let ng (u) be the number of occurrences of the the

letter u in block s. The empirical per-letter entropy of the block is obtained by

ur (u) Tig (u)
H(s)=— lo . 36
()= - X0 P o™ (36)

The empirical entropy of the concatenation of blocks r and s is obtained by

H (7“, S) _ Z Ty (u) + N (u) log Ty (u) + N (u) . (37)

s 2k 2k

Now, M (s) is defined by

1>

o0 (38)

1>

1 1
H(sfl,s—l—l)—§H(371)75H(s+1); Vs > 1. (39)
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-1 r r+1 . s s s+1

Figure 2: block partitioning for DW. The solid line represents the data sequence, that is divided into blocks of length k.
True transition occurs at 7' and can be only estimated at the block midpoint by state s with likelihood M(s), obtained by the
empirical data of the two neighboring blocks s — 1 and s 4+ 1. Another estimated transition is within block r estimated at its

midpoint, with likelihood M (r).

The quantity M (s) measures the ‘distance’ between the empirical distributions of blocks s — 1
and s + 1. If M (s) is large then it is likely that a change has occurred within block s. It is
well-known that M (s) serves as asymptotically optimal statistics for testing weather or not two
sequences emerged from the same source [6], [23]. If M (s) is large the scheme will assume transition
which will be referred to the midpoint of block s by state s in the trellis. Figure 2 illustrates the
partitioning mechanism. The metric M (s) is non-negative for all s > 1, even if transition has not
occurred. This can cause elimination of s = 1 if its metric had been defined smaller, even when
other transitions have not occurred. Since state s = 1 always represents a transition, we thus define

its metric to be infinite.

The probability assignment scheme can be described by the state diagram shown in Figure
3 for kK = 4 and S = 3. The diagram begins when all S high metric states already exist, i.e.,
in steady state. The boxes in the diagram denote the states, and the numbers in the boxes the
block numbers of the most recent transitions assumed by the states. As in the linear scheme, each
state is assigned a weight G (27 | s,,) associated with the subsequence zT. The weight of a state is
recursively defined by the KT estimates and the transition rules shown in the diagram. The KT

probability of letter z,, at state s, is obtained by

n—1 1
A D2 (mg) + 3
Q (x| 5p) 2 2 I/ T3 4

where the time 7, is the first time instant after the last transition assumed by s,,, which is defined
by

A 1, Sp =1
] s =05 k41, s> 1

Tn

(41)

The transition rules and update procedures at each time point are defined for three different cases

as follows:
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£ £ A
test r-3 with test r-2 with test r-1 with
{r-2,r-1,1,s1,s2} {r-1,r,1,51,52} {r,r+1,1,s1,52}
Eliminate r-3 Eliminate r-2 Eliminate s1

Figure 3: example of DW transition diagram in steady state for k = 4 and S = 3. The diagram starts right after time instant
m at the first point of the r + 1 block. A single new state is created at any block midpoint, and a single low metric state is

eliminated at any block partition point. Time instants are denoted below the diagram.

1. At a block midpoint n = [(m + 0.5) k| + 1; m > 0 fixed, a new state r is created. The state

weights are recursively updated almost as in the linear scheme by

Wy (Sn = Spn-1 ‘ Snfl) -G (.’IJ{L71 ‘ Snfl) ; Sp < T

G (o | sn) = Qan [ 50) Voo | . (42)
j:thT(Sn:T|J)G(x1 |5n71:])7 Sp =T
where the transition weights are obtained by
m(r—j) _
N A Ce_C. . 7> Sn+1 =T
Wir ($n41 | 80 =j) = G Cromt? 0 (43)
o0 r—7

T Cryr Snt1 =

(The weight of a previously eliminated state j is zero G (m?il | j) =0 ). We note that the
transition weights depend on the relative block number from the last transition instead of
the absolute time, as in the linear scheme. The proof of Theorem 2 will be based on this

definition.

2. At the first point of a new block n = mk+1; m > 5 fixed, at most a single state i is eliminated
into another state j. The weight of i is added into the weight of 7, which is the smallest state

in the diagram that is still larger than ¢. Only the self-transition is performed from all other
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states.

0, Sp =1
Gt | sn)=Qan [ sn) q G (e 14) +G (a1 ]4), su=35 - (44)
G (;v?il | sn) , otherwise

3. At any other point n there are only self-transitions.
G (2} | 5n) = Q@ | 50) - G (217" | 50 = 50 1) (45)

The elimination retains a fixed number of states in the diagram. It also ensures that no more
than one state of any three consecutive states remain in the diagram. This is done to avoid a
situation where a single transition is represented by two or three states. If a transition occurs at
the midpoint of block s, all three states s — 1, s and s + 1 may have large metrics, and we only
need to save one of them to represent the transition. We will therefore eliminate the states with
the lower metric values among the three. The computation of the metric of state s requires delay
of 1.5k time points, to obtain the empirical data of block s+ 1. An additional delay of 2k points is
required for computation of the metrics of s + 1 and s + 2, that are tested against s. Hence, every
new state will exist at least 3.5k time points before it is tested for the first time. Due to the delay
of 3.5k time points between creation and the first possible elimination of a state, the steady state
diagram contains S + 3 states at time points of first halves of partition blocks and S + 4 states at

time points of second halves.

The elimination procedure at n = mk + 1 takes three stages of testing the metric of the
state s, created at n — 3.5k. If s — 1 or s — 2 exist in the diagram, state s is eliminated, since
M (s—1)> M (s) or M (s —2) > M (s). Otherwise, state s is tested against states s+ 1 and s+ 2,
and if M (s+1) > M (s) or M (s+2) > M(s), s is eliminated. If s passed both tests and there
are less than S states, created before n — 3.5k, no elimination is performed. If there are S such
states, the state with the lowest metric among the existing states, created at n — 3.5k or earlier, is
eliminated. A state is always eliminated by adding its weight into the weight of the closest newer
state. This strategy minimizes the DR in case a true transition is eliminated by replacing it by the

closest hypothesized transition point, still existing in the diagram.

The probability assigned to the subsequence z™ is obtained, as in the linear scheme, by the sum

of the weights of all states that exist in the diagram at time instant n.

