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Torque and longitudinal force exerted by eigenmodes on circular waveguides
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It is demonstrated that rotating waveguide eigenmodes may exert a longitudinal force, positive or negative,
as well as a torque on the guiding structure itself or part of it. Configurations that are considered include a lossy
dielectric cylinder bounded by a hollow waveguide, and a lossy dielectric fiber. Both propagating and evanes-
cent eigenmodes are considered. The analysis is based on a general formulation of the linear and angular
momentum currents flowing in the waveguide. The results of this study suggest a novel type of light-driven

machine.
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I. INTRODUCTION

In an early experiment by Beth [1], it was demonstrated
that circularly polarized light can rotate a birefringent plate.
Since the introduction of laser-induced optical forces [2],
vast research has been devoted to the trapping and manipu-
lation of neutral particles [3]. In particular, use of the rotation
of objects due to the torque exerted by laser beams has been
suggested for rotating machines. Gaussian laser beams with
elliptical polarization were used to trap and rotate birefrin-
gent particles [4], and the rotating particles were harnessed to
drive a micromotor [5]. Another mechanism for the rotation
of particles is through absorption, either by circularly polar-
ized light [6,7], where the torque is proportional to the ab-
sorption cross section, or by rotating light with a helical
phase front [7,8]. The latter has an angular dependence of the
fields of the form exp(—jmd), the integer m being the azi-
muthal index.

Recently, there has been an interest in optical forces ex-
erted by guided waves on the guiding structure [9-13].
Waveguide eigenmodes are appealing for use in light-driven
machines as they have the advantage of being confined, and
thus may be integrated into complex systems. In the afore-
mentioned studies, the transverse forces exerted by waves
propagating in the longitudinal direction were investigated. It
is obvious, however, that guided light carries momentum in
the longitudinal direction as well [14], and in this regard it
was suggested to use a backscattering resonance to accelerate
a dielectric particle in a metallic transmission line [15].
Moreover, in addition to linear momentum, rotating eigen-
modes carry angular momentum, the density of which was
calculated for a dielectric fiber [16].

In this study, we demonstrate that rotating eigenmodes
may exert a pushing or pulling longitudinal force, as well as
a torque on the guiding structure itself or part of it. We begin
in Sec. II by rigorously analyzing the fundamental configu-
ration of a dielectric cylinder bounded by a perfectly electric
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conducting (PEC) waveguide. Having gained insight into the
force and torque as resulting from linear and angular momen-
tum currents, we proceed in Sec. III to a general formulation
of the two currents in waveguides, based on the vacuum
Maxwell stress tensor. Finally, we consider in Sec. IV ex-
amples of longitudinally invariant waveguides, namely, a
PEC waveguide filled with dielectric and a dielectric rod
waveguide.

II. DIELECTRIC CYLINDER BOUNDED BY A HOLLOW
WAVEGUIDE

In this section we analyze the longitudinal force and
torque exerted by an eigenmode on a dielectric cylinder
bounded inside a hollow cylindrical PEC waveguide, as il-
lustrated in Fig. 1. We assume that the eigenmode is incident
from the left on the dielectric cylinder of length L and radius
a. First, we examine the TM case, where the longitudinal
electric field of time dependence exp(jwr) in cylindrical co-
ordinates in each one of the regions v=1,2,3 is given by

Ez’,,=Jm(kLr)e_jm¢(A,,e_7VZ+B,,e7’1f’*); (1)

J,(+) is the Bessel function of the first kind with zeros p, ,,
ki, =psmla, y%:ki—s,!,,wz/cz, the permittivities are
g.1=¢,3=1, €,,=€/—je/, and B;=0. In the hollow region,
v13=jB where B is real if the mode is propagating, and 1y, 3
is real for an evanescent mode, i.e., if the mode is below
cutoff. For m # 0, all field components are nonzero with the
exception of H,, and they can be derived from E, [17].

Since E,, Ey, and H, vanish at r=a, the PEC cylinder
experiences no longitudinal force or torque, as the Lorentz
force on the surface charges and surface currents on the con-
ductor equals zero. For the calculation of both the longitudi-
nal force and the torque on the dielectric cylinder, we use the
Maxwell stress tensor [18], and in the high-frequency time-
harmonic regime it is the time-averaged quantities that are of
interest. Thus, the time average of the vacuum Maxwell
stress tensor is given by
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FIG. 1. (Color online). A dielectric cylinder bounded by a
hollow PEC waveguide.

