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Entropy Power

Definition 1 (Entropy Power)

Let X be a d-dimensional random vector (r.v.) with differential entropy
h(X). The entropy power of X is

N(X) =exp (2 h(X)) .
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i D
Entropy Power

Definition 1 (Entropy Power)

Let X be a d-dimensional random vector (r.v.) with differential entropy
h(X). The entropy power of X is

N(X) =exp (3 h(X)) .

° % in the exponent implies homogeneity of order 2:

N(AX) = A2N(X), VA € R.
o If X ~ N(0,021,), then h(X) = 2log(2mes?), and
N(X) = 2meo?.

In some definitions the entropy power is normalized by 2me.
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The Entropy Power Inequality

Introduced by Shannon in his 1948 fundamental paper: “A mathematical
theory of communication.”

The Entropy Power Inequality (EPI)
Let {X;}7_, be independent r.v.'s. Then,

N (zn: Xk> > zn:N(Xk)
k=1 k=1

and equality holds if and only if {X}}}_; are Gaussians with proportional
covariances. )
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Applications of the EPI

Converse theorems for...

@ The capacity region of the Gaussian broadcast channel - Bergmans,
1974

The rate-equivocation region of the Gaussian wire-tap channel -
Leung-Yan-Cheong & Hellman, 1978.

@ The capacity region of the Gaussian interference channel - Costa,
1985.

@ Multi-terminal rate-distortion theory (the quadratic Gaussian CEO
problem) - Oohama, 1998.

The capacity region of the Gaussian broadcast MIMO channel -
Weingarten, Steinberg & Shamai, 2006.
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i D
Rényi's Entropy

Definition 2

Let X be a d-dimensional r.v. with density fx, and o € (0,1) U (1, 00).
The order-a Rényi entropy of X is

« 1

ha(X) = T2 Tog | fxlla =

1l —«o

log / £$(z) da
Rd
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i D
Rényi's Entropy

Definition 2

Let X be a d-dimensional r.v. with density fx, and a € (0,1) U (1, 00).
The order-a Rényi entropy of X is

« 1

ha(X) = 2 log | fxlla =

1l —«o

log / £$(z) da
Rd

By continuous extension in «, we have
o ho(X) = log p(supp(fx))-
o h(X) = h(X) = - [ga fx(z) log fx(z)dz.
0 hoo(X) = —log(esssup(fx)).

where 1 is the Lebesgue measure in RY.
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Properties of Rényi's Entropy

Let X be a d-dimensional r.v. with density.
@ ho(X) is continuous in a € [0, 0]

@ ho(X) is monotonically non-increasing in « € [0, 0],
0<p<a = hg(X)>he(X).
o If X = (Xj,...,Xy) has independent elements, then
hao(X) = iha(Xk), Va € [0, o0].
k=1

(similar to Shannon's entropy)
@ Unlike Shannon's entropy,

E. Ram (Technion) M.Sc. Exam Presentation January 19, 2017.

7/32



Rényi's Entropy Power

Definition 3
o Let X be a d-dimensional r.v. with density.

o Let o €[0,00].

The Rényi entropy power of X is

Na(X) = exp (2 ha(X)).
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Rényi's Entropy Power

Definition 3
o Let X be a d-dimensional r.v. with density.

o Let o €[0,00].

The Rényi entropy power of X is

Na(X) = exp (2 ha(X)).

Homogeneity of order 2:

No(AX) = NN, (X), VA ER, a € [0,00].
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An Application of The Rényi Entropy - Example

X" e xn me {1,...,2n} L={a" € Xxm:

m ‘D fula") = m)

e Fixed p > 0: rate R is called achievable if there exist encoders
{fn}52, such that lim E[|L|”] = 1.

@ Direct and converse results: !

R > Hll (X) = R is achievable
+p

R < Hll (X) = R is not achievable
+p

!Bunte and Lapidoth, “Encoding Tasks and Rényi Entropy”, IEEE Trans. on
Information Theory, Sept. 2014."
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A Rényi EPI (R-EPI)?

o Formally,

1. Let {Xj}}_, be d—dimensional independent r.v.'s with densities.

2. Let @ € [0,00], n € N.

Does there exist a positive constant c((ln’d) such that

n

N, (Z Xk> > ¢(nd) ZNa(Xk) ?
k=1

k=1

E. Ram (Technion) M.Sc. Exam Presentation January 19, 2017.

10 / 32



A Rényi EPI (R-EPI)?

o Formally,
1. Let {Xj}}_, be d—dimensional independent r.v.'s with densities.
2. Let @ € [0,00], n € N.

Does there exist a positive constant c((ln’d) such that

n

N, (Z Xk> > ¢(nd) ZNa(Xk) ?
k=1

k=1

@ For independent Gaussian random vectors with proportional
covariances, Ny (D71 Xi) = > p_1 Na(X}), for every a € [0, co].