Qp (21) =D G (a7 | sn), (46)
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where the notation ), represents a sum over all states existing in the diagram at time instant
n. In contrast to the linear scheme, this strategy does not satisfy the general mixture structure

presented in eq. (9), but can be easily shown to yield a valid probability function.

The update procedure of the transition diagram is fully described in a flow-chart in Figure 4.
The per-letter computational complexity of this scheme is O (S). Since we will assume a fixed S,
O (S) = O(1). Every state stores occurrence counts of O (N), therefore, the storage complexity of
the scheme is O (log N).

We conclude this section with two theorems that upper bound the pointwise and average re-
dundancies of the DW by expressions that vanish as k£ and N increase (as long as k is of smaller
order). Both theorems show that the redundancy decays to zero, and specifically at the rate of the

lower bound for large transitions. The next theorem upper bounds the pointwise redundancy.

Theorem 2 The pointwise redundancy of the DW is bounded uniformly for all PSMS’s by

R (:";D) < Tg“olgf + 0 (a(N,k)) (47)

for every =™V, where a (N, k) is defined by

A 1 Ck logN
N, k) = - —,— . 48
o (N 2 max {1 S8 28 (18)
The proof of the theorem is presented in Appendix A. It is based on the choice of the transition

weights in eq. (43), that depend on the relative block number from the last transition instead of

the absolute time.

The DW scheme performs decisions. Obviously, there is a trade-off consideration associated
with the choice of the parameter k. A larger k provides a more reliable metric, leading to smaller
probability of eliminating the best 7. On the other hand, larger k increases the DR caused by esti-
mation of transitions at block midpoints. An upper bound on the average N-th order redundancy
as a function of k can be obtained based on the analysis in Appendix B. By differentiating this

bound w.r.t. k, it can be shown that the optimal choice of k is of the form
k= Alog N 4+ O (loglog N), (49)

where the parameter A depends on the parameters of the PSMS. Since, we desire a universal

scheme, we will define the block length as
k= Alog N, (50)
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Start: n=0
Create single state: s = 1
Metric: M(1) = o0
Weight: G(p| 1) =1

| n=n+1 I:
| input next letter: xn
Evaluate
Does n = k(b+1) Metric M(b)
- Yes—p L
for fixed b > 1? es of (existing) state:
No
n = (b+3)k+1; Test value n = (b-0.5)k+1;
fixed b>1 ofn fixed b>1
State b-j exists Create new state:
or M(b+i) > M(b)? other n— b )
fori=1 or i=2
No
—Yes -
Update weights
G(x | s); Os,
S+4 states (including b).
in diagram? Use equations for
creation of new
state.
No
h 4
Update
G(x | s); Os.
All states transit only tq
themselves.
No Yes
\ 4 v A
Eliminate state b Eliminate state s Update
into « into occurence counters
state b+1. minimal r, r > s. » [k inthe diagram. |—
i Evaluate
Q=2G(x|s).
Update G | s); Os. T
» Use equations for state
elimination.

Figure 4: flow diagram of DW. Metrics of new states are evaluated at block end points. The diagram splits into the three
different cases for updating the state weights. At block midpoints, new states are created. At block partition points, states are

eliminated using the elimination criteria. At any other point, no transitions occur between different states.
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where the parameter A will be a design parameter of the DW scheme. By substituting the block
length of (50) in Theorem 2, we conclude that the pointwise redundancy for this choice of k is

upper bounded by

N r — 1loglog N ( 1 )
;D) < — . 1
R (T ’ ) ~ 6A logN log N (51)

We now present the main theorem of the DW scheme. We begin with two definitions that
characterize a PSMS. The error ezponent of a PSMS, E (0), is defined as

E(0) {210g Zuex VI (“2) Fivr (w) +1 } : (52)

mll’l
0<i<C—

The error exponent expresses the ‘size’ of the ‘minimal’ transition between adjacent segments of a
PSMS. It can easily be shown that 0 < E (©) < 2. The larger is F (0), the larger is the ‘minimal’
transition of the PSMS.

The divergence (relative entropy) D (P||Q) between distributions P and () is defined as

P (u)

D(PIQ)E S Plu (53)
We define the mean PSMS DR divergence as
A C
= Z Pi1||P;) + D (Pi||Pi-1)} - (54)

Theorem 3 Let k = Alog N. Assume a PSMS {©, T} of at most S segments, each of length

larger than O (k). Then, the average N-th order redundancy of the DW scheme is upper bounded

by
( K110§VN+0(01(;\$N), if E(©) > 2% and D () < o0
95ACEN L o (ClaN) i B(Q)> 2 and D (O) = o
Ry (D) < L (#52). #r@©)>3 ©)=e0 (55)
Ky et + 0 (S92, ifk<BO) <3
r—1 loglog N -
| AN 40 (pky), FEO)<S
where
—1
K 2 [T (c+1)}+[(1+5)o+a]+{2.5A[1oge+p(@)]o}, (56)
Ky 2 (A+1) 'Clog(C+1), (57)

O (a) denotes the order of a, and o (c) denotes order smaller than the order of c.

The theorem demonstrates that we can achieve the order of the lower bound with a fixed complexity

scheme if the transitions are large enough, while for smaller transitions we can still achieve decaying
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redundancy. The proof of the theorem is presented in Appendix B. The bounds obtained are not
tight. Tighter bounds of the same orders may be obtained by a much more complicated analysis

than the one presented in Appendix B.

We note the different behavior of the average redundancy for different transition ‘sizes’. If
E(©) > 1/A, it is likely that there exists a surviving path 7, s.t. C = C and all transitions are
estimated near their true locations. For large transitions, E (©) > 2/A, the redundancy is mostly
influenced by the block partitioning, i.e., by estimating transitions only at block midpoints. This
factor increases if the PSMS contains transition of infinite divergence, thus obtaining the second
region of the bound. When the transitions are smaller, 1/A < (©) < 2/A, the redundancy is
determined by the probability that the smallest transition is not detected near its true location. If
the PSMS contains very small transitions, F (©) < 1/A, the scheme cannot ensure a good estimate

of T, and thus, we obtain redundancy of higher order.