1
(Tag) = Re(eoBoE + poHaHe)

1 - - .
- Z(EOE ET A+ poH - H*)5a§, (2)
where a,é=x,y, or z, and (-) denotes the time average.

A. Longitudinal force

Defining the vectors 7,27, 1 + T 1+ T, 1, where 1,
is a unit vector in the « direction, the time-averaged longi-
tudinal force reads

= b -ai. ()

Taking a surface of integration that encloses the dielectric
just outside its boundary, it can be shown that only the z
=0~ and the z=L* planes have nonzero contributions, and we
denote the two terms by M, and M, respectively, so that
(F.)=My+M;,. Beginning with M/, its explicit integral reads

M= ff dA<Tzz>' (4)
z=L*

According to Eq. (3), M, represents the negative of the lin-
ear momentum current (momentum per unit time) associated
with the outgoing wave. For an incident propagating mode
(y=jB), M, results from one propagating mode in region 3
(z>L), and is given by

My == (Bclko)(Pyy/c?), (5)

where ko2 w/c, and Py, is the transmitted power carried by
the mode in region 3. In the z=0" plane, M| consists of
self-terms of each of the incident and reflected waves and
their cross terms. For the propagating incident mode case,
the integral of the cross terms can be shown to vanish, so that
the expression for M, reads

— E(Pinc + Pref)

M 9
0 ko C

(6)
where P;,. and P, are the powers carried by the incident and
reflected waves, respectively. The total longitudinal force
therefore reads

(F)="50,(1+R D), )

where vy,=pc/ky is the group and energy velocity, and R
and 7 are the power reflection and transmission coefficients,
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FIG. 2. (Color online) Longitudinal force normalized by
80\A1|2)\(2) in the vicinity of a resonance in case of an incident eva-
nescent TM mode with m=1, for three different values of ¢/, and
£/ =2.1. The dielectric cylinder has an aspect ratio of L/a=2.

respectively. This result is valid for both TE and TM modes,
and it indicates that the total force is the sum, with the ap-
propriate sign, of the linear momentum currents of the inci-
dent, reflected, and transmitted waves.

When the incident wave is evanescent (7, 3 are real), then
M;=0, and only the cross products in M, give a nonzero
integral. The resulting expression for the TM case is

<Fz> == 80|A1|277a2k§[‘]rln(px,m)]2 Re(pl) } (8)
1

where p, 2 B,/A, is the amplitude reflection coefficient, so
that R=|p,|*, and J/ (-) is the derivative of the Bessel func-
tion of the first kind. For a lossless dielectric cylinder, p; is
purely real, and there are resonance frequencies for which it
tends to infinity, and around which it changes sign. When
losses are introduced, Re(p;) may change sign as well, as it
goes through zero at the resonance frequency. This is dem-
onstrated in Fig. 2 for three different values of &, and &,
=2.1. The aspect ratio of the dielectric cylinder is taken to be
L/a=2, and its lowest resonance frequency for the m=1 TM
mode is denoted by w,, with a corresponding wavelength
No=2.24a. The time-averaged longitudinal force (F,) nor-
malized by gy|A, |2)\% is plotted and seen to change sign at the
resonance. For higher values of s'r' the peak of (F,) is lower.
The longitudinal force may, therefore, be positive or nega-
tive, meaning that the dielectric cylinder can be pushed by or
attracted toward the incoming evanescent wave, depending
on the sign of Re(p;). A similar expression for (F,) may be
obtained for the TE case.

B. Torque

Next, the torque on the cylinder is evaluated. The integral
of the time-averaged torque [18,19] on the dielectric cylinder
with respect to the z axis coinciding with the cylinder axis is
simplified to read

()= #<x<i.>—y<i>> LdA. )

It can be shown that the r=a surface does not contribute to
this integral, similarly to the calculation of the longitudinal
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FIG. 3. (Color online) Torque normalized by eo|A;|>\] in the
vicinity of a resonance in case of an incident evanescent TM mode
with m=1, for three different values of &/, and £/ =2.1. The dielec-
tric cylinder has an aspect ratio of L/a=2.

force. We define N, to be the integral on the z=0" plane and
N, corresponds to the z=L* plane, so that (7.)=Ny+N;.
Transforming the integral to cylindrical coordinates, the ex-
pression for N; explicitly reads