— " <1, Vae [0, oc0].

E. Ram (Technion) M.Sc. Exam Presentation January 19, 2017. 10 / 32



Related Work - EPI

1. Shannon, 1948 - the entropy power inequality (EPI)

» Many information-theoretic proofs have been suggested (e.g., Stam -
1959, Gou-Shamai-Verdd - 2006, Rioul - 2011).

. Zamir and Feder, 1993: a vector generalization of the EPI.

N

3. Baron and Madiman, 2007: Some generalizations of the EPI, and
connection to the CLT.
. EPI for discrete random variables:
» Harremoes and Vignat, 2003.
» Jog and Anantharam, 2014.
» Telatar et al., 2014.
. Costa (1985), Toscani (2015) and Courtade (ISIT 2016):
strengthening the EPI by restriction to some families of distributions.

I

&)
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Related Work - Rényi EPI

1. Bercher and Vignat (BV), 2002: for every a € [0, 0],
No (3 j=1 Xi) = 1211?%(71 Nao(Xg).
2. Wang, Woo & Madiman, 2014: lower bound on the Rényi entropy of
convolutions in the integers.
3. Bobkov and Chistyakov (BC), 2015: for every o > 1,
Co = %aﬁ (independently of d and n).
4. Wang and Madiman, 2014: conjectures on the optimal R-EPI.

5. Xu, Melboune & Madiman, ISIT 2016: reverse Rényi EPIs for
s-concave densities (s = 1 = log-concavity).

Our work provides the tightest R-EPIs known so far, for a > 1.
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A New Rényi EPI

Theorem 1

Let
o {X}_, be d—dimensional independent r.v's with densities.
ea>1d = =2
e necN.

Then, the following R-EPI holds:

N, (zn: Xk) > (M) zn:Na(Xk),
k=1 =

k=1

(n) 1 1 e =l
Ca = o1 1-— W .

with
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A New Rényi EPI

Theorem 1 Implications

Theorem 1 = BC bound

Theorem 1 improves the R-EPI by Bobkov and Chistyakov (¢, = %aﬁ)

for every o > 1 and n € N; for every o > 1, it asymptotically coincides
with the R-EPI by Bobkov and Chistyakov as n — oo.
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A New Rényi EPI

Theorem 1 Implications

Theorem 1 = BC bound
Theorem 1 improves the R-EPI by Bobkov and Chistyakov (¢, = laﬁ)

e
for every o > 1 and n € N; for every o > 1, it asymptotically coincides
with the R-EPI by Bobkov and Chistyakov as n — oo.

Theorem 1 = EPI
If @ | 1, Theorem 1 coincides with the EPI.
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A New Rényi EPI

Theorem 1 Implications

Theorem 1 = BC bound
1

Theorem 1 improves the R-EPI by Bobkov and Chistyakov (¢, = aﬁ)

e
for every &« > 1 and n € N; for every a > 1, it asymptotically coincides
with the R-EPI by Bobkov and Chistyakov as n — oo.

Theorem 1 = EPI
If @ | 1, Theorem 1 coincides with the EPI.

Asymptotic Tightness of the Result in Theorem 1
(n)

If n =2 and o — 00, ¢’ tends to % which is optimal; achieved when X;

and X3 are uniformly distributed in the cube [0, 1]%.

v
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™ as a function of a
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A New Rényi EPI

Outline of the Proof of Theorem 1

Main Tool: The Sharpened Young's Inequality

Let p,q,r > 1 satisfy % + % =1+ % and let f € LP(R?) and g € LI(R?)
be non-negative functions. Then

d
A A\ 2
1f * gl < ( g ) 11 lglla
T

where A; = ti 4" and t/ = ﬁ Equality holds if and only if f and g are
Gaussiansorr =p=¢q = 1.

v
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A New Rényi EPI

Outline of the Proof of Theorem 1
Main Tool: The Sharpened Young's Inequality
Let p,g,r > 1 satisfy 2 + L =1+ L and let f € LP(R?) and g € LI(R)
be non-negative functions. Then

d
A AL\ 2
I£ 5 gl < (2522) " 1l ol

where Ay = t7 = and ' = L. Equality holds if and only if f and g are

—1-
Gaussiansor r =p=¢q = 1.

v

@ Reversed for p,q,r € (0, 1].
@ Using mathematical induction:

n 1 &
1fo o fulls < AT Wfkll, A= (A—HA%>
k=1 Y k=1

=¥

2
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A New Rényi EPI

Outline of the Proof of Theorem 1

Young's sharpened inequality and the monotonicity property of the Rényi

entropy yield the following observation.