The condition that bounds the number of segments ensures that if the last transition is the
smallest one, the scheme will still create a surviving state for it. However, the condition restricting
to segments larger than O (k) is required only for mathematical convenience purposes. It obtains
the very simple expressions for the error exponent and the PSMS divergence, presented above, but
has no effect on the nature of the results. Therefore, we can obtain bounds of the same order for
PSMS’s with shorter segments, but the mathematical representations of the error exponent and
the PSMS divergence will become much more complex, and dependent on 7. (Viewing the first
region of the upper bound, shorter segments will increase the low order term to be of the order of

the first term).

6 Block Codes

The DW scheme achieves low order redundancy for some PSMS’s, while for others it achieves
redundancy that vanishes very slowly as O (loglog N/log N). It can be shown that the LZ-78
algorithm has a pointwise upper bound with the same rate. We desire a scheme that attains better
redundancy for the second group of sources, for which the DW scheme performs poorly and does
not achieve better rate than LZ. In this section we present such a scheme, that can be combined
with the DW scheme in order to achieve the better redundancy for any PSMS. The new scheme is

referred to as the block partitioning (BP) scheme and will be denoted by P.

The BP scheme partitions the N-tuple into B blocks, and codes each block b, 1 < b < B of
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Figure 5: description of block partitioning. The horizontal line represents the time axis and the vertical lines the partition

points.

length my as if it were a stationary segment, using its KT estimate. The probability assigned to

an N-tuple is defined as

yaN ~
Qr (s¥) 2Q (N | T), (58)
where T 2 {fl, to, ... ,EB,I} is independent of 2™ and is recursively defined as
NN
tb:tbfl-l—mb,leSB*l, (59)

where £ 21 (Hence, by definition, B 20+ 1). The idea is to choose the set {my} that will give
the fastest decay of the pointwise redundancy uniformly over all PSMS’s. We will achieve decay
rate slower than O (log N/N) but faster than O (loglog N/log N).

From eq. (15) we obtain that there is no TR, since there is a single transition path and no
weighting. The redundancy is therefore obtained by trading off the PR, which decreases with the
block length since C' decreases (eq. (14)), and the DR which increases with the block length, (eq.
(16)). It can be shown that for a given N, the best trade off is achieved by selecting the block

length as
Mgt = O (\/N log N) , b. (60)

Since N is unknown in advance, we can define the block length to increase with n, s.t. at time
instant n the length of a block will be O (y/nlogn). The BP block length, obtained by the following

equation, satisfies this requirement.

my = |kblogb|; b>1, (61)

A . . . .
where my = 1. The parameter k is a design parameter. This assignment ensures that the last

blocks will be O (/N log N) and larger than the preceding blocks, and therefore will dominate the

redundancy. Figure 5 demonstrate the partitioning of an N-tuple.

Theorem 4 The pointwise redundancy of the BP is bounded uniformly for all PSMS’s with C

transitions by

N, r—1 log N log N | N
R(:v ,P)§<2\/E+C\/E> v +o( 2= va, (62)
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The proof of Theorem 4 is presented in Appendix E. It is easy to show that if C' is known in

advance, the choice of
r—1

k=20

will obtain the best upper bound

( ) \/2(r—1) logN (”logN>’ vzl (64)

If C is unknown, we can choose k = (r — 1) /2 to obtain

R(ﬂ:N;P) < (C+1 \/7“7 logN ( /logN)’ vl (65)

The BP scheme is very simple to implement and requires a single state only. Its per-letter compu-

tational complexity is O (1) and storage complexity O (log N).

We can easily combine the DW and the BP schemes into a combined scheme, denoted by C.

Obviously, the probability assignment
Ny &l N 1 N
Qe (+V) = SQp (= )+§Qp (=V) (66)

attains the minimal redundancy between the two schemes. The pointwise redundancy of this scheme

is always upper bounded by O <\/ IO%VN> as in Theorem 4. If a PSMS satisfies the conditions of

Theorem 3, its average N-th order redundancy is upper bounded by

Ky 4o (L) it B(0) > 2 and D (0) < o
Ry (C) <{ 25ACREN 4 o (ClEN), if £(0) > 2 and D (0) = (67)

( ) F +o <F ) . otherwise

7 Simulation Results

In this section we present numerical examples of the performance of the schemes presented in
Sections 4 through 6, and compare them to the performance of the schemes presented in [17]-[19].
We show that we achieve better performance with the new schemes and that the true redundancies

are much smaller than the upper bounds.

Figure 6 compares the redundancies of both linear schemes (Willems’ scheme and the optimal
one) for a sequence of length 1000, drawn by a PSMS of C = 3 transitions. We use the optimal
scheme with € = 0.1 to obtain better redundancy than Willems’ scheme. The true performance of

both schemes is better than the upper bound of Theorem 1.
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3.5  Top curve: Willems’ linear scheme

Bottom curve: Optimal linear scheme, eps=0.1
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Figure 6: pointwise redundancies of linear schemes for x{V,N = 10% drawn by a binary PSMS, © = {0.8,0.2,0.1,0.4},
T = {201,601,851}. The redundancies are multiplied by n/logn. The redundancy of Willems’ linear scheme is described by

the top curve, and of the optimal scheme by the bottom curve.

25

Top curve: Willems’ logarithmic scheme

Middle curve: DW, k=400, S=10, eps=0.1
20  Bottom curve: DW, k=100, S=4 or S=10, eps = 0.1

(Combined DW + BP)

redundancy * n / log(n)

time - n

Figure 7: pointwise redundancies of the logarithmic scheme (top curve) and the DW scheme (bottom curves) for I{V, N =108
drawn by a binary PSMS, © = {0.8,0.2,0.7,0.4}, T = {2 -10% 41,6 -10% 4+ 1,8.5 - 105 + 1}. The redundancies are multiplied
by n/logn. The parameters of the DW schemes are shown on the graph. The bottom curve describes DW scheme with S =4
and with S = 10 and a combined DW BP scheme with the same DW parameters.
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Figure 8: pointwise redundancies of the DW (bottom curve), BP (top curve) and the combined scheme (middle curve) for
PSMS with a small transition. The N-tuple z{V,N = 109 is drawn by a binary PSMS, © = {0.2,0.1}, T = {4.5 105 4+ 1}.
The redundancies of the upper two curves are multiplied by /n/logn and of the bottom curve by 10logn/loglogn. The

parameters of the schemes are shown on the graph.

