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Sinceconsideringtriangulations(ofsurfaces),oneisfaced

withfinitegraphs,or,inmanycases–whengivenjustthe

verticesofthetriangulation(e.g.CloudsofPoints)–only

withfinite–thusdiscrete–metricspaces.Therefore,the

followingnaturalquestionsarise:

(A)Isonefullyjustifiedinemployingdiscretemetricspaces

whenevaluatingnumericalinvariantsofcontinuoussur-

faces?

andthefollowingmoregeneralone:

(B)Canonefinddiscrete,metricequivalentsofthediffer-

entiablenotions,notionsthatareintrinsicallymoreaptto

describethepropertiesoffinitespacesunderinvestigations?
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Firstlet’stryanddefinemetriccurvature
forcurves:

SinceitWechoosethe(notsowellknown)Haantjescur-

vaturesinceit:

•DoesnotimposeanEuclidianstructureuponthe

givenmetricspace∗;

•Isextremelyversatile.

∗LiketheMengerandAltcurvatures
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DefinitionLet(M,d)beametricspace,letc:I=[0,1]∼→M

beahomeomorphism,andletp,q,r∈c(I),q,r6=p.Denote

byq̂rthearcofc(I)betweenqandr,andbyqrsegment

fromqtor.

q

r

qr

qr

C

p

ThenchasHaantjesCurvature∗κH(p)atthepointpiff:

κ2
H(p)=24limq,r→p

l(q̂r)−d(q,r) (
l(q̂r)

)3;

where“l(q̂r)”denotesthelength†

∗1947
†givenbytheintrinsicmetricinducedbydofq̂r.
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Ofcourse,thisdefinitionwouldrepresentnothingbutanice

exerciseinesotericpass-time,whereitnotforthefollowing

result:

Theorem1Letγ∈C1besmoothcurveinR3andletp∈γ

bearegularpoint.ThentheHaantjescurvatureofγatp

KH(p)existsandequalstheclassicalcurvatureofγatp.

Remark2TheHaantjesCurvatureisanotionrestricted

onlytorectifiablecurves.∗

∗ForfractalsoneshouldusetheMengercurvature.
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Andnowforsome(possible)applications...

Westartwiththemostobvious(atleastinthis“milieux”):

•IntheviewoftheTheorem1above,itisclearthatone

canuseKH(p)asanapproximationofsectionalcurvatures

fortriangulatedsurfaces.Butonecanexpectobviouser-

rors(sinceoneusesanapproximationofaclassicalnotion

onanapproximationofasmoothcurve.)Butthiscurva-

tureisideallyfittedfortheintelligenceofPL-curves(and

surfaces).

SinceHaantjescurvature–asananalogueofsectionalcur-

vature–doesnotconveyanintrinsicmeasureofsurface

curvature,apropernotionistobesearchedfor...Once

again,Gauss’ideaofcomparingthegivensurfacetoa

modeloneprovidestheanswer!...
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However,wecan’trestrictourselvestotheunitsphereS2
asagaugesurface,butweshallcomparethegivensurface

Stoanyofthethecomplete,simplyconnectedsurfaceof

constantcurvatureκ,i.e.

Sκ≡R2,ifκ=0

Sκ≡S2√
κ,ifκ>0

Sκ≡H2√
−κ

,ifκ<0

HereSκ≡S2√
κdenotestheSphereofradiusR=1/√κ,

and

Sκ≡H2√
−κ

standsfortheHyperbolicPlaneofcurvature
√−κ,asrepresentedbythePoincareModeloftheplane

diskofradiusR=1/√−κ.

6



7



Wecannowstarttowardsourgoalofdefininganintrinsic

metriccurvatureforsurfaces.

Wedothisbycomparingquadruplesonthegivenmetric

space,tothoseinagaugesurface.Itis,infact,anatural

idea,sincequadruplesareclassically∗the“minimal”geo-

metricfiguresthatallowthedifferentiationbetweenmetric

spaces.

