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Abstract

In this work we consider the problem of recovering an ensemble of
Diracs on the sphere from its projection onto spaces of spherical har-
monics. We show that under an appropriate separation condition on the
unknown locations of the Diracs, the ensemble can be recovered through
Total Variation norm minimization. The proof of the uniqueness of the
solution uses the method of ‘dual’ interpolating polynomials and is based
on [8], where the theory was developed for trigonometric polynomials. We
also show that in the special case of non-negative ensembles, a sparsity
condition is sufficient for exact recovery.

1 Introduction

In many cases, images and signals are observed on spherical manifolds. Typical
examples are astrophysics (e.g. [13]), topography [4] and gravity fields sensing
[12]. Further example is spherical microphone arrays, used for spatial beam
forming [18] and sound recording [19].

A key tool for the analysis of signals on the sphere is spherical harmonics
analysis, discussed in detail later on. For instance, the spherical microphone
array was analyzed in terms of spherical harmonics in [22]. Additionally, spher-
ical harmonics have been extensively used for various applications in computer
graphics, such as modeling of volumetric scattering effects, bidirectional re-
flectance distribution function, and atmospheric scattering (for more graphical
applications, see [24] and the references therein). Spherical harmonics are also
used in medical imaging [25], optical tomography [3], several applications in
physics such as solving potential problem in electrostatics [15] and the central
potential Schrodinger equation in quantum mechanics [9]. Additional applica-
tions of spherical harmonics are sampling on the sphere [16, 5] and more recently,
compressed sensing [1] and sparse recovery [21, 17]. In some sense, our work
relates to these latter fields.

Let H,,(S?~!) denote the space of homogeneous spherical harmonics of degree
n, which is the restriction to the unit sphere of the homogeneous harmonic
polynomials of degree n in R? [2]. Each subspace H,,(S%"!) is of dimension

2n+d—2)(n+d-—3)!
nl(d —2)! ’

(p,d = neN,d> 2.



Also, recall that La(S41) = @22 oM, (S ). Thus, if {Y,;}, j = 1,...,an.a,
is an orthonormal basis of H,,(S%~!), then f € Ly(S%!) can be presented as
f=>,"0 fn, where

Un,d

Jn = Z<f7 Yn7j>Y’ﬂ,j'

j=1

Using the Addition Formula [2], one can write the kernel of the projection onto
H,(S471) as

An,d a
n,d

Pn,d(( ' 77) = Z Yn,j (C)Yn,] (77) = an,d(C : 77)7 C7 ne Sdilv (11)
j=1

where P, 4 is univariate ultraspherical Gegenbauer polynomial of order d and
degree n. Thus, the projection kernel onto the space Vy := ®N_H,,(S471) is

given by
N

En(Cn) =Y PualC-n) (1.2)
n=0
Cer the Dirac ensemble

F=Ycmbe,., (1.3)

m

where 6, is a Dirac measure, ¢,, € R are real weights, and &, € E C Sdil,@
distinct locations on the sphere. We recall the following definition

Definition 1.1. Let B(A) be the Borel o-Algebra on a compact space A, and de-
note by M(A) the associated space of real Borel measures. The Total Variation
of a real Borel measure v € M(A) over a set B € B(A) is defined by

[0](B) = sup Y _ [u(By)],
k

where the supremum is taken over all partitions of B into a finite number of
disjoint measurable subsets. The total variation |v| is a non-negative measure
on B(A), and the Total Variation (TV) norm of v is defined as

[vllzv = [v](A).
For a measure of the form of (1.3), it is easy to see that
v = leml- (1.4)
m

In this paper we assume that the only information we have on the signal f is
its ‘orthogonal projection’ onto Vi, i.e,

Ung = (£ Yn) =D mYni(ém), 0<n<N, 1<j<ana  (15)

To ensure exact recovery of the Dirac ensemble from its projection onto Vi, we
impose a separation condition as in [8] for the case of trigonometric polynomials
and [6] for the case of algebraic polynomials over [—1, 1]. To this end, recall that
the distance on the sphere between any two points &, & € S is given by

d(fl,fg) — arccos (El . 52) . (16)
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Definition 1.2. A set of points £ C S is said to satisfy the minimal sepa-
ration condition for (sufficiently large) N if

mi

14
= n d iy &q Z —, L7
5i,€j €E7€i7éfj (é‘ fj) N ( )

where v is a fived constant that does not depend on N.

The main theorem of this paper concerns exact recovery in the case d = 3, i.e.
the sphere S?

Theorem 1.Q€t E = {&n} be the support of a signed measure of the form
(1.3). Let {Y, ;}N_, be any spherical harmonics basis for Vi (S?) and let y,, ; =
(f,Yn;), 0<n<N,1<j<a,s. IfZE satisfies the separation condition of
Definition 1.2, then f is the unique solution of

min_ ||g||l7v  subject to (g, Yn.i) = Yn.js
min, g (0:¥s) = ¥ .

n=0,..,N, j=1,..,a,3,
where M(S?) is the space of signed Borel measures on S?.