Figure 7 demonstrates pointwise redundancies obtained by Willems’ logarithmic scheme, the
DW scheme and the combined DW BP scheme for a binary PSMS with C = 3 large transitions.
The DW scheme is shown to perform better than the logarithmic scheme. Figure 7 demonstrates
that the DW scheme achieves redundancy O (log N/N), even for transitions for which £ (0) is
much smaller than 2/A. For the PSMS in the example F (©) =~ 0.068. Using block length & = 100,
we have 2/A = 0.4, but the DW still performs well. Using & = 400, we achieve higher redundancy,
because transitions are estimated 400 points apart. The parameter S has no influence on the
performance of the DW scheme as long as there are enough surviving states, which is the case
for the bottom curve. Since the DW has better redundancy than the BP, the combined scheme
obtains the redundancy of the DW scheme. Since D (©) ~ 1.52, it is apparent that both curves
representing the DW scheme attain much smaller redundancies than the upper bound of Theorem

3. This is because the bound is not tight.

Figure § illustrate the case of a single small transition, in which the BP performs better than
the DW. The redundancy of the DW is O (loglog N/log N). Before the transition occurs, the
DW attains better redundancy. Hence, the combined scheme achieves this redundancy. After

the transition occurred, the DW starts to perform poorly, until some point, where its redundancy
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becomes higher than that of the BP. At that point, the combined scheme attains the redundancy
of the BP. The redundancy of the BP is shown to be of O (\/log N/N).

8 Summary and Conclusions

In this paper we investigated the problem of low complexity universal coding of a PSMS. We showed
that the entropy of the source can be asymptotically achieved with fixed complexity schemes, and
that these schemes can attain redundancies that decay faster than those obtained by any known
low complexity scheme for coding PSMS’s. Specifically, it was shown that the order of the lower
bound can be achieved when the transitions in the statistics are large, and for smaller transitions
the order of its square root is achieved. The lower bound itself was achieved by an optimal linear
per-letter complexity scheme that was presented. Finally, all results were supported by simulations
that showed that in practice all algorithms perform much better than the performance suggested
by the analysis. All the schemes can be extended to more complex piecewise stationary sources

using context tree coding schemes.

Appendix A — Proof of Theorem 2

We begin the proof of Theorem 2 with a lemma.

Lemma A.1 Let T be a transition path that is not eliminated from the transition diagram of the
DW scheme, and let C be the number of transitions assumed by T. Then the pointwise TR is upper
bounded as in (15) by

R, (.’I,‘N; D)

IN

f% log Wp ('7') (A.1)
1
N

- N N . .
1 Cl - log — C+1)(1 - C1
[( +¢€) ogkc-l-aogk—i-( + )( +¢) ogel,
where Wp (7') is the cumulative weight assigned to the path T by eq. (43).

Proof: The DW scheme weights all transition paths that survive in the diagram, with additional

weights obtained from paths that lead to eliminated states. Hence, unlike equality (9),

Qo (2) > ¥ wo(T)Q (2" | T) (A.2)

T'eD

> Wp (T)Q (" | 7).
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where 7' € D denotes the set of (surviving) transition paths that exist in the diagram at time N,
and 7 is one of these paths that is chosen as the estimate of the true transition path. Hence, by
definition of TR in eq. (13), the first inequality of the lemma is proved, and we require an upper
bound on —log Wp (7') to prove the second. To attain this bound, we perform a similar procedure
to the proof of Theorem 1. We begin with expressing Wp ('7') as in eq. (33), as a product of the
transition weights along the path. Since estimated transitions are fixed blocks apart, we count the
partition block number instead of the time, and denote it by b, (where bi represents the estimated
block number of transition 4, and s; represents the state at time instant n = |(j — 0.5) k| + 1 for

j > 1, i.e. block midpoints, and n = 1 for j = 1).

1 [hig1—1 ) ) A
(1) = ATL | TL W (== =i =)
i =b;+
LN/k+o-s]J ) )
H Wtr (Sl = bC’ | S|—1 = bé) (A3)
I=bg+1
R 21;[0 { L—l;-[+1 Coo =Cj 1 | Ooo = Gy } I=bgt1 Coo = Cl*i’ail

{ﬁ T (BZ - Bifl)-l ‘ Coo — C\N/kt0.5] — i;é
i=1 Coo J Coo

The first equality is obtained by assigning weight for the path in each of the C' + 1 estimated
segments. Each such weight is a product of self transitions within the segment multiplied by the
transition weight to the next segment. The last term naturally does not exist for the last segment.
We note that the number of points is | N/k + 0.5] instead of N since transitions only take place at
block midpoints. The second equality is obtained by substituting the values of the weights using eq.
(43). By the telescopic property of the products, we obtain the last equality. Taking the negative

logarithm of the weight of the estimated transition path we attain

—log Wp ( ) Zlogﬂ ( — ) + (C’ + 1) log Cy, — log (COC — CLN/k+0.5jfl3¢) . (A4

The first term of the last equation can be upper bounded using Jensen inequality by

_ibgﬂ'(i)i_i’il) = Z +¢) log (b — b 1) (A.5)
=1 =1

< (1+¢)C

Using the last two equations, the bounds of (34) and the assumption that 13@ > 1, we conclude the

proof of the lemma.
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Proof of Theorem 2: We now use the lemma to prove Theorem 2. The heart of the proof is
the choice of 7. Let T 2 {1.5k +1,4.5k +1,7.5k + 1,...}. The path T is a partition of N into
blocks of length 3k. By definition of the DW scheme, a state is never eliminated before it is used
for coding at least 3.5k data letters. Hence, the path T always exists in the transition diagram and
thus can be used to estimate 7. By definition of 7, N/ (3k) —1 < C < N/ (3k) + 1. Using eq. (14),

the PR can be upper bounded by

N, r—1logk 1
Rp(:r ,D)g — +O<E . (A.6)

Substituting C' in eq. (A.1), we bound the TR by

R, (+"; D) SM—FO(M) :max{O <1>,0<1°gN>}. (A7)

3k N k N

To obtain the upper bound for the DR in the worst case where each transition contributes the
most, we assume at most a single true transition in each block obtained by 7. Since the blocks are
of length 3k, the DR is bounded, using (16), by

Ry (.’EN;D) < ?)]Vﬂ =0 <%> . (A.8)

Since R, is the dominant term, the theorem is proved.