N, = f f dA%so Re(rE4E)), (10)
z=L*

which represents the negative of the angular momentum cur-
rent of the outgoing wave. For the case of a propagating
incident wave, carrying out the above integration gives the
result

m
—Pia (11)
w

NL =
For N,, in the case of a propagating incident wave, only the
self-terms have a nonzero integral, and consequently it is
given by

m
N0=;(PinC_Pref)' (12)

Summing up N, and N;, the total torque reads
(1)="Py(1-R =), (13)
w

where the negative sign preceding R, rather than positive as
in Eq. (7) for (F,), indicates that absorption rather than re-
flection increases the torque. The time-averaged torque may
thus be rewritten as

<Tz>=%Pabs’ (]4)

where P, is the absorbed power in the dielectric cylinder. A
similar expression was obtained for the scattering of a
Laguerre-Gaussian beam from a particle [8,20].

For the evanescent case, N; =0, and the nonzero contribu-
tion to Ny comes from the cross terms. The result is that,
although Eq. (13) does not hold, Eq. (14) holds for the eva-
nescent case as well, i.e., the torque is proportional to the
dissipated power. Figure 3 shows the torque normalized by
golA;|*\j in the vicinity of the lowest resonance for the m
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=1 TM mode, for three different values of &/, and ¢, =2.1.
The torque is seen to peak at the resonance frequency. Close
to the resonance, the absorption, and with it the torque, de-
creases with increasing &/, while for frequencies farther
away the situation is reversed.

Explicitly for the evanescent case, Eq. (14) may be ex-

pressed as

Yipo
() == eold\Pra’m 51, (pe) P Imlpy). (15)
L
The imaginary part of p, is associated with the power flow-
ing into the cylinder, which is facilitated by the existence of
both an incoming and an outgoing evanescent wave. Let us
normalize (F.) and (7.) by —go|A,|>ma®(y}/K*)[J) (pym) ]
and denote the normalized quantities by (F.) and (7.), re-
spectively. Equation (15) for (7,) and Eq. (8) for (F,) may
then be expressed by

pr=(F)+ (5. (16)

Thus, the reflection coefficient for an evanescent incident
mode has a strong relation to both the longitudinal force and
the torque.

Equation (13) for the torque exerted by propagating
waves and Eq. (14) for both propagating and evanescent
waves are valid also for the TE case.

C. Discussion

An alternative approach for an analytic calculation of the
force and torque on the dielectric cylinder is to consider the
Lorentz force density on the effective polarization charges
and currents [19]. This treatment has recently been used for
several optical configurations (for example, see Refs.
[21,12]). While both approaches, the stress tensor approach
and the polarization sources approach, result in the same
total quantities, the polarization approach has the advantage
of obtaining the force and torque volume and surface distri-
butions as well.

Denoting the polarization density by 75, the effective
charge density is given by p,==V-P and the effective time-
averaged current density is given by J,=joP. Inside a di-

electric body, we have 75=80(8r—1)é, where ¢, is the rela-
tive permittivity. Consequently, for a homogeneous dielectric
body, due to Gauss’ law, there is no volume polarization
charge density, but only surface charge on the boundaries of
the dielectric.

For both TE and TM cases, the polarization surface
charge density on the r=a surface has no contribution to the
force and torque due to the vanishing of £, and E ;. For the
TM case only, there are surface charge densities at the z=0
and z=L planes. The contribution of these surface charges to
the longitudinal force is due to the average between the val-
ues of E_ on both sides of the discontinuity. The contribution
from the two surfaces to the torque is due to E & and for the
case of a lossless dielectric, the torques developed on the two
planes are equal in magnitude and opposite in sign. For both
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the TE and TM cases there is a polarization volume current

density jwso(s,’z—l)é. This current density is responsible
for part of the longitudinal force as well as the torque. For
the torque, however, there is a time-averaged contribution
only if there are losses. Explicitly, for the TM case, the azi-
muthal force density inside the dielectric cylinder is given by

@k_(z)|Ez,2|2 "

2k2l r er> (17)

<f¢> =m
which vanishes for a symmetric mode (m=0) or a lossless
dielectric (&]=0).