Observe that for applications, Theorem 1.3 is stronger than needed. Indeed,
since the form of (the unknown) f is known, one may perform TV minimization
over the smaller subspace of Dirac superpositions over the sphere. Designing
practical numerical algorithms that leverage on this result is a subject of on
going research [7]. Also, we strongly believe that this result holds in higher
dimensions and indeed significant parts of the proof can be easily generalized
to any dimension. However, there are certain technical challenges (see Section
4.2) which we hope to overcome in future work.

The outline of the paper is as follows. In Section 2 we recall the dual problem
of interpolating polynomials. In Section 3 we provide details on the essential
ingredient of the dual polynomial construction, which is a well-localized poly-
nomial kernel. In Section 4 we carry out the actual construction of the inter-
polating polynomial. In Section 5 we review the simpler case of signals with
non-negative coefficients, where the separation condition can be replaced by a
significantly weaker assumption of sparsity. i.e. that the number of Diracs is
< N.

Finally, we point out that the main result of the paper is of qualitative
nature in the following sense. Throughout the proofs we will have for some
k > 3, elements of the type c;/v*~!, where ¢; are absolute constants that
depend only on k, but change from estimate to estimate and v is the constant
from Definition 1.2. Once all estimates are done, v is selected to be sufficiently
large so that ¢;,/v*~! and similar quantities are sufficiently small. In this paper,
we do not deal with the problem of the sharpness of the constant v.

2 The dual problem of polynomial interpolation
The proof of Theorem 1.3 can be reduced to a problem in polynomial interpo-

lation. Here we state the real version Q general theorem given in [6] and give
its proof for completeness (see also [8,710]):
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Theorem 2.1. Let f = > cmle,, ,cm € R, where = := {£,} C A, and A is
a compact manifold in R™. Let IIp be a linear space of continuous functions
of dimension D in A. For any basis {Py}E_, of Up, let yx = (f, Px) for all
1 <k <D. If for any set {um}, um € R, with |uy,| =1, there exists q € Ilp
such that

q(gm) = Um, me €k,
[g(§)] < 1, V€ € A\E,

then f is the unique real Borel measure satisfying

min subject to ={(g,P.), 1 <k<D. 2.1
JEM(A) lgllTv ] yr = (9, Pr) (2.1)

Proof. Let g be a solution of (2.1), and define g = f+h. The difference measure
h can be decomposed relative to |f| as

h =hz + hzc,

where hz is concentrated in Z, and hzc is concentrated in Z¢ (the complemen-

tary of Z). Performing a polar decomposition of hz yields
hz = |hz|sgn(hz=)(£),

where sgn(hz) is a function on A with values {—1,1} (see e.g. [23]). By as-

sumption, there exists ¢ € IIp obeying

4(&m) = sgn(hz)(&m) , Yém € E, (2.2)
lg(§)] <1, V€€ A\E. (2.3)

Also by assumption (g, Pr) = (f, Px), for 1 <k < D, and so
(g, h) = 0. (2.4)

Equation (2.4), with the polar decomposition of hz and (2.2) imply
0= <qa hE> + <Q7h‘EC> = HhE”TV + <Q7h’EC>

If hze =0, then ||hz||rv = 0, and h = 0. Alternatively, if hzc # 0 ,we conclude
by property (2.3) that

(g, hzc)| < [[hzellrv.
Thus,

|hzellrv > ||hzlTv. (2.5)

As a result of (2.5), we get

I fllzv > If + hllev = [If + kzllrv + ||hzc||lrv
> | fllrv = kellrv + [lhze llrv > | fllTv,

which is a contradiction. Therefore, h = 0, which implies that f is the unique
solution of (2.1). O

In the Figure below, we see an example of an interpolating spherical har-
monic polynomial ¢ : S> — [0, 1] where N = 50. The heat map shows dark red
at points &, € E, where ¢(§) = 1 and blue in regions where ¢ is close to zero.



LT

Figure 1: An interpolating polynomial on the sphere.

3 Spherical Harmonics localization

It is well known that the orthogonal projection kernel Ky given by (1.2) does
not have good localization. Instead, we follow [20] and for d = 3 define the
kernel

Ex(¢-m) =Y p(n/N)Pus(C-n), (3.1)
n=0

where p € C*°[0,0) is a smooth non-negative univariate function, satisfying

1, te0,1/2],
plt)=q9<1, te[l/2,1], (3.2)
0, otherwise.

We emphasize that F N (-) can be regarded as a superposition of Gegenbauer
polynomials of degree < N and hence also a univariate algebraic polynomial of
degree N. Let us impose the following normalization

Fx(C-m) = C(N)En (),
with C'(N) > 0, chosen such that
Fn(1) =1, (3.3)

and
Fy(1) > eN?, (3.4)

where ¢ > 0 is a constant independent of N. Indeed, ¢ can be bounded from
below by 1/64 as follows. Since

N
Py (6)=CN) Y (5) Pt Pas (0,

n=0



and P, 3(1) =1, ¥n > 0, the normalization F (1) = 1, gives

The derivative formula (see e.g. [2])

d—2
! a(t) = %Pn_l,m(t), n>1,d>2,

implies

Hence, by the properties of p

N
=030 (3) 2
(see (3.2))