Appendix B — Proof of Theorem 3

To prove Theorem 3, we address two different regions of the error exponent separately. For F (©) <
1/A, we simply use the upper bound of Theorem 2 that applies to the redundancy of any sequence,

and thus can be applied to the average redundancy for PSMS’s with small error exponent.

We now prove the upper bounds for the other three regions. To analyze the average redundancy
we select a surviving path T, that is most likely to be a good estimate of the true path 7. This
path is used to form a division of all data sequences drawn by the PSMS into two disjoint sets.
The first is the set of N-tuples for which 7 is a good estimate, i.e., all transitions are estimated
near their true time unit. The second set contains all the other N-tuples. We then upper bound
the probability of each set and the average redundancies of all N-tuples in the set. Summing up

both terms we obtain an upper bound for the average redundancy.

Let T =T (TN) be an estimate of the true path 77, s.t. 7 connects the C + 1 states of highest
metric (including the first state s = 1) and C = C. 1t is assumed as a condition of the theorem

that C' + 1 < S. Hence, we will always have C + 1 states of highest metric, and therefore, this
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Figure B.1: far and near point definitions. The solid line represents the time axis. True transition occurs within the central
segment. Points referred to as near points are at most 2.5k time units away from the transition. The first far point is one block
away from the last near point, and obtains its metric by empirical data of blocks that do not overlap the blocks used to obtain

the metric of the true transition.

. . .. . . o ~ - A
path will exist. Each transition ¢; € T is estimated by a transition ¢; € 7. Let S = ¢ be a second

estimate of the true transition path that assumes no transitions following ¢y = 1, i.e. C (S) = 0.

Let the set F' be the set of all N-tuples, for which |t; —t;

< 2.5k Vi, 1 <1 < C, e, all
transitions are detected by T near their true time point. Let F be the complimentary set of N-
tuples. As figure B.1 depicts, if a transition t; is detected at ¢; more than 2.5k time points away
from the true transition time, non-overlapping blocks are used to obtain M (¢;) and M (fi), while
if

t; —t;| < 2.5k, overlapping blocks may have been used for both metrics. For example: If true

transition occurs in block EF, then block F'G is used for its metric. Block GH, that is the first
non-overlapping block, is used to detect transition in block HI. If transition is detected in HI,
it is estimated at its midpoint, which is 2.5k + 1 to 3.5k time points away from any point in EF,

where the true transition occurs.

The average N-th order redundancy can be expressed as
RN (D)=Pr(F)- RN (D|F)+ (1 - Pr(F))-RY (D| F), (B.1)

where RY (D | £) denotes the average N-th order redundancy given event £ occurs. We can now
treat each term separately to prove the theorem. We next present three propositions that upper
bound different terms of (B.1), all assuming the conditions of the theorem. The proofs will be

presented in Appendix C and Appendix D.
Proposition B.1 The probability of F is upper bounded by
Pr(F) < C- N -2 HEO) -5 log(k+1)] (B.2)
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Proposition B.2

klog N Ck _
N N
R, (:v ) < 2507~ +0 (W) . VeV e F, (B.3)
log? N log N _
R(z") < 25405210 (C °8 ) , VzV e F. (B.4)
Proposition B.3
_ _ k Ck
Pr(F)-Ry (D|F) < 25][loge+ D(0)] CN tol o) (B.5)
_ _ log N log N
Pr(F)-RY (D | F) < Klof’rv +o<0?\§ ) (B.6)

We will use the path S to estimate the transition paths of all N-tuples in F, for which 7 is
not a good estimate, and T to estimate the paths of N-tuples in F. Since the path S assumes the

whole N-tuple is coded as a single stationary block, we can use eq. (16) withm = N and s = C+1
to upper bound Ry, (mN; D),

1
R, (#"; D) < m;gs =1log(C+1); V2" € F. (B.7)

The path S assumes no transitions. Therefore, using Lemma A.1 we obtain TR of O (log N/N)
and using eq. (14) we obtain PR of the same order. Thus

log N

R(:vN; D)Slog(C—i—l)—i—O( );VxNEF. (B.8)

Using this bound and Proposition B.1 and taking k = Alog N and (Alog N +1) < (A+1)logN,

we can upper bound the first term of eq. (B.1) by

Pr(F)-RN(D|F)<(A+1)"'C

log"'N log N

Summing up egs. (B.9) and (B.6) of Proposition B.3, we obtain an upper bound on the average
redundancy for D (0) < co. If E(0) > 2/A the term of (B.6) is dominant, thus obtaining the first
region of the upper bound. If 1/A < E (©) < 2/A the term of (B.9) is dominant, resulting in the
third region of the upper bound. If £ (©) < 1/A the upper bound of (B.9) is no longer useful. If
D (©) = oo, we upper bound the probability of F' by 1, and eq. (B.4) of Proposition B.2 results in
the dominant term of the redundancy if £ (©) > 2/A, obtaining the second region of the bound.

This concludes the proof of Theorem 3.
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Appendix C — Proof of Proposition B.1

We begin the proof of Proposition B.1 with a few definitions. We then present and prove a lemma,
upon which we base the proof of the proposition. Let 7 be defined as in Appendix B, and let
ti, 0 < i < C be the i-th true transition and s; the block that contains ¢;. The distribution before
t; is Pi_y and at t; it becomes P;. Now, let r be any block, s.t. s; +1 <r <s;;1 —1, 0<j < C,
where for generalization we define s 20 and S|N/k| 2 |N/k] + 1. Block r is defined s.t. blocks

r — 1, r and r + 1 are entirely within the single true stationary segment j with distribution P;.

Lemma C.1 If 2V € F there exist s; and r as defined above s.t. M (s;) < M (r), where both

metrics are obtained from non-overlapping blocks.

