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Ourmaingoal:totrytoanswerthefollowingbasicques-

tion:

Whatisthecurvatureofasurface?

Afewapologeticwordsareinorderbeforewestart:

•Thisisfarfrombeinganexhaustivepresentation(indeed,

thiswouldbeimpossible!...)

•Inconsequenceafairamountofpersonalview(andtaste)

areinvolvedbutonestillhopesthemostrelevantideasare

presented.

•Theaccentisplaceduponthemaingeometricinsightand
historicaldevelopment.
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•Noformalproofsaregivenandnofullformuladevelop-

mentisprovided...

•...sonocomplicateddifferentialsareconsidered,sono

discretizationisdescribed,...

•...rathertheinterplaycontinuous-discreteisemphasized,
asthenaturalwayofdescribingandunderstandingmathe-

maticalphenomena.
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Wecannowreturntoourquestionandbeginansweringby

remarkingthat:

ForParametrizedsurfaces:

S=f(u,v);f:U=int(U)⊆R
2
→R

3

theansweriseasy:
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Oooops!...Let’sstartfrom
thebeginning!
Firstdefinecurvatureforthesimplercaseofplanarcurves

Aline“hasnocurvature”sodefineK≡0.

Thenextsimplestcurveisthecircleandheretooananswer

wasknownsincetheAncientGreeks:K≡
1
R

R
O

C(O,R)
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But,howto“fit”thistomoregeneralcurves?

Theanswerisverysimple(ifyouhappentobeNewton!∗...):

Thecurvatureofthecurveatthepointpisthecurvature

ofthebest“fitting”circletocatp.

But...howtofindit?

∗andtheyearis1665
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Simple:usethetrickemployedindefiningthetangentto

ageneralcurve(i.e.definethetangentasthelimitof

secants).

Inthiscase:DefinetheOsculatoryCircleasthelimitof

circlesthathave3commonpointswiththecurve:

p

p
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Butthisidea,howevernice,won’tworkforsurfaces∗,be-
causetherearefartomanycurvesintoomanydirections

tochoosefrom!...

However,afewthingscanbetoldbyanalyzingcurves

throughagivenpointonasurface.First,youstartby

restrictingyourselftoNormalSections.

v

S

k

k
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S
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_
_

p

r = 1/k

Γc

∗and,anyhow,thefirsttimethenotionofOsculatoryspherewas
mentionedwasin1820(byN.Fuss)
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However,theresultsabovearefarfromsatisfactory,be-

cause:

•Therearetwomanydirectionsandevenmorecurves.

•Evenifyoucomputeallcurvatures,whatshouldone

choose?

•Indeed,dothesecurvescurvaturesrepresentinanyway

thecurvatureofthesurface?

•And,moreimportant,whatisthecurvatureofasur-

face?!
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Theanswer–orratheranswerstoalltheimportantques-

tions–wasgivenbyGauss,in1827(inapaperentitled:

“Disquisitionesgeneralescircasuperficiescurvas”)

WeshallnottryandoutsmartGauss(itwouldthemost

meaningless,hubris-ladenexerciseinfutility,anyhow!),so

weshallstepinhisstepsandstartfromthemorebasic,

interesting(andfun!)question:

“Whatisthecurvatureofasurface(atapoint)?!”
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Theideaistodefinecurvatureasameasureofasurface

from“beingstraight”,orequivalently,ameasureofhow

muchasurfacehastobebentinordertoobtainacertain

standardsurface,i.e.theunitsphereS2.

Gaussachievedthisbyconsideringthenormalmappingν:

S→S2.

S
S

2

O

(p)

(p)
p

p

n
ν= (p) p n

ν
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ThentheGaussianCurvatureofSatpisdefinedas:

KS(p)=limdiam(R)→0
Area(ν(R))
Area(R)

S
S

2

O
pA

A'

ν
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AsignisattachedtoK(p)inanaturalway(foranotion

definedbyaintegral!...):

S
2

O

ν
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Whilenottrivialtoshowthatthislimitexists,thisformula

providesuswithasounddefinitionforsurfaces’curvature,

withoutemployinganythingexteriortothesurface(s.a.

normalplanes),i.ethisdefinitionisintrinsictothesurface

(noneedtoembedthesurfaceinR3).