∗asillustratedbythetime-honoredprinciplesofProjectiveGeometry...
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Definition3Let(M,d)beametricspace,andletQ=

{p1,...,p4}⊂M,togetherwiththemutualdistances:dij=

dji=d(pi,pj);1≤i,j≤4.ThesetQtogetherwiththeset

ofdistances{dij}1≤i,j≤4iscalledametricquadruple.

Remark4Onecandefinemetricquadruplesinslightly

moreabstractmanner,withouttheaidoftheambient

space:ametricquadruplebeinga4pointmetricspace;

i.e.Q=
(
{p1,...,p4},{dij}

)
,wherethedistancesdijverify

theaxiomsforametric.
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Thefollowingdefinitionisalmostobvious:

Definition5Theembeddingcurvatureκ(Q)ofthemetric

quadrupleQisdefinedbethecurvatureκofSκintowhich

Qcanbeisometricallyembedded.
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Wecannowdefinetheembeddingcurvatureatapointina

naturalwaybypassingtothelimit(butwithoutneglecting

theexistenceconditions),moreprecisely:

Definition6Let(M,d)beametricspace,andletp∈M

beanaccumulationpoint.ThenMissaidtohaveWald

curvatureκW(p)atpiff

1.∃/N∈N(p),Nlinear∗;

2.∀ε>0,∃δ>0s.t.Q={p1,...,p4}⊂M,ands.t.

d(p,pi)<δ(i=1,...,4)=⇒|κ(Q)−κW(p)|<ε.

∗TheneighborhoodNofpiscalledlineariffNiscontainedina
geodesic.
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Remark7Ifoneusesthesecond(abstract)definitionof

themetriccurvatureofquadruples,thentheveryexistence

ofκ(Q)isnotassured,asitisshownbythefollowing

Counterexample8Themetricquadrupleoflengths

d12=d13=d14=1;d23=d24=d34=2

admitsnoembeddingcurvature.

Remark9Evenifaquadruplehasanembeddingcurva-

ture,itstillmaybenotunique(evenifQisnotlinear),

indeed,onecanstudythefollowingexamples:

Counterexample10ThequadrupleQofdistancesdij=

π/2,1≤i<j≤4isisometricallyembeddablebothin

S0=R2andinS1=S2.

Counterexample11ThequadrupleQofdistancesd13=

d14=d23=d24=π,d12=d34=3π/2admitsexactlytwo

embeddingcurvatures:κ1∈(1.5,2)andκ2=3.
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SothenotionofEmbeddingCurvature,howeverinterest-

ing,mayprovetobeeitherambiguousoreven–insome

cases–empty!...

However,for“good”metricspaces∗theembeddingcur-

vatureexistsanditisunique.And,whatisevenmore

relevantforus,thisembeddingcurvaturecoincideswiththe

classicalGaussiancurvature.

Indeed,thediscussionabovewouldbenothingmorethan

aniceintellectualexercisewhereitnotforthefactthat

themetric(Wald)andtheclassical(Gauss)curvatures

coincidewheneverthesecondnotionmakessense,thatis

forsmooth†surfacesinR3.

∗i.e.spacesthatarelocally“planelike”
†i.e.ofclass≥C2
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MorepreciselythefollowingTheoremholds:

Theorem12(Wald)LetS⊂R3,beasmoothsurface.∗.
ThenκW(p)exists,forallp∈S,andκW(p)=κG(p),∀p∈
M.

Moreover,Waldalsoprovedthatapartialreciprocaltheo-

remholds,morepreciselyheprovedthefollowing:

Theorem13(Wald)LetMbeacompactandconvex

metricspace.IfκW(p)exists,forallp∈M,thenMis

asmoothsurfaceandκW(p)=κG(p),∀p∈M.

∗i.e.S∈Cm,m≥2
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Unfortunately,theproofofthesebeautifulresultsisfar

beyondourscope.

Evenprovingthatthatacompact,convexmetricspace

locallymimicsR2,thatisthatthefollowingProposition

holds:

Proposition14Anyconvex,compactmetricspaceislo-

callyhomeomorphictotherealplane.

isfarbeyondourscope...