Proof: For transition in a block s;, there are at most three states s; — 1, s; and s; + 1 that may
have metrics obtained by data of two different stationary segments. The DW scheme allows at

most one of these three consecutive states to survive in the diagram and eliminates the other two.

By definition of F, there exists #;, s.t. |t; — t;| > 2.5k. Thus, there is a transition t;, for which all

these three states were eliminated. But since C' = C, this transition has an estimate. This estimate
must be at some block r, s.t. r and its neighboring blocks are entirely within a stationary segment,
because all surviving states with metrics obtained from two different segments are associated with
other true transitions. Since s; is eliminated and it is assumed the distance between transitions is
larger than O (k), it must be that s; was eliminated because M (s;) < M (r). One of the blocks
used to obtain M (r) may still overlap a block used for a metric of some s;, but s; # s; since

ii —t;| > 2.5k.

As a result of the lemma, we can bound Pr (F') by
Pr(F) < Pr{3s;,r : M(s;) < M(r)} 2 Pr(A). (C.1)

We base the proof of the Proposition on this result. We select some fixed s; and r, and upper
- VAN . .

bound the probability of event A;, = {M (s;) < M (r)}. Then we use the union bound twice, once

over all possible values of 7 and then on the values of 7 to upper bound the probability of the r.h.s.

of inequality (C.1), which we denote as the probability of event A.

Observe some fixed s; and r as defined above. For convenience, let us define a 2 si—1,b 2 si+1,
A A
c=r1—1and d = r + 1. Figure C.1 illustrates this block partitioning. We define the empirical

distribution P, of block o as
Ng (1)

k

1>

P, (u) ; Yu € X, (C.2)
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4 Ccp<r—p<d> ! “—a—pa-si—pahp

< Pj B < Pi-1 T:j:‘_ Pi =

Figure C.1: typical occurrence of event F. The likelihood M (r), obtained from blocks ¢ and d both drawn by distribution

Pj, is larger than M (s;), that represents the true transition ¢; and is obtained from blocks a and b.

where n, (u) is the number of occurrences of letter u in block . Similarly, we define the empirical

distribution of the concatenation of blocks a and 3 as

P,s (u) 2 %knﬂ(u) Yu € 3. (C.3)

The empirical per-letter entropies of a block and of a concatenation of two blocks are obtained by

egs. (36) and (37) respectively.

By definition of A;, and M (-), we obtain that
Ajy = {xN . H(c,d) —0.5H (¢) — 0.5H (d) > H (a,b) — 0.5H (a) — 0.5H (b)} . (C.4)
Rearranging terms, we can express A;, by means of divergence

A
Aip = {2 D(Pul[Pea) + D (Pl Pa) > D (Pul[Pay) + D (Py]|Pay) } (C.5)

By typical sets analysis, (see [2] and [3]), and since blocks a,b,c and d are independent of each

other, we can bound the probability of A;. by
Pr(A;) < 27k[E(P,-,1,P,-,Pj)7%log(k+1)]’ (C.6)
where F (P;_1, P;, P;) is obtained as
E(Pi1, P Py) = win {D (Pal|P1) + D (RBIIP) + D (P P) + D(PAIP)} . (C)

We will now define an event Bj,, for which the minimum of eq. (C.7) is easier to compute, s.t.
A;» C B;. Since A;, is a subset of B;,, the minimization over B;, will lower bound the exponent

defined by eq. (C.7). It is easy to show that

D (F|[Fea) + D (Pyl|Pea) = D (Pe||Pj) + D (Py||Pj) — 2D (Peal| Pj) (C.8)

< D(F[|Pj) + D (Fal|Fy) -
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We define B;, as
AN
Bip = {a 1 D(PIIP}) + D (Pal|P}) > D (Pl |[Pus) + D (Py||Pw) } (C.9)
Since A; C By,

E(Pi_1, P, Pj)

Y

min {D (P|[Pi1) + D (B P) + D (P|Py) + D (Pl P)} (C.10)

Y

min {D (Fo||Fi—1) + D (By[[Pi) + D (Pl Fap) + D (B||Pus) }

2P?(x
> zex Pa () log Pifl(w)[PZ((I))+Pb(IH +
P 2P2(z) ’
Yaex Py (2) 108 prmym o rm ey

min

where the constraint C is defined by
Y P(z)=) P(z)=1 (C.11)
TEX TEY
The second inequality is obtained by applying the constraint of B;., while the last equality is
obtained by definition of divergence and by expressing P, () as 0.5 (P, (z) + Py (z)). The con-

strained minimization is performed using Lagrange multipliers. We define the functional J (P,, P,)

A N 2P; (z) N 2P} (x)
PR 2 X R ey R T O B w6 A
Aa (Z P, (z) — 1) + Ay (Z Py (7) — 1) : (C.12)
TEY TEX

It is straightforward to show that the Hessian metrix of J (P, P,) w.r.t. P, (z) and P, (z) for
z € Y is positive definite. Hence the functional is convex and obtains the minimum where the first

derivatives are zeros. By differentiation we obtain

VP (@) P, 1
B(P 1. PP > ~21og Zeex VI @I B )L (C.13)

Substituting the error exponent by its minimal value over all transitions, we can upper bound the

probability of A;, by

Pr (Ay) < 27 F[E(©) 5 log(k+1)], (C.14)

Using the union bound and accounting for all | N/k — 3C| < N values of r first and then for all C
values of i, we obtain the upper bound on Pr(A), and by using eq. (C.1) we apply this bound to
Pr (F') and conclude the proof of Proposition B.1.
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Appendix D — Proofs of Propositions B.2 and B.3

In this appendix we present the proofs of Propositions B.2 and B.3, that summarize the contribution

of event F to the average redundancy. The difficulty in proving Proposition B.3 lies in the fact

N

that the time instants of the estimates #; vary for different N-tuples %V € F, thus, we cannot

ti—t;

assume anything about the distances except that they are bounded by 2.5k. We begin
with analyzing the DR of an N-tuple 2"V € F by breaking it into C' + 1 terms, each represents the
contribution of a single segment. We then break each such term into two different terms, which
are analyzed separately. For each term we obtain a pointwise upper bound and an average one.
Finally, we reconstruct the total DR by adding all the separate terms in a pointwise manner to
prove Proposition B.2 and in the average to prove Proposition B.3. The second parts of both

propositions are obtained by adding the PR and the TR to the DR. Throughout this section, we

use the definition of 7~ presented in Appendix B.

