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•Themainresultspresentedhereinconstitutetheauthor’s

Ph.D.ThesiswrittenunderthesupervisionofProf.Uri

SrebroatTheTechnion,Haifa.

•Somegeneralizationandproblemsforfurtherresearchare

alsoincluded.
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Themainproblemweaddressisthefollowing:

[A]TheexistenceofG-automorphicquasimeromorphicmap-

pings(inthesenseofMartioandSrebro)f:Hn→R̂n,

R̂n=Rn⋃
{∞},foragivenKleiniangroupGactingonHn,

i.e.suchthat

f(g(x))=f(x),foranyx∈H
n
andforallg∈G.(1)

whereHndenotesthehyperbolicn-space,

and

whereaKleiniangroupisadiscontinuousgroupoforienta-

tionpreservingisometriesofHn.
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Recallf∈GisatorsionelementofG\{Id}iffthereexists

m≥2s.t.fm=Idandthatthesmallestmsatisfyingthe

conditionaboveiscalledtheorderoff.

RecallalsothatinKleiniangroupsthetorsionelementsare

theelliptictransformations,i.e.thehyperbolicisometries

fthathave(atleast)afixedpointinHn.

Inthe3-dimensionalcasethefixedpointsetoff,i.e.

Fix(f)={x∈H3|f(x)=x},isahyperboliclineandwillbe

denotedbyA(f)–theaxisoff.Indimensionn≥4the

fixedsetofanelliptictransformationisak-dimensionalhy-

perbolicplane,0≤k≤n−2.AnaxisAiscalleddegenerate

iffdimA=0.Indimensionshigherthann=3,different

ellipticsmayhavefixedsetsofdifferentdimensions.
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SincefortorsionlessKleiniangroupsG,Bn/Gisa(analytic)

manifold,thenextnaturalproblemtoaddressisthatof:

[B]Theexistencenon-constantqm-mapsf:Mn→R̂n;

whereMnisanorientablen-manifold.Apartialaffirmative

answertothisquestionisduetoPeltonen:

Peltonen(1992)ForMn(open)connected,orientable

C∞-Riemanniann-manifolds,n≥3.
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Incontrastwiththepositiveresultsabove,wehavethe

following

Non-existenceResult

Srebro(1998)Foranyn≥3,thereexistsaKleinian

groupGB<Hnsuchthatthereexistsnonon-constant,

G-automorphicfunctionf:Hn→Rn.Moreprecisely,if

G(asabove)containsellipticsofunboundedorders(with

non-degeneratefixedset),thenGadmitsnonon-constant

G-automorphicqm-mappings.
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Thisfollowsfromthefollowingfacts:

•thelocaltopologicalindex:i(x,f)=inf
U∈N(x)

sup
y|f−1(y)∩U|

ofaqm-mapfcannotbetoobigonallthepointsofa

non-degeneratecontinuum

and

•ifgisanellipticMöbiustransformationfixingxandsuch

thatf◦g=f,thentheorderofgdividesi(x,f).
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Alltheseexistenceresultswereobtainedbyemploying

”Alexander’sTrick”

Onestartsbyconstructingachessboardtriangulationof

Mn,i.e.atriangulationwhosesimplicessatisfythecondi-

tionthatevery(n−2)-faceisincidenttoanevennumberof

n-simplices.SinceMnisorientable,aconsistentorientation

canbechosenforallthesimplicesofthetriangulation(i.e.

suchthattwogivenn-simpliceshavinga(n−1)-dimensional

faceincommonwillhaveoppositeorientations).
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Thenonequasiconformallymapsthesimplicesofthetri-

angulationintoR̂ninachess-tablemanner:thepositively

orientedonesontotheinteriorofthestandardsimplexin

Rnandthenegativelyorientedonesontoitsexterior.Ifthe

dilatationsoftheqc-mapsconstructedaboveareuniformly

bounded,thentheresultingmapwillbequasimeromorphic.
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Ifthesimplicesareuniformlyfat,thantherestrictionsof

themappingtothesimplicescanbemadequasiregular,

yieldingaquasiconformalmapping.Thenotionoffatness

isgiveninthefollowingdefinition:

Definition1Ak-simplexτ⊂Rn(orHn);2≤k≤nisf-

fatifthereexistsf≥0suchthattheratior
R≥f;where

rdenotestheradiusoftheinscribedsphereofτ(inradius)

andRdenotestheradiusofthecircumscribedsphereof

τ(circumradius).AtriangulationofasubmanifoldofRn

(orHn)T={σi}i∈Iisf-fatifallitssimplicesaref-fat.A

triangulationT={σi}i∈Iisfatifthereexistsf≥0such

thatallitssimplicesaref-fat;∀i∈I.
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Remark2Thedefinitionaboveistheoneintroducedby

Peltonenandweemployitmainlyforbriefness.Other,

equivalentdefinitionsoffatness,weregivenbyCairns,Cheeger,

MunkresandTukia.