Fy (1)

v
i

N
23 2n+1)
n=0
Y (E )N N+ N
2N2 + 4N + 2 =64

Our construction requires the right form of differentiation. To this end we
employ the Lie-Algebra structure on the sphere (see Section 4.2.2 in [2] for more
details). For any & € S? | let D¢, 1, D¢, 2, be the two Lie Algebra matrices
associated with the directions of the vectors spanning the tangent plane at
& € S?. The two tangents and hence the matrices, can be determined uniquely
(and continuously) to form a right-hand system with £y. These matrices generate
parametric families of rotation at angles ¢ in the corresponding directions by the
rotation matrices

Dy (t) 1= e7P501, D (1) 1= D502,

where for any matrix B, e? := 80 B—. We may define the rotational derivatives

(if exist) of a function F : S? — R, at a point ¢ € S%, by

Deo . F(€) := lim FDeor (tz - F (5), r=1,2.

Thus, for any point &, € S?, we define the rotational derivatives associated with
&o, of the function Fi (€ - &1), localized at &1, by

Fn (Dey1 (1) €-&1) — Fy (§-&1)

Deo 1 Fiv (§,61) = lim

t b
D¢y oFn (£,61) := }1_{% Fn (D50,2 (t) € tfl) —Fn (& 51).



Denoting briefly P as the orthogonal projector onto Vy, we know by Lemma
4.7 of [2] that for any polynomial Q € Vy,

D¢, »Q = D¢y ,PQ = PDg, »Q, r=1,2,

which implies that D, ,Fn (§-&1) € Vi, 7 = 1,2, i.e. are spherical harmonics.
This is crucial for the construction of the interpolating polynomial (4.3).

irst, we investigate the properties of the spherical harmonic G(&, &) := €&,
@E}@d & € §d-t

Lemma 3.1. For any &,1,1m1,m2 € S¢1

|G(m1,&0) — G(n2,&0)| < d(m,m2) |d(n,&) +jrr:1§§d(n7nj)

Proof. Denote dy :=d (n1,&),da := d(n2,&) . Then

|m - &0 — n2 - &| = |cosdy — cosds| = 2sin ((dy — d2)/2)] |sin ((d1 + d2)/2)]
<1/2|dy — da||dy + d] .

Hence
I - &0 — 2 - o] < d(n1,m2) max {d (n,&),d(n2,&)}

< d(n,n2) (d (7, €0) + max d(n,m)) -
J=1,

O

Let &,&1,m € S, r = 1,2 and 0 < t < 7. If D¢, (t)n = 1, then obviously
Dy, +G(n,&) = 0. Else, observe that for any rotation matrix A, at an angle ¢,
applied to 1, we have d(An,n) < t. Applying this observation and Lemma 3.1,
gives

|De, . (t)m - &0 — 1~ &ol

|De, »G1,€0)| = lim

t
o Do D) (@0 8) (Do Wnm)  (35)
T t—0 d (Dflﬂ“ (t) 7, 77)
< d(n7£0) .

Next, we have the Lipschitz-type estimate

|(Dg, v (8) = 1) (m —m2) - ol

|De, »G (11,60) — D, »G (02,&0)| = lim

t
. N[Dey (1) — I]l[m — n2][&ol
< tlgr(l) " (3.6)
< |[m —mnel
<d(m,n2).
This gives for any &, &1, &2,1 € S?
|D€1,T1D52,T2G(77>£O)| <L (37)
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We now recall the following estimate for every k& > 1, £ > 0 and ¢,n € S [20],

- Ck,éN%
~ (L4 Nd(¢m)F

where ¢y, ¢ is a positive constant depending only on k, ¢. This already gives the
good localization of Fy (€ - &) at & € S?, for any k > 1

|[F'n (€ - &o)| <

FP(C-n) (3.8)

Ck
(1+ Nd(€,&))"

Let us proceed with localization of derivatives. For any &p,&; € S? and r = 1,2
we have the following chain rule

Fn (Deyr (1) €-60) — Fn (§- o)
t
~ lim (Fn (Deyr (1) € - &0) — FIN (§ - €0)) Deyr (8) €+ &0 — € - o
t=0 Deyr (1) €& — €60 t

= Fy (§-&0) D, +G(€,€0)-
We note that the above representation of the derivative also shows that it is
a spherical polynomial of degree < N. Furthermore, in the special case where
§ =& = &1, we get

(3.9)

D¢, »Fn (€,&0) = tlg%

. De (T &0 —1
De¢, .+ Fn (&0,0) = Fiy (1)}111% for { )fo 0 (310)
- 3.10
o . cost—1

—FN(l)tlg%it =0.