We begin with some definitions. For 0 < ¢ < ', we define the following block lengths.

a; é max (ti — ii, 0) y
bi é max (IEZ — ti, 0) y (D.l)
C; é min (ti+1, £i+1) — max (ti, fl) .

We note that ag = by = 0 and that for any 4, either a; or b; must be zero. For generalization

A . .
purposes we define ac1 = boy1 = 0. We next define the vectors associated with each length.

i A
Ty = .’I,‘ii,.’I,‘ii+1,...,.’I,‘ti,1
i A
13
x, = (iUti, Tt;41s- - inifl) (D.2)
i 2
Le = (‘Tti+bi7 Lti+bi+15- - - 7xti+1*ai+1*1) :

If the last index of a vector is smaller than the first, the vector will be the empty vector ¢ by
definition. Therefore, for every i either z or ’I‘Z must be the empty vector. The probability of the
empty vector with any distribution will be defined as 1. The nonempty vectors obtained from the
C + 1 sets of the above three vectors are a complete parsing of the N-tuple into disjoint strings.
Hence, we can express the DR as the sum of the contributions of all these vectors, where the
contribution of ¢ is zero. Finally, the empirical distribution of vector z, # ¢ is defined as

) [
Pi (u) & le ('“); Vu € ¥, (D.3)

7

where n’, (u) is the number of occurrences of u in z’. Figure D.1 demonstrates the definitions

presented above. Each sting z’, is noted by its length «;.
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Figure D.1: typical occurrence of event F' and its effect on the estimated distributions. The dark line represents the time
axis, that is partitioned into strings, whose length is noted above the dark line. The true distributions of the segments are
noted by P and the distributions assigned to the hypothesized segments by the selection of T are noted by Q. In diagram (A)
i; > t; and in diagram (B) #; < t;. In both diagrams ;1 < t; 1 and f;41 > t;11.

We can now use the above definitions to define the distributions Q; that the path 7~ assigns to

each of its hypothesized segments. For convenience, we define
A
A; =a; + ¢ + by, (D.4)

and then

Al )
Q; (u) = o [aiPj—1 (u) + ¢i P (u) + b1 Piy1 (w)] 3 0<i<C, Yu e X, (D.5)
1

where P; is the true distribution of segment 7. The distributions P_; and Pg 41 need not be defined,
since they will always be multiplied by zero. Figure D.1 illustrates the true and the hypothesized
distributions around transition ¢; for both cases #; > t; and #; < ¢;. In both diagrams we assume

a;—1 > 0 and bj41 > 0.

We can now represent the DR of 2V € F as the sum of C + 1 terms (one for each segment),

each consists of two terms, the first is the contribution of vectors a, b and the second of vector c.

N, a1 P (‘TN | ®’T)
Rd (:E 7'D) = Nlogm (DG)

1 K, Py (ad) P (7)) P (a2)
= —3%7 ) .
N g ©8 Qi (1) Qi1 (23) Qi (22)

P (@) Pieg) 1, P(a)

— 1 a DB ;

2B G T @ ) TN 2 Q)

(>
Ma ==
-
+
™
:
]
-
+
7

The equality in the second line of (D.6) is obtained by definition of strings z%, 2} and =z’ in (D.2).

The string ’I'Z is drawn by F;_1 but is assumed to be drawn by @);. The other two strings 7‘}) and
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’I'Zc are drawn by P;, but are assumed to be drawn by );_1 and @); respectively. The last equality
is obtained by mnoticing that z0 = :vg = ¢. We summarize the pointwise and average bounds of r;

and R; in the following lemma.

Lemma D.1

i + bi .
T < uloge; 0<i<C, (D.7)
R < % 1<i<C, (D.8)
_ _ 2.5k k .
PR ER | F < 2R DR P)+ D(RIE ) +o(n): 1<i<e (D)

The proof of the lemma is presented at the end of this section. Using eq. (D.7) and noting that
ag = boy1 = 0, we obtain

C C
;i + b; k
Zri <Z%Thloge§2.5(loge)0ﬁ, (D.10)

i=0 i=1
where the last inequality is obtained by the fact that for each ¢ either a; or b; must be zero and the

definition of F' that ensures that either must be bounded by 2.5k. Similarly, we can show that

C
klog N
S R; <2.5C (])\% . (D.11)

i=1

Adding both bounds of the last two equations, we conclude the proof of the first equation of
Proposition B.2. The proof of Proposition B.2 is concluded by simply adding the bounds for the
PR and TR in eq. (14) and (A.1) respectively with C = C and taking k = Alog N, noticing the DR
is the dominant term. Proposition B.3 is proved similarly to Proposition B.2 with one difference.
Instead of taking the bound on R; of eq. (D.8), we take the upper bound of (D.9) for the average
R; over all transitions to obtain D (©). To conclude this section, we present the proof of Lemma

D.1.

Proof of Lemma D.1: Eq. (D.7) and (D.8) are proved by straightforward manipulations. Before
proving eq. (D.9) we present and prove another lemma. We can upper bound r; in the following

manner.

P, ()

1

_ G i P; (z)

= v esg (D49
Ci S P P (z)
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C; Az

= —log — D.15
N B (D-15)
1 A; a;j+bip

loge. (D.16)

< — lim ¢log— =
N ci—oco C; N

Eq. (D.13) is obtained by representing the probability of vector z*. as the sum of the probabilities of
its components. Using the definition of Q; in (D.5) we obtain inequality (D.14). We note that the
function on the Lh.s. of inequality (D.16) is an increasing function of ¢; in order to upper bound it
by its value for ¢; — oco. Finally, we use L’hospital rule to obtain this value, concluding the proof

of eq. (D.7). We perform similar analysis to show that

Ri < ZLlog= + Llogt D.17
S N8, TN B, (D-17)

The second inequality is obtained by taking A; — N and discarding the denominators of the terms

inside the logarithms, thus concluding the proof of eq. (D.8).