Remark3Wewanttoensurethat“slim”or“flat”sim-

plicessuchastheonesbelowdonotappearinthetriangu-

lation.

Remark4Fattrianglesarepreciselythoseforwhichthe

individualsimplicesconsideredinAlexander’strickmayeach

bemappedontoastandardn-simplex,byaL-bilipschitz

map,followedbyahomotety,withafixedL.
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Results

TheExistenceofAutomorphic
QuasimeromorphicMappings

Theorem5∗LetGbeaKleiniangroup(withtorsion)act-

inguponHn,n≥3.IftheellipticelementsofGwithnon-

degeneratefixedsethaveuniformlyboundedorders,then

thereexistsanonconstantG-automorphicquasimeromor-

phicmappingf:Hn→R̂n.

Corollary6LetGbeafinitelygeneratedKleiniangroup

withtorsionactinguponH3.Thenthereexistsanoncon-

stantG-automorphicquasimeromorphicmappingf:H3→
R̂3.

∗AnnalesAcademiæScientiarumFennicæMathematica,Vol.31,2006,
131-142.
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Thisexistencetheorem,togetherwithSrebro’snon-existence

result,givesacompletecharacterizationofthoseKleinian

groupwhichadmitG-automorphicquasimeromorphicmap-

pings.Namely:

Theorem7LetGbeaKleiniangroupactingonBn.Then

Gadmitsnon-constantautomorphicqm-mappingsiff:

1.n=2;

or

2.n≥3,andtheordersoftheellipticelementsofGhaving

non-degeneratefixedsetsareuniformlybounded.
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TheExistenceofFatTriangulationsandthe
ExistenceofQuasimeromorphicMappingson

Manifolds

Theorem8∗LetMnbeann-dimensionalC1Riemannian

manifoldwithboundary,havingafinitenumberofcompact

boundarycomponents.Thenanyuniformlyfattriangula-

tionof∂MncanbeextendedtoafattriangulationofMn.

Remark9WeprovethattheTheoremabovealsoholds

whenthecompactnessconditionoftheboundarycompo-

nentsisreplacedbytheconditionthat∂Mnisendowedwith

afattriangulationTsuchthatinf
σ∈T

diamσ>0.

∗MediterraneanJournalofMathematics,vol.2,no.2(2005),215-229.
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SinceeveryPLmanifoldofdimensionn≤4admitsa

(unique,forn≤3)smoothing∗,andeverytopologicalman-

ifoldofdimensionn≤3admitsaPLstructure†.Weobtain

fromourresultsthefollowingcorollary:

Corollary10LetMnbeann-dimensional,n≤4(resp.

n≤3),PL(resp.topological)connectedmanifoldwith

boundary,havingafinitenumberofcompactboundary

components.Thenanyfattriangulationof∂Mncanbe

extendedtoafattriangulationofMn.

∗cf.Munkres,Thurston
†cf.Moise,Thurston
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ByapplyingAlexander’sTricktoTheorem8,weobtainthe

followingtheoremofexistenceofquasimeromorphicmap-

pings,whichrepresentsageneralizationofPeltonen’sthe-

orem:

Theorem11LetMnbeaconnected,orientedC1Rieman-

nianmanifoldwithoutboundaryorhavingafinitenumber

ofcompactboundarycomponents.Thenthereexistsa

non-constantquasimeromorphicmappingf:Mn→R̂n.

Andthus,byCorollary10weobtain,inaddition,thefol-

lowingcorollary:
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Corollary12LetMnbeaconnected,orientedC1n-dimensional

manifold(n≥2),withoutboundaryorhavingaboundary

consistingofafinitenumberofcompactboundarycompo-

nents.

Thenineachofthefollowingcasesthereexistsanon-

constantquasimeromorphicmappingf:Mn→R̂n:

1.MnisaPLmanifoldandn≤4;

2.Mnisatopologicalmanifoldandn≤3.
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TheExistenceofAutomorphic

QuasimeromorphicMappings

MethodofProof

•Baseduponthegeometryoftheelliptictransformations

constructafattriangulationT1ofN∗
e,whereN∗

eisacertain

closedneighbourhoodofthesingularsetofHn/G.

O

Q

P
M

A
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•SinceMp=
(
Bn\Fix(G)

)
/G∗isanorientableanalytic

manifold,wecanapplyPeltonen’sresulttogainatriangu-

lationT2ofMp.

•Therefore,ifthetriangulationsT1andT2arechosenprop-

erly,eachofthemwillinduceatriangulationofN∗
e\N∗

e
′,

foracertainN∗
e
′(N∗

e.