We require the following result that generalizes a lemma from [20]

Lemma 3.2. Let &o,n,m,n2 € S? with d(n;,m) < N7, j = 1,2. Then, for
any k>1,0>0,

N2€+1

FO ey p® ced (n1,1m2)
N (- &) N (12 50)‘ < (Lt Nd (&)

Proof. First observe that by the triangle inequality for any 7 such that d(7,n) <
N—l

(3.11)

N (N7 +d(1,%0))
1+ Nd(1,&) -

Applying this, (3.8) and Lemma 3.1 yields

(0) ) ’
F . — . <
N (m &) — Fy’ (n2- &) _d(ﬁ_’%g\m

<
<
<

¢ _
F](V+1) (77'50)’ In1 - &o — m2 - &ol

(£+1)

2
e )[4 .60+ N

a (1+Nd(777£0
- eN2H1d (ny,m2) N cN2 71 (1, m2)
T (L Nd(.)F (14 Nd (1, 6))"
_ cN2T1d (g, m2)

T (L Nd (&)




As a conclusion from Lemma 3.2, we obtain the localization of the derivatives,
i.e. for any &,& € S and r =1,2

[N (De, » (1) € - &0) — Fn (€ &o)]
t
m |Fn (D, ()€ &0) — Fv (€ o)
= d(De, (16,6) (3.12)
CkN

< —.
(1+ Nd(&,&))"

Next, we analyze second order derivatives. By the rotation invariance of func-
tions of the type Fn(£-&o), we may compute certain values of partial derivatives
at the point § = (—1,0,0). The rotations at the angle ¢ associated with the
partial derivatives at &, are

|D€1>TFN (&) = }E)I(l)

cost 0 sint cost sint 0
Dea(t)=1 0 10 , Deo(t)=| —sint cost 0
—sint 0 cost 0 0 1

Denoting n = (11, 12, 13), we get

cost 0 sint m
Fx || 0 10 n2 |- (=1,0,0) | = Fn (=m)
. —sint 0 cost 73
D¢y 1 Fy (0,60) = }1_1)% t
— lim Fy (—costm —sintnz) — Fy (=n1)
t—0 t
d

%FN ((—m) cost + (—n3) sint)

= (msin0 + (—n3) cos 0) Fiy (=)
= —n3Fy (n-&) .

t=0

Similarly
cost sint 0 it
Fy —sint cost 0 n2 | -(—=1,0,0) | — Fn (—m)
. 0 0 1 73
Dey2FN (1, 60) = lim 7
— im Fy (—costn —sintne) — Fn (—m)
t—0 t
d .
= —Fn ((—=m)cost + (—n2)sint)
dt t=0
= (1 8in0+ (—n2) cos0) Fiy (—m1)
= —n2Fy (n-&)-
As already observed (see (3.10)),
Dey 1 Fn (€05 60) = Dey2F'n (€0,€0) = 0. (3.13)



We now compute mixed partial derivatives of the function Fy (£-&p) at the point
&o. Again, without the loss of generality we may compute at § = (—1,0,0)

cost sint 0 m
—n3FN —sint cost O n2 | -(=1,0,0) | +n3F%N (—m)
) 0 0 1 3
De¢y2Dey 1 Fv (1,60) = }1_1}(1) t
_ lim —nsFN (= costm — sintng) + nsFy (=)
t—0 t
d

= _773d7F]/\/' ((—=m1) cost + (—mo) sint)
t =0

= —n3 (1800 + (—=n2) cos 0) Fr (—=m)
nansFy (1 - &o) -

This immediately implies
De¢y2Dey 1 Fn(0,60) = Dey1Dey 2Fn (€0, 80) = 0. (3.14)

Next, we compute

D§0,2D§0,2FN (777 50)

cost sint 0 m
—(—sintny+costnz) Fa —sint cost 0 N2 |(=1,0,0) [+n2Fy(=m)

. 0 0 1 3
= lim 7 L
t—0 ) , ) ,
— lim —(—sin tny+cos tnz) Fy (— cos tny —sin tna)+n2 F (—n1)
t
t—0

= —& (—sintn + costnz) Fiy ((—m) cost + (=) sint)|,_,
=mFEy (n-&) +mFy (n-&)-

With similar computations for De, 1 D¢, 1Fn, we have, @
Dy 1Dgo 1 Fv (€0,€0) = Do 2Dgy 2 F v (€0,€0) = —Fi (1) (3.15)

Proceeding to the next higher order Lipschitz estimate for n,7n;,n, € S?, satis-
fying d(n1,n),d(n2,m) < N~1, we have

D¢, »Fn (m,80) — De, » Fiv (112, &0)
= Fy (m - &0) De, »G (11, 60) — Fiy (12 - &0) De, G (112, 60)
= (Fll\f(nl : 60) - FII\/'(n2 . 50)) Dflﬂ’G(nlafO) + FJ,V (772 ' 50) (Dﬁlﬂ“G(nlaSO) - Dﬁl,rG(nQa§0))-

Consequently, using (3.5),(3.6), (3.8) and (3.11) for £ =1 yields

|D§177’FN (771550) - D&lﬂ”FN (772750)|

< |FN (m ~8o) — Fy (n2- &)l d (m,60) + [Fyy (n2 o)l d (n1,m2)

Cky1 N -1 ek N=d(m1,m2) 3.16
< i eoyrrd (msm) (d0n,€0) + N71) + GGty (3.16)
< cN7d(m,n2)