The orders of magnitude of the longitudinal force and the
torque per unit power can be estimated using the above re-
sults. In the case of a propagating incident mode, the longi-
tudinal force per unit power obtained according to Eq. (7) is

(F) _ g s N
— = 1+R-7)X033X107° —, 18
p (1+R-17) W (18)

inc ¢

so that it is upper bounded by the value for R=1 and
Uge=c which is 0.66 X 1078 N/W. The torque per unit power
[Eq. (13)], assuming, for instance, a wavelength of 1.55 um,
is given by
T (R T % 025 % 103 X (19
P inc W
For comparison, micrometer-sized bodies were shown to ro-
tate due to a torque of less than 1075 N'm [5].

Based on the dependence of the two quantities (F,) and
(7,) on the various parameters of the problem, the dielectric
cylinder may be pushed, pulled, and rotated by the incoming
mode, if free to move inside the waveguide. For example,
having the dielectric cylinder both pushed and rotated will
cause a spiral motion that can be used for a light-driven drill.

III. GENERAL FORMULATION

It is now possible to develop a general formulation for the
effect of a rotating eigenmode, TE, TM, or hybrid, on a
circular waveguide that may have variations along the z di-
rection. As discussed above, the Lorentz force on the wave-
guide may be viewed as the result of the interaction between
the electromagnetic field and the effective polarization
charges and currents. In the framework of representation of
dielectric materials by effective polarization sources, we may
then consider an equivalent problem in which the same

charges and currents, p, and J,, representing the dielectric
material, are interacting in free space with the electromag-
netic eigenmode. Since the fields remain the same in the
equivalent problem, the different force and torque densities
are unchanged as well. It is therefore clear that the Maxwell
stress tensor in vacuum, rather than the tensor defined using
the dielectric constant of the material [14], ought to be used
for the calculation of the force and torque on some segment
of the waveguide. Correspondingly, it is the Maxwell stress
tensor in vacuum that describes the propagation of both the
linear and angular momentum in the waveguide.

Specifically, for the linear momentum, we define similarly
to the quantity given in Eq. (4)
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M= J f dA(T,,), (20)

where the integration is over the waveguide cross section.
This is, in fact, the negative of the linear momentum current
(being negative for a mode propagating in the positive z
direction) flowing in the waveguide. A similar definition was
considered in Ref. [14]. Assuming that the mode is confined,
i.e., the fields vanish for r— oo, the longitudinal force on
some segment of the waveguide is given by the difference
between the outgoing and incoming values of M according to
Eq. (3).

For the angular momentum, Eq. (10) is generalized for a
hybrid mode to read

N= f f dA r% Re(80E4E. + poH 4H,), (21)

which represents the negative of the angular momentum cur-
rent flowing in the waveguide. According to Eq. (9), the
torque on a waveguide segment is given by the difference
between the outgoing and incoming values of N. It is evident
that for a longitudinal force or a torque to develop in the
waveguide, the respective momentum current must exhibit a
change along z. Such a change could be, for instance, due to
a waveguide discontinuity, as in the configuration of Fig. 1,
or absorption.

Discontinuities in the permittivity along the waveguide
need to be handled carefully. If the electromagnetic mode has
a TM part, i.e., a nonzero E_, then at the discontinuity a
polarization surface charge density is formed, and E_ is dis-
continuous. The surface charge density is due in part to each
one of the materials at the two sides of the interface. Calcu-
lation of the force and torque on a waveguide segment up to
the discontinuity may be done by postulating an infinitesimal
vacuum gap between the two materials [12], and calculating
the momentum currents in the gap. Then the force and torque
on each one of the waveguide segments may be obtained.

IV. LONGITUDINALLY INVARIANT WAVEGUIDES

One important situation where the above formulation is
useful is an absorptive waveguide with no variations along
the z direction. We assume that a single eigenmode is propa-
gating along the waveguide, having longitudinal dependence
of exp(—jBz), where B=Br—jB;. As a first example that al-
lows for analytic expressions to be obtained, we consider a
PEC cylinder filled with a lossy dielectric material, as illus-
trated in Fig. 4(a). It was already mentioned that the PEC
cylinder itself does not experience any longitudinal force or
torque, so it is only the dielectric cylinder inside that is af-
fected. Both the linear momentum current and the flowing
power P decay exponentially according to exp(-2fz), and
therefore their ratio is equal to the ratio between the longi-
tudinal force in some segment and the absorbed power P,
in that segment. For a TM mode this ratio is given by

1B +kgle > -k
2¢ ko(e,Br+elB)

and for the TE mode this ratio reads

(F)Pyo=—M/P= (22)
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FIG. 4. (Color online) (a) PEC waveguide filled with a dielec-
tric. (b) Dielectric fiber surrounded by air.