•“Mash”T1andT2(inN∗
e\N∗

e
′)i.e.ensurethatthe

giventriangulationsintersectintoanewtriangulationT0
(Munkrestechnique).ModifyT0toreceiveanewfattrian-

gulationTofBn/G(Cheegermethod†).

∗Fix(G)={
x∈Bn|∃g∈G\{Id},g(x)=x

}

†OrusetheoneemployedinConform.Geom.Dyn.10(2006),21-40.
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•ApplyAlexander’stricktoreceiveaquasimeromorphic

mappingf:Bn/G→R̂n.Theliftf̃offtoBnrepresents

therequiredG-automorphicquasimeromorphicmapping.

•Iftheordersofellipticswithdegeneratefixedsetsarenot
boundedfromabovethanmodificationofthisconstruction

isneeded:

•ExcisefromBn/GballneighourhoodsBkcenteredat
Ak/G.ThenSk=∂Bkisan(n−1)-manifoldthatadmitsa

fattriangulationextendingthatof(Bn\S)/G(Cheeger).
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•SimplicesofthetypeofSk,l=J(Ak/G,Tk,l)
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3

canbemappedquasiconformallyontheupperhalf-space

(onthestandardsimplex)(Caraman,Gehring,Väisalä).
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WeconcludewithsomeQuestions(andafewpartialAn-

swers)thatarisenaturallyfromourstudy(investigation):

QuestionA0Whatisthelargestclassofmanifoldsthat

admitquasimeromorphicmappings?

Indeed,onecanaskthefollowingslightlymoregeneral

QuestionA1Whatisthelargestclassofgeometricobjects

thatadmitqm-mapingsontoSn?

Inparticular,onecansharpenthequestionaboveinanat-

uralsense,byextendingtheclassofgroupsthatadmit

qm-automorphicmappings:
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QuestionA2(M.Kapovich)Doquasiconformalgroupsad-

mitqm-automorphicmappings?

Recallthat

Definition13AdiscretegroupGofhomeomorphismsof

Bn(orR̂n)iscalledquasiconformaliffthereexists1≤K<

∞suchthatgisK-quasiconformal,foranyg∈G.
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AnotherquestionarisesfromtheAlexandermethodapplied:

QuestionB1LetfA:Mn→Snbetheqm-mappingcon-

structedusingtheAlexandermethod.Whatistheminimal

branchedqm-mappingf0:Mn→Sn,suchthatK(f0)=

K(fA)?

Arelated(yetstronger)problemisformulatedin

QuestionB2(Martio)GivenamanifoldMn,doesthere

existaqm-mappingfmin:Mn→Snwithminimaldilatation?

Thisconductsusimmediatelytothefollowingquestion:

ProblemB3(Martio)ComputeK(fmin).
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YetanotherproblemstemsfromTheorem11:

ProblemC(Martio)LetMnbaamanifoldwithboundary,

asinTheorem11,andletfintMn:intMn→Snbethe

qm-mappinggivenbyPeltonen’sresult.

(i)CanfintMnbeextendedtoaqm-mappingf̃=fMn:

Mn→Sn?

andifitcan:

(ii)Whatistherelationshipbetweenf̃|∂Mnandtheqm-

mappingf∂MnconstructedinTheorem11.(Inparticular

howdoK(f̃|∂Mn)andK(f∂Mn)relate?)
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WeconcludewiththefollowingProblemrelatedtothetech-

nique(method)ofproofofTheorem7inthe3-dimensional

case:

ProblemDComputecollarsforellipticaxesinhigher-

dimensionaldiscretegroups,byusingtheextensionsof

Jørgensen’sinequality.∗

∗Hint:UseresultsofFriedlandandHersonsky;Martin;Waterman.
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WehaveonlysomepartialAnswerstoQuestionA0(and

itsrelatives):

AnswerA01∗AnyLipschitzmanifoldadmitsqm-mappings

ontoSn.

Sincetheboundaryofany(PL)manifoldiscollaredand

sincethefatnessofthemashingoftwofattriangulations

dependssolelyupontheinitialfatnessanduponthedimen-

sion,wehavethefollowinggeneralization:

AnswerA02LetMnbea(smooth)manifoldwithbound-

ary,suchthattheboundarycomponentsadmitfattrian-

gulationsoffatness≥ϕ0.ThenMnadmitsaglobalfat

triangulation(henceadmitsqm-mappings).

∗ThiswasalreadyconjecturedbyCairns.
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Also,wecangiveatleastapartialanswertoQuestionA1:

AnswerA1Any3-dimensionalorientablegeometricorb-

ifold∗withtamesingularlocusandwithisotropygroups

ofboundedorders(inparticularforSeifertfibredorbifolds,

thatpossessnatural,canonicalgeometricneighbourhoods†).

2006
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∗Givenbya1-complexine.g.S
3
withcertainlabellings.

†SeeBonahon-Siebenmann.
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