HoweverwecancomputetheEmbeddingCurvature,this

beingnotonlyaninterestingquandaryinitself,butanab-

soluteminimumifwewanttoemployWaldCurvaturein

anypracticalimplementation...
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WefollowfirsttheclassicalapproachofWald-Blumenthal

thatemploystheso-calledCayley-Mengerdeterminants:

GivenageneralmetricquadrupleQ=Q(p1,p2,p3,p4),of

distancesdij=dist(pi,pj),i=1,...,4,wedenoteby

D(Q)=D(p1,p2,p3,p4)thefollowingdeterminant:

D(p1,p2,p3,p4)=

∣∣
∣∣
∣∣
∣∣
∣∣
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Thentheembeddingcurvatureκ(Q)ofQisgiven–de-

pendingupontheembeddingspace(i.e.uponthesignof

thecurvature)–bythefollowingformulae:

(~)κ(Q)=









0ifD(Q)=0;
κ,κ<0ifdet(cosh√−κ·d

ij)=0;

κ,κ>0ifdet(cos√κ·d
ij)and√κ·d

ij≤π
andalltheprincipalminors
oforder3are≥0.
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Wesincerelyadmitthatthisformulae”perse”canonly

mystify...Moreover,howeverniceandelegant(?!...)these

formulaemaybe,theyhaveaHUGEdrawbackfromboth

theTheoreticalandthePracticalpointsofview:

TheyareTranscendental!......and,evenmoretragically,

agivenquadruplemayhavetwodifferentemebeddingcur-

vatures!...

However,itturnsoutthatifonerestricthimselftoprecisely

thosequadruplesthatadmitauniqueembeddingcurvature,

asimpleapproximationoftheirembeddingcurvaturemay

becomputed!Noteherethatevery“nice”neighbouhoods

of“locallyplane-likespaces“contains“good”quadruples.
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Definition15AmetricquadrupleQ=Q(p1,p2,p3,p4),

ofdistancesdij=dist(pi,pj),i=1,...,4,iscalledsemi-

dependent(asd-quad,forbrevity),iff3ofitspointsareon

acommongeodesic,i.e.thereexist3indices–e.g.1,2,3

–s.t.:d12+d23=d13.∗

p

p p

p*1

p*

12 d
12 d

1

23
3
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23 d23 d

d

pp p*
2 44

d

d

d

d 3434

1414

∗Thusoneisreducedtwothestudyof”augmented”triangles.
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Aswishedfor,onehasthefollowing:

Proposition16Ansd-quadadmitsatmostoneembed-

dingcurvature.

Nowwecansafelystatethepromisedapproximationresult:

Proposition17(Robinson,1944)Giventhemetricquadru-

pleQ=Q(p1,p2,p3,p4),ofdistancesdij=dist(pi,pj),i=

1,...,4,theembeddingcurvatureκ(Q)iswellapproximated

by:

(F)K(Q)=
6(cos∠02+cos∠02′)

d24(d12sin2(∠
02)+d23sin2(∠

02′));

where:∠02=∠(p1p2p4),∠02′=∠(p3p2p4)representthe

anglesoftheEuclideantrianglesofsidesd12,d14,d24and

d23,d24,d34,respectively.
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TheerrorRcanbeestimatedbyusingthefollowingin-

equality:

(¯)|R|=|R(Q)|=|κ(Q)−K(Q)|<4κ
2
(Q)diam

2
(Q)/λ(Q);

λ(Q)=d24(d12sin∠02+d23sin∠02′)/S2;

S=Max{p,p′};2p=d12+d14+d24,2p′=d32+d34+d24.
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Whilethefulldetailsoftheproofwouldbetedious∗and

arborescent,wecanstillgive

Thebasicideaoftheproof:thatistorecreate,ina

generalmetricsetting,theGaussMap–inthiscaseone

measuresthecurvaturebytheamountof“bending”one

hastoapplytoageneralplanarquadruplesothatitmaybe

“straightened”(i.e.isometricallyembeddedasasd-quad)

insomeSκ.