Andindeed,itcanbeshownthatthisdefinitionisreally

independentofthewaythesurfaceisembeddedinR3:it

invariantunderbendingsi.e.transformationsthatpreserve

lengthsandangles.Thisfactrepresents

Gauss’TheoremaEgregium(“ExcellentTheorem”)

Gaussiancurvatureisinvariantunderbendings.
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Moreover,byconsideringaspecialcoordinatesystemin

whichp=(0,0,0)andTp(S)=xOy,andSasagraph

S=S(x,y)=
(
x,y,f(x,y)

)
Gaussalsoprovedthat:

K(p)=kminkMax

andthisformulaisunfortunately–sinceitisneitherim-

mediatenornatural–employedasthedefinitionofthe

Gaussiancurvature.
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ButwhatfortheGeometryrelevanttosuchfieldsasCom-

puterGraphics,ImageProcessing,ComputerAidedGeo-
metricDesign,ComputerizedTomography,Bio-Geometric
Modelling?
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Fortriangulated(PL)surfaces,onecould(followingDescartes

–andinmorerecenttimesHilber–Cohn-Vossen,Pólya,

Banchoff,...)defineKateveryvertexasthedefectofthe

sumofanglessurroundingit:

K(v)=δ(v)=2π−
∑

i

αi.

One(nonmathematical)application∗ofthisdefinition...

∗“Notonlycanwemathematiciansbeuseful,butwecancreateworks
ofartatthesametime,partlyinspiredbytheousideworld”(Sir
MichaelAtiyah)
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...isinMedicalImaging:
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Thefollowingquestionarisesnaturally:

Canwedefinecurvaturewithoutangles?

Evenmore,canwedothiswithoutem-

beddingourspaceinRn?

Thatis,canwedefineanotionofcur-
vatureconsideringonlydistances,i.e.in
(general)metricspaces?
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Firstlet’stryanddefinemetriccurvature
forcurves:

Thefirstapproachisthemostdirect:

Weshallmimictheosculatorycircleinthemetriccontext.

R= (p)
___1
κ

p

γ

γ C (  ) p O

Rememberthatwehavetodothiswithoutreferringto

tangency–sinceweshouldthebeforcedtodefineit,too

–employingdistances,inexclusivity.
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Thisapproachisbasedupontwomostfamiliarhighschool

formulasfortheariaofthetriangleofsidesa,b,c:

[1]Heron’sFormula

S=
√
p(p−a)(p−b)(p−c)

and

[2]

S=abc
4R

wherep=(a+b+c)/2andRdenotestheradiusofthe

circumscribedcircle(circumradius)
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Nowthefollowingdefinitionseemseasyandnatural:∗

Definition1(TheMengerCurvature)Let(M,d)bea

metricspace,andletp,q,r∈Mbethreedistinctpoints.

Then:

KM(p,q,r)=

√(pq+qr+rp)(pq+qr−rp)(pq−qr+rp)(−pq+qr+rp)
pq·qr·rp;

wherepq=d(p,q),etc.,iscalledtheMengerCurvatureof

thepointsp,q,r.

∗almosttrivial!...
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WecannowdefinetheMengerCurvatureatagivenpoint

bypassingtothelimit:

Definition2Let(M,d)beametricspaceandletp∈Mbe

anaccumulationpoint.ThenMhasatpMengerCurvature

κM(p)iffforanyε>0thereexistsδ>0s.t.

d(p,pi)<δ;i=1,2,3=⇒|KM(p1,p2,p3)−κM(p)|<ε

.
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However,theverysimplicityofthedefinitionaboveitsits

ownundoing:theMengercurvatureisdefinedinanin-

trinsicallyEuclidianmanner,soitmayimposeanEuclidian

structureupongeneralspaces,withpossiblyparadoxicalre-

sults.∗

However,thenextdefinitiondoesn’tmimiccloselycurves

inR2soitbetterfittedforgeneralizations:

∗ButnoteverythingislostsincetheMengercurvaturecontrols(Mel-
nikov,1971)–viatheCauchyintegral–ofallthings!–thesmooth-
ness(regularity)offractalsandflatnessofsetsintheplane!...
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DefinitionLet(M,d)beametricspace,letc:I=[0,1]∼→M

beahomeomorphism,andletp,q,r∈c(I),q,r6=p.Denote

byq̂rthearcofc(I)betweenqandr,andbyqrsegment

fromqtor.

q

r

qr

qr

C

p

ThenchasHaantjesCurvature∗κH(p)atthepointpiff:

κ2
H(p)=24limq,r→p

l(q̂r)−d(q,r) (
l(q̂r)

)3;

where”l(q̂r)”denotesthelength†

∗1947
†givenbytheintrinsicmetricinducedbydofq̂r.
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Apparently,theHaantjesCurvatureisamuchmorere-

strictednotionthantheMengerCurvature,sinceitapplies

onlytorectifiablecurves.Howeverthetwodefinitionsco-

incide,wheneverthenarebothapplicable,asthefollowing

theoremshows:

Theorem3(Haantjes)Letγbearectifiablearcin(M,d)

andletp∈γ.IfκMandκHexist,thentheyareequal.
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Ofcourse,allthiswouldbeaniceexerciseinesotericpass-

time,whereitnotforthefollowingresult:

Theorem4Letγ∈C1besmoothcurveinR3andletp∈γ

bearegularpoint.ThenthemetriccurvaturesκM(p)and

κH(p)existandtheybothequaltheclassicalcurvatureof

γatp.
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Andnowforsome(possible)applications(atlast!...)

IntheviewoftheTheoremabove,itisclearthatonecan

usebothκM(p)andκH(p)asapproximationsofsectional

curvaturesfortriangulatedsurfaces.∗Butonecanexpect

obviouserrors(sinceyouuseanapproximationofclassical

onanapproximationofasmoothcurve.)Butthesecur-

vaturesareideallyfittedfortheintelligenceofPL-curves

(andsurfaces).

Also,anapplicationofMengercurvaturetotheproblemof

reconstructionofcurvesbyaTravellingSalesmanMethod

isduetoGiesen.†

∗tosaynothingaboutobjectsofafractalnature
†1999
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ButthemainflawofapplyingMengerorHaantjescurva-

turestothestudyof(metric!)surfaces,residesinthefact

thatthey–asanaloguesofsectionalcurvatures–donot

conveyanintrinsicmeasureofsurfacecurvature.∗

Thereforeapropernotionistobesearchedfor...

And,onceagain,Gauss’ideaofcomparingthegivensurface

toamodeloneprovidestheanswer!...

∗aswehavealreadyremarkedintheclassicalcase
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However,wecan’trestrictourselvestotheunitsphereS2
asagaugesurface,butweshallcomparethegivensurface

Stoanyofthethecomplete,simplyconnectedsurfaceof

constantcurvatureκ,i.e.

Sκ≡R2,ifκ=0

Sκ≡S2√
κ,ifκ>0

Sκ≡H2√
−κ

,ifκ<0

HereSκ≡S2√
κdenotestheSphereofradiusR=1/√κ,

and

Sκ≡H2√
−κ

standsfortheHyperbolicPlaneofcurvature
√−κ,asrepresentedbythePoincareModeloftheplane

diskofradiusR=1/√−κ.
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Wecannowstarttowardsourgoalofdefininganintrinsic

metriccurvatureforsurfaces.