Lemma D.2

1 132;1 (’I‘ ) Pi,1 (’I‘Z) <k>

—log ——"Y < _log—Y Lo =), D.18
N g S N rm) W (D-18)
1 P (! 1 P; (z!

_ log 2 (xb)l S _ log 1 (:Ub)Z + 0 (_)

N7 Qi (x}) N " P () N

Proof of Lemma D.2: We prove the first inequality, but the same analysis can be performed to prove

the second. We first upper bound the expression log (P;—1 () /Q; (z)) for z € X where P, () > 0.

P P,
log ﬂ = log < (@) (D.19)
Qi (v) 1 [aiPi1 (%) + &P (2) + biv1Piga ()]

ci . Pia(z) by, Pia(z)
< —1lo + lo
- Az & P (:U) Az & Pi+1 (I)

Pi—l (I)

< log ————= 1).
< %8R toW

The first inequality is obtained by Jensen’s inequality and the second by the assumption that

transitions are larger than O (k) apart, thus O (A4;) > O (b;11). We now show that we can obtain
A

the same bound when P,y (z) = 0. We define B; = a; + ¢;.

A.
Py (z) B b1 (2)
log =2 = Jog—— D _ D.20
B0 () BB (1)1 P (0) (D-20)
P;_ (:U) P,1 (:U)
< log 24 Gljog L g T 1
< log gt prle oy Sle—pry Foll)
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The first inequality is obtained by Jensen’s inequality, and the second by the fact that O (B;) >
O (bi11), since transitions are larger than O (k) apart. We obtain the inequality by the well known
fact that if z — 0, log (1 + z) = o (x). Summing up for all terms of 2, we obtain that

1 P (ah) P ()

10 = P! (z L (D.21)

Q: (1) 2 5 Qi)

P
IGZ ( )
P‘,l (LUZ) k
i)
N ® By C\W
which concludes the proof of Lemma D.2.
To conclude the proof of Lemma D.1, we first extend the definition of a; and b; s.t.

a;i=b;=0; 1<i<C, Vz" €F. (D.22)

The respective strings ’I'Z and ’I‘Z are defined as the null strings. We define « 2 2.5k, and for all 7,

s.t. 1 <1 < C, we make the following definitions.

AN
u = o—aj, (D.23)
AN
v; = o —b;,
i A
Ty, = (mtifaamtifa-l-la"'axtifaifl) )
i A
Ty = (Ttitbss Ttitbi+15 - Ttita—1) -

The idea is to create the concatenated strings z%, and z¢ , s.t. the first will contain all the o letters
right before the i-th true transition and the second the a letters right after the transition, for all
¥ € ¥N. By using this notation, we can generalize the analysis for R; and average over z. We

conclude by showing the proof of eq. (D.9), for convenience, we omit the superscript i from all

Prif BlE] = %ZFP (=) o8 G s o (D.24)

< ¥ X )i e o () 02

< & 2 r0) [l s+ i o (5) 0

< x B e ety e
o+ Joe s g ) + 2 ()




1 P;_ 21 P;
N MmN P; (zq) e P (x,)
+ log P (zp) | 2loge Piy ()
Py (zp) e P(w)
+ log P, 1 (xzy) 2loge P;(xy,)
P (xu) e P («Tu)
P (zv) 2loge Py (*Tv):| <k>
+ lo + +ol—
B (x) | € P (z) N
1 P4 (x
= LY P () tog T ) (D.29)
Tyq €EXY t (xua)
1 Pi (*Tb'u) ( k )
— (zpy) log ———~ + 0| —
N tb%a ! P;_1 (zp) N
2.5k k
= ZED IR+ DRIP o () (D.30)

Inequality (D.25) is obtained by Lemma D.2. We then upper bound the two logarithm terms
by their absolute value to obtain eq. (D.26), and add non-negative terms for (D.27). The bound
llog z| < 21(’%% + log z (see [5]) is then used to obtain (D.28). Finally, we discard all data letters
independent of z,, and x,, and realize that the distributions of z,, and =z, are P,_; and P,
respectively (eq. (D.29)), and hence we obtain the sum of divergences in (D.30) multiplied by the
length of the strings 2.5k, concluding the proof of (D.9).

Appendix E — Proof of Theorem 4

To prove Theorem 4 we first need to upper bound the number of blocks B. We then use this bound
to upper bound both the PR and the DR. By definition of the scheme

B-1 —
N > 1+ ) |kblogh] > Z [kblogb — 1] (E.1)
b=2 b=1
B—1 k1 > _
> k/ zlogxdr — B = OgP[xQ(ln:r—Ob)] - B
0 2 0
k s, B-1 k )
= —|(B-1)%1 — B==B%logB— 0 (B?).
5 (5= 1" 1og =] "B log B0 (B?)
Therefore,
k
N+0(B%)> 5B log B. (E.2)

To satisfy the last equation, we must have

4 N N
B </ — +o0 . (E.3)
k\ log N log N
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As a result of the discussion before eq. (14), each block of length my, coded by the KT estimate,
produces % logmy + O (1) extra PR bits. Hence, we can upper bound the PR by

B
R, (z";P) < ; Z log | kblogb] + O (1)] (E.4)
b=1
_1[B
< 5 > log (kblogb) + O (B) (E.5)
b=1
r—1 B
= SN lBlogk—i—log(B!)—I—Zloglogb—i—O(B)] (E.6)
b=1
r—1 r—1 [logN log N
< = ——— — . .
< N [Blog B + O (Bloglog B)] Vi N —I—o(\/ N ) (E.7)

Eq. (E.6) is obtained by opening the expression inside the logarithm, and inequality (E.7) by the
fact that B! < BP.

It is obvious from (16) that the largest DR is obtained for PSMS’s with true transitions at the
midpoints of the last C blocks. For these PSMS’s we can upper bound the DR by

N mp BlogB log N log N
T <(C——X< = . .
Ry (2 ,P)_CN < Ch—r OV =5~ +o v (E.8)

We conclude the proof of Theorem 4 by summing up the last two upper bounds.
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