(1+Nd(n,€0))"
This implies for any &y, &1,& € S2, ry, 7m0 = 1, 2,
C}.C]\f2

(1+ Nd (€,&))" (317

|D§2,T2D§1J‘1FN (£7€O)| <

10
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Similar calculations give

) < e N3d (11, 7m2)

D 1,7 D ,T"F 35 -D 1,7 D ,T"F ag = ) 3.18
| &1,71 §2zN(771 0) &1,m1 ézzN(UZ 0 (1+Nd(77750))k ( )
which in turn yields for any &y, &1, 80,63 € S?, 71,719,713 = 1,2,
Ck]\r3
[ Dey 1 Deg vy Dy s v (€ - €0)] < (3.19)

4 The construction of the interpolating polyno-
mial on S?

According to Theorem 2.1, a sufficient condition for the recovery of f from its
‘orthogonal projection’ onto Vi (S?) is the existence of ¢ € Vy, satisfying

g <1, VE¢E, (4.2)

for any signed sequence {u,,} with unit norm.@lowing the construction of [§]
for d = 2, we propose that the appropriate form for d = 3 is

q (5) = Z amFN (E : Em) + 6mD£m,1FN (gaf’m) + 'YmDém,QFN (§7§m)7 (43)

Em€E

where {am }{Om}, and {7} are sequences of real coefficients, to be selected

later. We point out that, as explained in Section 3, the partial derivatives in

(4.3) are spherical harmonics polynomials of degree < N, and thus q € Vy(S?).
Thus, this section is devoted to the proof of the following proposition:

Proposition 4.1. IfZE C S? satisfies the separation_condition of Definition 1.2,
then there exist coefficients {am },{0Bm}, and {'ym},@z that q of the form (4.3)
obeys (4.1) and (4.2).

According to Theorem 2.1, Proposition 4.1 immediately implies Theorem
1.3. The proof of Proposition 4.1 follows the outline of [8] and is given by a
series of lemmas, as follows:

Lemma 4.2. If the separation condition of Definition 1.2 holds, then for any
sequence {um}, with u,, = {—1,1}, there exist coefficients {am,},{0m}, and
{Y¥m}, such that

q(&m) = tm, (4.4)
De,,19(&m) = Dk, 2q(§m) = 0, (4.5)
for all &, € Z. Additionally, for any k > 3, e exists a constant ci, such that
Ck
HO[”OO S 1+ Vk_lv (46)
Ck
[1Blloo < N1’ (4.7)
Ck
Moo < 551 (4.8)

11
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with v > 0, the constant from the separation condition. Moreover, if u; = 1,
then
(651 Z 1—

g (4.9)

Lemma 4.3. If the separation condition in Definition 1.2 holds, then the poly-
nomial (4.3) as constructed in Lemma 4.2 satisfies |q(&)| < 1 for any & € S?,
obeying

o
d(fagm) S N?

for some &, € Z and sufficiently small o > 0.
Lemma 4.4. If the separation condition in Definition 1.2 holds, then the poly-

nomial (4.3) as constructed in Lemma 4.2 satisfies |q(&)| < 1 for any & € S?,
obeying

d(&E&m) >

where o is the constant of Lemma 4.3.

» Vém €E,

=la

4.1 Proof of Lemma 4.2
The gradient of any ¢ of the form (4.3), at a point &, € =, is given by

ng,rq (fk) - Z angk,rFN (fkagm) + ﬁmDEk,ngm,lFN (gkagm)

Em€EE
+ ¥mDey,r De 2 F'N (Eks Em) r=1,2.

Conditions (4.4) and (4.5) may be written in matrix notation as
FO Fll F12 [0 u
FLoEyt RS2 B8] = |0], (4.10)
F2 FptORP?] |y 0

where

Fo:={Fn (& 'fm)}lc,m )

F = A{De, o Fy (€s6m) Yy 7= 1,2,

Ff = {De,, v Fy (€6 &m) b 7= 12,

Fyt" o= {Dey iy De,yira N (€1,6m) by s 71572 = 1,2,

and v = {um}tm, @ = {am}tm, 8 = {Bm}m,¥ = {¥m}m. For convenience, we
occasionally write (4.10) as

(R A
]—"—L__l IJ.

Our goal is to show that F is invertible and to estimate the coefficients «, 3, .
this end, we require the following@

12
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Lemma 4.5. Let & € Z, where = satisfies the separation condition and let
€ € S?, such that d(€,&) < A/2. Then, for any k > 3 there exists ¢, > 0, such
that for any &1,&2,&3 € S% and ry,79,73 = 1,2,

Ck
Z |FN (5 : fm)| < F’ (4.11)
Em€E\&o

CkN

Z ‘D€~177'1FN (§7£m) ) Z |D§m,r1FN (éyfm)l S F, (412)
§m€E\§0 fm,GE\fo

CkNQ

Z ’Dél,TlDég,rzFN (€7£m)’ < F, (413)
Em€E\Eo

Ck]\]3

Z ‘Dél,r1D527T2D£”3’T3FN (57§m)’ < F (414)
Em€E\&o

Proof. Fix & € =. Let Q,,, be the ‘ring’ about &y such that
1 N
d (& &) < ”("]LV”},o<m< V”J .