Wedothisbycomparingquadruplesonthegivenmetric

space,tothoseinagaugesurface.Itis,infact,anatural

idea,sincequadruplesareclassicallythe“minimal”geo-

metricfiguresthatallowthedifferentiationbetweenmetric

spaces.
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Definition5Let(M,d)beametricspace,andletQ=

{p1,...,p4}⊂M,togetherwiththemutualdistances:dij=

dji=d(pi,pj);1≤i,j≤4.ThesetQtogetherwiththeset

ofdistances{dij}1≤i,j≤4iscalledametricquadruple.

Remark6Onecandefinemetricquadruplesinslightly

moreabstractmanner,withouttheaidoftheambient

space:ametricquadruplebeinga4pointmetricspace;

i.e.Q=
(
{p1,...,p4},{dij}

)
,wherethedistancesdijverify

theaxiomsforametric.
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Thefollowingdefinitionisalmostobvious:

Definition7Theembeddingcurvatureκ(Q)ofthemetric

quadrupleQisdefinedbethecurvatureκofSκintowhich

Qcanbeisometricallyembedded.

d24

d34

X
p

p

p

p1

2

3
4

d14

d

d

12

23d12

H
2

d34

d24

f

d
d

d

d 23
12

13

14

R = 
1   
-k

k

d34

X

S
2

p
p

p

p1

2

3
4

d d14

d

d

12
24

23

d24 d14 d23

d12

d34

d

d

12

12

f

R =  1
k

k

43



Wecannowdefinetheembeddingcurvatureatapointina

naturalwaybypassingtothelimit(butwithoutneglecting

theexistenceconditions),moreprecisely:

Definition8Let(M,d)beametricspace,andletp∈M

beanaccumulationpoint.ThenpissaidtohaveWald

curvatureκW(p)iff

(i)∃/N∈N(p),Nlinear∗;
(ii)∀ε>0,∃δ>0s.t.Q={p1,...,p4}⊂M,ands.t.

d(p,pi)<δ(i=1,...,4)=⇒|κ(Q)−κW(p)|<ε.

∗TheneighborhoodNofpiscalledlineariffNiscontainedina
geodesic.
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SothenotionofEmbeddingCurvature,howeverinterest-

ing,mayprovetobeeitherambiguousoreven–insome

cases–empty!...

However,for“good”metricspaces∗theembeddingcurva-

tureexistsanditisunique.And,whatisevenmorerelevant

forus,thisembeddingcurvaturecoincideswiththeclassical

Gaussiancurvature.

Indeed,thediscussionabovewouldbenothingmorethan

aniceintellectualexercisewhereitnotforthefactthat

themetric(Wald)andtheclassical(Gauss)curvatures

coincidewheneverthesecondnotionmakessense,thatis

forsmoothsurfacesinR3.

∗i.e.spacesthatarelocally“planelike”
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MorepreciselythefollowingTheoremholds:

Theorem9(Wald)LetS⊂R3,beasmoothsurface.∗.
ThenκW(p)exists,forallp∈S,andκW(p)=κG(p),∀p∈
M.

Moreover,Waldalsoprovedthatapartialreciprocaltheo-

remholds,morepreciselyheprovedthefollowing:

Theorem10(Wald)LetMbeacompactandconvex

metricspace.IfκW(p)exists,forallp∈M,thenMis

asmoothsurfaceandκW(p)=κG(p),∀p∈M.

∗i.e.S∈Cm,m≥2
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Andnow,toanapplication(inanon-graphiccontext):for

DNAMicroarraayDataAnalysis

WestartbyadaptingHaantjescurvaturetovertexweighted

graphs:

Definition11Let(G,E,µ)beaconnectedvertexweighted

graph.Define(forallv∼u):

d(v,w)=





|µ(v)|+|µ(w)|
|µ(v)µ(w)|v6=w,µ(v),µ(w)6=0;

1v6=w,µ(v)=0orµ(w)=0;
0v=w.
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Remark12Inourcontextisnaturaltochoosepositive,

integerweights.