∗baseduponTaylorexpansionof“sinh”andsomeclevertrigonometric
manipulations.
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Webringsome(verypreliminary)resultsobtainedona

torus:
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...Andnow,tosomeapplications(inanon-graphicscon-

text)oftheHaantjescurvaturein

•DNAMicroarraayDataAnalysis;

•CommunicationNetworkAnalysis;

•GeodesicsinNetwork/HolesinNetworks.
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ApplicationtoDNAMicroarraayData
Analysis∗

WestartbyadaptingHaantjescurvaturetovertexweighted

graphs:

Definition18Let(G,E,µ)beaconnectedvertexweighted

graph.Define(forallv∼u):

d(v,w)=





|µ(v)|+|µ(w)|
|µ(v)µ(w)|v6=w,µ(v),µ(w)6=0;

1v6=w,µ(v)=0orµ(w)=0;
0v=w.

∗CurvatureBasedClusteringforDNAMicroarrayDataAnalysis,Lec-
tureNotesinComputerScience,IbPRIA200,3523,pp.405-412,
Springer-Verlag,2005.
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Remark19Inourcontextisnaturaltochoosepositive,

integerweights.

Remark20Themetricjustdefinedmayappeararbitrary

butinfactitisrathergeneral,becauseofthefollowing

reasons:

•Onecaneasily“jiggle”thegivenmetrictoobtainan

equivalentonebyapplyingafunctionwithcertainproperties

(s.a.
√
d,|lnd|)

•Anyfamilyof(bounded)metricspaces
{
(Mi,di)i

}
admits

anisometricembeddinginsome(bounded)metricspace

(M,d).

•Themetricsofanyfinitefamilyofmetricspacesare

Lipschitzequivalent.
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Definition21LetG=(V,E,µ)beasbefore,letdbethe

metriconGdefinedabove,andletv∈V.Letπ=v1vv2be

apaththroughv.Firstwedefinethecurvatureoftriangles

withvertexvasbeing:

κ′
H(4v1vv2)=





√√
√√24|d(v1,v)+d(v,v2)−d(v1,v2)| (

d(v1,v)+d(v,v2)
)3e=(v1,v2)∈E;

0e=(v1,v2)/∈E.

ThenthemodifiedHaantjescurvatureκ′
H,π=κ′

H(v)ofπ

atvisdefinedtobethearithmeticmeanofthecurvatures

ofallthetriangleswithapexv:

κ′
H(p)=

∑
vi∼v,vij∼v,vij6=viκ′

H(4vivvij)
|{4vivvij|vi∼v,vij∼v,vij6=vi}|
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Inthisvariationofthedefinitionthecurvatureatviscom-

putedasthemeanofthecurvaturesoffallthetriangles

withapexatv,soinasensethecurvatureateachpoint

dependsonthecurvaturesatthepointsinvi∼v.
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Wecomparetheclusteringperformanceofour(metric)

curvaturetothatofthecombinatorialcurvature.

Toperformclustering,oneselectsacurvaturethreshold

Tcurv∈[0,1]*andselectsasubgraphHTcurv⊆Gbyre-

movingallnodesofcurvature<Tcurvtogetherwiththeir

adjacentedges.

DNAmicroarraydatatakenfrom

http://rana.lbl.gov/EisenData.htmlismadeintoagraph

byamethodofcorrelationbased”edging”.Namely,one

computesthecorrelationbetweendifferentDNAmicroar-

raysandsetsanedgebetweenthemaccordingtoa(corre-

lation)threshold.ForthatweusedtheopensourceTrixy

(J.RougemontandP.Hingamp).

Afterwardstheobtainedgraphundergoesclusteringaccord-

ingtocurvature.Forthemetricweusedgenelengthas

verticesweightsfortheywereshowntoberelevantforthe

functioningofgenes.
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