The surface area of the ring is given by [2]

|Qm| =27 (cos (%m) — cos (% (m+ 1))) .

By assumption@ set = satisfies the separation condition in Definition 1.2.
Hence, the pointsare the center of pairwise disjoint caps of area 27 (1 Cos 5 N)
Observe that the cap of any & € ,, is contained in the ring

- {feSQ: max{W,O} < d(€,&) gmin{”(m;?’/z),w}}.

Therefore, we can bound the number of points in the ring Q.,, by

o 2 m
Qm._{geS NG <

‘Qm 2w (cos (% (m —1/2)) — cos (% (m +3/2)))

1 — cos 55) - 27 (1 — cos %)

sin (3% (2m + 1)) sin (%) - sin (3% (2m + 1)) 4sin (5% )
sin? (ﬁ) - sin? (
A sin (3% (2m + 1))

sin (7

)

| <om
(4.15)

where the constant does not depend on N or v. Since d(&,&) < A/2, the point
¢ is well-separated from the points &, € Z\&p. Therefore, using (3.9) and (4.15)
we get for k > 3

Mg

D IFN () <

k
£m EE\Eo (1 +mv )

c 1 c
< E § <2
k1 mk—1 k1
m=1
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This proves (4.11). Using (3.12), similar calculations prove (4.12) by

S [P Py | <an > —

Em€E\Eo m=1 (

The estimates (4.13) and (4.14) are proved in similar manner.
O

We successively use the fact that a sufficient condition for the invertibility of a
matrix M is

I - M < 1, (4.16)
where [|M||oo 1= maz; ) ; [m; ;|. Furthermore (see e.g [14], Corollary 5.6.16),
1
Moo € ———. (4.17)
1- ||I - M”oo

The proof of Lemma 4.2 also requires the following

Lemma 4.6. If the separation condition holds, then

1= Folle < 75 (4.18)
1Y oo 1Y oo < N2 r = 1,2, (4.19)
15 loos 15 oo < N2%7 (4.20)
I=F (I = 7 < N (4:21)

1

FT,T —1 o <
I e < Sy

r=1,2, (4.22)

where the constant ¢ is given by (3.4).
Proof. Observe that by (3.3), Fo(k,k) = Fn(1) = 1. Applying (4.11) to any
row in the matrix Fp, yields (4.18)

Ck
1= Folle =max >, |Fn(& &)l <

185 L em gL,

According to (3.13), the diagonals of F] and F{, r = 1,2 are zero. Applying
(4.12) gives

, NCk
IFille =max >0 [DenFr(&:&) < i

T GLeE LA
In @ar manner, observing from (3.14) that the diagonals of F21 2 and F22 !
are zero, (4.13) gives (4.20). Next, we derive from (3.15) and (4.13) that

NQCk
oo — pk-1"

I=Fy(W)I = "

Ultimately, (4.17), (4.21) and (3.4) imply (4.22). O
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We may now proceed with the proof of Lemma 4.2. To show that F is invertible
for sufficiently large v, we show that both F5 and its Schur complement are
invertible [26]. From (4.21), we know that F22’2 is an invertible matrix for
sufficiently large v. So, F> is invertible if the Schur complement of F22 2in Fo,
given by

—1
]_‘872 = (]_‘2/F222) _ F21,1 _ F2172 (F2272) };v22717

is invertible as well. Using the estimates of Lemma 4.6, (3.4) and assuming
vt > (14 écy,) /&2, we get

Fspo £t 1 1,2 2,1 2,2) *
- 25| <|r- [l ()
H —F;V<1>Hoo— R | @I e 2l A
Ck
= k1"
This implies that
_ 1 1 1 Ck
Fl oo < < 1 . 4.23
|| 5,2 ||OO = F]/V(l) 1— l,l?il — ¢N2 < + Vk_l _ ck) ( )

Since F5 is invertible for sufficiently large v, F is invertible if the Schur com-
plement F, := F/F, is invertible as well. Note that

F F1l 2 -1
G = o] - | (39 e

) 2,2\ 7! 2 F
Fo — Fy (F2> Fi fs,ll

Fsa Fs2
where
Faop = Ft — By (Fy?) 7 F2, (4.24)
Faop = F} — FYFP3 LR (4.25)

According to Theorem 1.4 in [26],

Fo= (F/537) | () F37)
and thus, the Schur complement of F> is given by
Fo=Fy— FrF, 3 Feq — FE(Fy?) 7 FL.