Remark13Themetricjustdefinedmayappeararbitrary

butinfactitisrathergeneral,becauseofthefollowing

reasons:

•Onecaneasily”jiggle”thegivenmetrictoobtainan

equivalentonebyapplyingafunctionwithcertainproperties

(s.a.
√
d,|lnd|)

•Anyfamilyof(bounded)metricspaces
{
(Mi,di)i

}
admits

anisometricembeddinginsome(bounded)metricspace

(M,d).

•Themetricsofanyfinitefamilyofmetricspacesare

Lipschitzequivalent.
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Definition14LetG=(V,E,µ)beasbefore,letdbethe

metriconGdefinedabove,andletv∈V.Letπ=v1vv2be

apaththroughv.Firstwedefinethecurvatureoftriangles

withvertexvasbeing:

κ′
H(4v1vv2)=





√√
√√24|d(v1,v)+d(v,v2)−d(v1,v2)| (

d(v1,v)+d(v,v2)
)3e=(v1,v2)∈E;

0e=(v1,v2)/∈E.

ThenthemodifiedHaantjescurvatureκ′
H,π=κ′

H(v)ofπ

atvisdefinedtobethearithmeticmeanofthecurvatures

ofallthetriangleswithapexv:

κ′
H(p)=

∑
vi∼v,vij∼v,vij6=viκ′

H(4vivvij)

|{4vivvij|vi∼v,vij∼v,vij6=vi}|
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Inthisvariationofthedefinitionthecurvatureatviscom-

putedasthemeanofthecurvaturesoffallthetriangles

withapexatv,soinasensethecurvatureateachpoint

dependsonthecurvaturesatthepointsinvi∼v.
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Wecomparetheclusteringperformanceofour(metric)

curvaturetothatofthecombinatorialcurvature:

DefinitionLetGbea(connected)graphandletvbea

vertexofG,s.t.ρ(v)≥2,whereρ(v)denotesthedegree

ofvi.e.ρ(v)=
∣∣
∣{u|u∼v}

∣∣
∣.Thecombinatorialcurvature

ofGatvisdefinedas:

curv(v),|{4vvivij|vi∼v,vij∼vi,vij6=v}|
ρ(v)(ρ(v)−1)/2;

thatis,itrepresentstheratiobetweentheactualnumber

oftrianglesandthemaximumnumberofpossibletriangles

withapexatv.

Remark0≤curv(v)≤1.

RemarkOnecanshowthatcurv(v)=2−<dv>,where

<dv>representstheaveragecombinatorialdistancebe-

tweenpairsofneighboursofv.
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Toperformclustering,oneselectsacurvaturethreshold

Tcurv∈[0,1]*andselectsasubgraphHTcurv⊆Gbyre-

movingallnodesofcurvature<Tcurvtogetherwiththeir

adjacentedges.

DNAmicroarraydatatakenfrom

http://rana.lbl.gov/EisenData.htmlismadeintoagraph

byamethodofcorrelationbased“edging”.Namely,one

computesthecorrelationbetweendifferentDNAmicroar-

raysandsetsanedgebetweenthemaccordingtoa(corre-

lation)threshold.ForthatweusedtheopensourceTrixy

(J.RougemontandP.Hingamp).

Afterwardstheobtainedgraphundergoesclusteringaccord-

ingtocurvature.Forthemetricweusedgenelengthas

verticesweightsfortheywereshowntoberelevantforthe

functioningofgenes.
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WeconcludewiththewordsofthegreatDutchGeometer

N.H.Kuiper:

Realunderstandinginmathematicsmeans
anintuitivegraspofafact.Thereforetheurge

tounderstandwillseeksatisfactioninsimplicityofstated

theorems,simplicityofmethodsandproofs,andsimplicity

oftools.Itissimplicitywhichcangiverisetoasensation

ofbeautythatgoeswithrealunderstanding...

Thusthespecificinterestofageometrically-mindedmath-

ematician,whodealswithfigureslikecurves,surfaces,with

structureslikemetric,...,isinfluencedbythissimplicityas

wellasbythesuccessofthemethodsandtools.
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Inthehopethatwehaveaddedabittoyour–andour–

intuitionofcurvature,weconcludethispresentation.
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