1|B +kg— K2
2c kOBR

For the lossless case and a mode below cutoff, both expres-
sions go to infinity, indicating that a longitudinal force exists
although no power is flowing. Remarkably, when the mode is
propagating, the momentum current may be opposite to the
direction of power flow. For the TE mode, for instance, as-
suming no losses, the condition for this is 2/3” <k§(s,— 1), so
that, when adding small losses in this situation, the force
density is opposite to the power flow.

The ratio between the torque and the absorbed power for
the TM case is given by

(F)IPgps=—M/P= (23)

(r.)P p="_] (24)
T abs = — =TT A 22

@b we! + 28K

having a limiting value for no losses m/(we,). For the TE
case, this ratio is found to be independent of the permittivity
or the geometry, and it reads

(T Pps=—NIP=—. (25)

€13

Thus, the mechanical effect of a propagating eigenmode on
the waveguide structure is determined by the above four re-
lations [Egs. (22)—(25)]. The same results were also obtained
by calculation of the Lorentz force on the polarization cur-
rents.

Based on the concepts presented above, one may contem-
plate a machine that consists of a lossy waveguide that is
rotated and pushed forward by an eigenmode. A realistic ex-
ample for light frequencies is a lossy dielectric rod wave-
guide [17], which is a dielectric fiber with air as the cladding,
as shown in Fig. 4(b). For this waveguide, the modes are
hybrid rather than pure TM or TE. Figure 5 illustrates the
force and torque per absorbed power as a function of &/ for
three cases. The first case considered is the fundamental
HE;; mode of a dielectric fiber of radius a=0.5\, \ being the
wavelength, and &’'=2.1. The longitudinal force and the
torque per absorbed power are shown in Figs. 5(a) and 5(b),
according to Egs. (20) and (21), respectively. For compari-
son, the same quantities for the TM;; and TE;; modes of the
PEC waveguide filled with dielectric and having the same
radius are depicted using Egs. (22)—(25). It can be seen that
the torque per absorbed power of the HE,, dielectric fiber
mode is between those of the TM;; and TE;; PEC modes.
Assuming that all the power is absorbed in the waveguide,
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FIG. 5. (Color online). Longitudinal force and torque as a func-
tion of the absorption for the TM;; mode (dashed) and TE;; mode
(dash-dotted) of the metallic waveguide filled with dielectric, and
HE|; mode (solid) of a dielectric fiber. (a) (F_)/ P, normalized by
¢! (b) (7.,)/ P s normalized by w™". (c) (F.)B;/ Py normalized by
Nlemll (d) (7.)B/ P s normalized by Ao L.

the magnitude of the mechanical effect is determined by the
force and torque per unit length in which the power is ab-
sorbed, which 1is proportional to BI_I. The quantities
(F)Bi/ Py and (7,)B;/ Py, are therefore depicted in Figs.
5(c) and 5(d), respectively, both increasing with &/ Although
the torque per absorbed power for the HE;; and the TM,
mode decreases with increasing &’ [Fig. 5(b)], having higher
absorption entails that a shorter waveguide with a smaller
moment of inertia will absorb the power, resulting in a me-
chanical effect that increases with &/ [Fig. 5(d)].

V. CONCLUSION

In conclusion, the longitudinal force and the torque ex-
erted by a rotating eigenmode on a guiding structure were
investigated. The force and the torque were understood in
terms of the linear and angular momentum currents, respec-
tively, flowing in a waveguide. This approach is equivalent
to the calculation of the Lorentz force on the effective polar-
ization sources.

The fundamental configuration of a dielectric cylinder
bounded by a perfect metallic waveguide was analyzed ana-
lytically for both propagating and evanescent incident eigen-
modes. In addition, longitudinally invariant circular
waveguides, including a dielectric fiber, were considered. It
was shown that the longitudinal force may be in the opposite
direction to the propagation of the eigenmode, whereas the
torque, which is proportional to the absorbed power, is in the
direction determined by the azimuthal index. However, it
follows from the above analysis that for an active medium,
i.e., a negative &, the torque will reverse its sign. The results
of this study may be exploited for a novel type of light-
driven rotating machines based on guided waves.
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