Using Lemma 4.6, and assuming v~ > (1 + ¢3) /¢, we get

1,2 2,2y — N
[ Fslloo < IF oo + 1Fy ool (F5*) ™ Hloo | FE oo <

< (4.26)

A similar estimate holds for || Fs 1]/c. Hence, under similar assumptions on v

F - I 2,2\ —
HI - ‘7:8” < ”I - FOHOO + ||-7:s’1||00||~7:s,1| 00||‘7:s,21 |oo + ||F12||00||F12||00||(F2 ) 1”00
Ck Ck 1 Ck Ck 1
= vk=1 + p2(k=1) & (1 + vk=1 — ck) + v2(h=1) & — gk
Ck
S

(4.27)
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Moreover,

1F e < (4.28)

Therefore, for sufficiently large v, (4.10) is an invertible matrix. Hence, we can
calculate the coefficient sequences by

« I
Bl = —F 3 Fsn F . (4.29)
vl LT FL Fa - F)

We now proceed to estimate the coefficients. We begin with the observation

that r
loflos < IF: oo <1+ P —

— ¢
In addition, using (4.23), (4.26) and (4.28), for sufficiently large V,et

1Blloe <I1F5 2 ool FstlloollFa oo
<
— Nyk—l :

Using the same estimates with additional estimates from Lemma 4.6 give

A

2,2\ — 1,2 _ _
Voo < NE) T HIE oo 1 Fs 2 oo I Fo i oo IFs oo
Ck

= Nyk—1°

Finally, if u; = 1, we can apply (4.27), (4.28) and the assumption that |u,,| = 1, @
for each m, to obtain

ar=((I-T=F ")) u),
=u; — ((I—]—'S_l)u)l

> 1= IF sl = Fellos

Ck

>1—-—.
= k1

This completes the proof of Lemma 4.2.

4.2 Proof of Lemma 4.3

Without loss of generality, assume that at & € =, the interpolation condition is
q(&1) = 1. Let £ € S? such that d(&;,€) < o/N for sufficiently small 0 < o < 1
(to be chosen later). The Hessian of ¢(§) at & is

_ (D£,1)2CI(5) D§,1D5,2Q(§)
H(9)©) = D¢ 1 D¢ 2q (§) (Dé,z)QCI(f)

We wish to show that for sufficiently small o > 0 and large enough v, det (H (§)) >
0 and Tr (H (£)) < 0, which implies that both eigenvalues are strictly negative
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and therefore ¢ is concave at £. For r = 1,2

(Der)a(€) < n (Der)? i (6,6) + 18l | (Der)” e Fiv (6,61)
+ 11l | (Per)” De, 2 (6:61)

ol % |(Der)? P (€ 6m)]
ngE\gl

18l | X |(Der) De Fiv (66|
EmeE\El

2
7l | X |(Den)? De 2P (€6m)|
£7n65\€1

We estimate the first left hand term using (4.9), (3.15), (4.6) and then (3.18)
a1 (De,)? Fiv (6,:61) = a1 (De)” Py (6:6) + an (D) Fiv (6,61) = (De)* Fiv (6,9))
<—(1-5) Fh () + (1 + M_f’“_qg) cxN3d (€, €1)

2 ( ~ Ck Ck

The next two terms are estimated using the bounds on «, 8 (4.7), (4.8) and
(3.19)

18l |(Der)? Dy v (6,0)

Estimates (4.6) and (4.13) give

Ck
Il | (D) Dy 2P (€, 60)| < 25 N2

ol 3 (D2 B 6] < (14 st ) i

En€E\E Tk

Using (4.7), (4.8) and (4.14)

C
181 | Y2 [(Per) Desa P 660 |l | D |(Pen)? DesaFi (6,60 | < 22
Em€EN& Em€E\&

Thus, for sufficiently small ¢ and large v

2 2 [ ~ Ck Ck Ck
(Dﬁ,r> q(§) <—N <C(1_W)_(1+M) CIcU‘i‘Vkl) <0.
We proceed with the estimate of the two other entries of the Hessian

|De1De 2q (€)] < a1 |De i De o Fv (€,61)| + 118l o |De1De 2 Dey 1 Fiv (€, 61)]
+ 1Vl oo De,1De 2D, 2F'n (€, 1)

tllalle 22 1De1De2Fn (§6m)l
§m€E\§1

Bl | 22 [De1De2De 1 Fy (€,61)]
gmeE\gl

Ml | 22 [DeaDe2De 2Fn (€,61))]
5m€5\€1
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Using first (4.6), (3.14) and then (3.18) yields

Ck

(e%1 |D§71D§,2FN (5361” S <1 + I/k—li_

Ck> |De1De 2 Fy (§,61) — De 1 De 2 Fiv (€, €))

< (1 n ,cfk) GNP (€, €)

1% — Ck

1% — Ck

Combining with similar estimates as in the previous case results in

2 Ck Ck Ck Ck
|De1De2q (§)| < N ((1 + M) o+ (1 T Ck) ,,/H) :

It is now clear, that we can chose sufficiently small o and large enough v such
that | De.1 De.oq (€)| < ‘(Dg,,.)Qq(g)] and (De,)%q(€) < 0, r = 1,2. This gives
that det (H (£)) > 0 and Tr (H (§)) < 0. To finish the proof, we have to show
that ¢(&) > —1

q(€) = aoFn(6- &) — llalls Y [Fn(E-Em)l
Em€E\G

— 1Bl D 1DeaFN (& Em)l = 17l Y [DeaFn(é &m)l

Em€E Em€EE

> (1 - chil) (1+Fn(&-&)—Fn(€-€)) — (1 + V;?L) ﬁl - y22(/ffl)

c 2c,
Z <1 — l/k‘—l) (1 7Ck0') — m

Clearly, for large v and small o, ¢(§) > —1. For the case where ¢(£;) = —1, the
proof is almost identical except for the fact that we show that ¢ is convex in the

neighborhood of & and ¢(§) < 1, f £,&) <o/N.

4.3 Proof of Lemma 4.4

Let £ € S? and & € Z, such that o/N < d(£,&1) < A/2. We need to show that
for sufficiently large v, |¢(§)] < 1. First observe that using only the first order
estimate for Fy (£ - &), with the normalization Fy(&1,£1) =1

1
ol 1By (€)1 < (14 5 ) 1

Consequently, for sufficiently large v, using also the estimates of Lemmas 4.2,
4.5 and (3.12) gives
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14.(&)] < [l oo [Fv (€ - €)1 + 18llow | Des 1 Fiv (6,601 + [Vlo [Der v (€,60)]
tllale S IFNE &)+ 18l Y 1DeinFr (€,6m)l

EmE€E\EL Em€E\&
e Y. [De2Fn (6 6m)]
meE\&
Cl 1 QCk CL Cr Cl 2Ck
S (1 + Vk—l) 140 + pk—1 (1 —I—O')k + (1 + l/k—l) pk—1 + p2(k=1)
<1

The case where d(&, &) > A/2, for each &, € = is easier. In this case, where
¢ is well separated from all the points of =, we can use estimates similar to the
those of Lemma 4.5, to get

4] < lalloe D 1EN(E &)l + 18l Y 1Depa Fa(€-Em)l

Em€E Em€E
+ 7l D 1De, 2 (€ - &)l
EmeE
Ck Ck Ck
< (1 + l/kfl) pk—1 + p2(k=1)"

This completes the proof.

5 Non-Negative Signals

In this section, we show that for the special case of non-negative Dirac ensembles
f = Zcméﬁm , m >0, gm €=, @ (51)
m

a sparsity condition is sufficient for exact recovery (compare with the discrete
case [11]). We start by presenting a sufficient condition for the reconstruction
of the signal from its projection onto V. Here we give a general version of the
theorem as follows:

Theorem 5.1. Let f =3 cyde, , where 2 = {&,} C A, with A a compact
manifold in R? and c,, > 0. Let Ilp be a linear space of continuous functions
of dimension D in A. For any basis {Py}E_, of lp, let yp = (f, Py) for all
1 <k <D. If there exists q € Ilp such that

Q(gm) =1 &n €5, (5'2)
lg(©)l <1 £¢E,

then, f is the unique minimizer over all non-negative measures of the following

mingeM(A) ||g||TV st. yp = <g, Pk>, k=1,...,D. (5.4)

Proof. Let g be the solution of (5.4), and set ¢ = f+h,h # 0. Let h = hz+ hzc
be the Lebesgue decomposition of h relative to |f|, so that hz is supported on Z.
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Additionally, h=z = ) d,,0¢,, for some real {d,, }. Also, since g is a non-negative

measure, f + hz is also non-negative, implying ¢, + d,,, > 0 for all &,, € E.
Thus, |[f + hzllzv = 32, (Cm + dm)-
We observe that

Plainly, if hzc = 0, then h= = 0, and consequently h = 0. Else, if hzc # 0,

we obtain
> dm| = ‘ / qdh=c

This leads to the following contradiction

< HhEC”TV' (56)

[fllzv = [If + hllzv = |[f + hzllrv + [[hze v

>3 (emtdm) + Y dm

Therefore, f = g. O

(5.7)

= || fllrv +

We now show that a polynomial ¢ € Vx(S?~1), d > 2, obeying (5.2) and (5.3)
can be constructed with a sparsity condition replacing the separation condition.
Assuming that |Z| = s < N, we construct the following polynomial

q§) =1-2"C" T (1-¢-&n). (5.8)

As already noted@ function G(&) = £-& ,Q spherical harmonic and thus also
1 —G(&). The fact that a product of spherical harmonics of degrees N1, N is a
spherical harmonic of degree N7 + N5 and the computation of the corresponding
representation is known as Clebsch - Gordan. Plainly, as long as s < N, g € V.
Moreover, ¢(&r,) =1, and 0 < ¢(§) < 1 for any & ¢ =.

As a result of the above construction, we may apply Theorem 5.1 to obtain
exact recovery for non-negative Dirac ensembles whenever the sparsity condition
|Z] < N holds.

Observe that the case of univariate non-negative Dirac trains and spaces of
trigonometric polynomials is a special case of the above, with d = 2. Therefore,
a sparsity condition can replace the separation condition of [8]. For d = 2, the
construction of the interpolating polynomial over knots {t,,} C [—m, 7], takes
the form

S

g(t) =127 (1 = cos(t — t)),  t€[-mm]. (5.9)

Jj=1

Similarly, in [6] the authors showed that the separation condition is a suf-
ficient condition for the reconstruction of signals of the form (1.3) from their
projection onto the space of algebraic polynomials of degree N over [—1,1]. If
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the signal is known to be non-negative, a sufficient condition for reconstruction
is |Z| < N/2, by the construction of the following algebraic polynomial (see also

[10) s
q(6) =147 - &m)*. (5.10)
i=1
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