Let P = {t e R™: tk >0, Y p_y tk = 1} be the probability simplex and

let @ > 1. If > No(Xk) =1, then

IOgNoz (ZXIC> > fO(z)v VZ € an
k=1

where

o folt)="2% - D(|N,)+a' S5 (1-%)log(1-1).
e N, = (N, (Xl)...Na(Xn)).

° D(t|N,) = > 1tk10g< (Xk)>
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A New Rényi EPI

Outline of the Proof of Theorem 1

Young's sharpened inequality and the monotonicity property of the Rényi
entropy yield the following observation.

Let P* ={t € R": t;, >0, Y ,_, tx = 1} be the probability simplex and
let @ > 1. If > No(Xk) =1, then

n
IOgNoz (ZXIC> > fO(z)v VZ € an
k=1

= The R-EPI can be tightened by maximizing fo(%).
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A New Rényi EPI

Outline of the Proof of Theorem 1

Young's sharpened inequality and the monotonicity property of the Rényi
entropy yield the following observation.

Let P* ={t € R": t;, >0, Y ,_, tx = 1} be the probability simplex and
let @ > 1. If > No(Xk) =1, then

IOgNa (ZXk> > fO(t)v vt S Pna
k=1

— The R-EPI can be tightened by maximizing fo(¢).

@ The solution of the optimization problem leads to an implicit bound
in most cases

@ Instead, we take a sub-optimal choice t;, = N, (X%) (it can be verified
to be optimal if N, (Xk) is independent of k).

@ Some more steps yield Theorem 1.
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Further Tightening the Rényi EPI The Optimization Problem

Sub Optimality

@ BV bound for n = 2:

No(X1 4+ X2) > max {Ny(X1), No(X2)}

>
> %(Na(Xl) + Na(X2)), a € [0,00].
@ Theorem 1 for n = 2 and a — oo yields

Neo(X1 + X3) > § (Noo(X1) + Noo(X2)).

@ Since the maximal value of two numbers is larger than or equal to
their average, the BV bound is tighter than our bound in Theorem 1
for n =2 and large enough a's (unless Noo (X1) = Noo(X2)).
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Further Tightening the Rényi EPI The Optimization Problem

The Optimization Problem

Recall that log Ny, (31— Xi) > fo(t), Vit € P™.

@ The optimization problem is not convex

maximize  fo(t1,t2, ..., tn—1,1n)
subject to t >0, ke{l,...,n},
2=t =1
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Further Tightening the Rényi EPI The Optimization Problem

The Optimization Problem

Recall that log Ny, (31— Xi) > fo(t), Vit € P™.

@ The optimization problem is not convex

maximize  fo(t1,t2, ..., tn—1,1n)
subject to t >0, ke{l,...,n},

D1tk =1
@ An equivalent problem
maximize fo(tl,tg,...,tn_l,l — Z;} tk)
subject to ¢, >0, ke{l,...,n—1},
Rtk <1
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Further Tightening the Rényi EPI The Optimization Problem

The Optimization Problem

Recall that log Ny, (31— Xi) > fo(t), Vit € P™.

@ The optimization problem is not convex

maximize  fo(t1,t2, ..., tn—1,tn)
subject to ¢, >0, ke{l,...,n},
2= th =1
@ An equivalent problem
maximize  fo(t1,t2,. .., tp—1,1 — Z;} tr)
subject to ¢, >0, ke{l,...,n—1},
Pt <1

@ This problem can be shown to be convex by a non trivial use of the
next result from matrix theory (Bunch et al. 1978).
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Further Tightening the Rényi EPI The Optimization Problem

Rank—One Modification Theorem (Bunch et al. 1978)

Let

e D € R™™ be a diagonal matrix with the eigenvalues
dy <dgs <...<d,.

e C be a rank-one modification of D i.e., C = D + pzzT, where
z€R” peR, and let Ay < Ay < ... < A\, beits eigenvalues.

Then,
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Further Tightening the Rényi EPI The Optimization Problem

Rank—One Modification Theorem (Bunch et al. 1978)

Let

e D € R™™ be a diagonal matrix with the eigenvalues
dy <dgs <...<d,.

e C be a rank-one modification of D i.e., C = D + pzzT, where
z€R” peR, and let Ay < Ay < ... < A\, beits eigenvalues.
Then,
L.Ifp>0,thend; <\ <dy <X <...<d, <\,
If p<0,then \{ <dj <X <do <... <\, < dy.
2. If dj # d; and z;, p # 0, then the inequalities are strict, and for every
i€{l,...,n}, Njisazeroof W(z) =1+p37_;

Zi
dj—x

E. Ram (Technion) M.Sc. Exam Presentation January 19, 2017. 20 / 32



Further Tightening the Rényi EPI The Optimization Problem

Applying The Rank—One Modification Theorem

1. The Hessian matrix of fo(t1,t2,...,tn_1,1 — Z;% ty):
Vfo=D+p11"

2. The Rank-One Modification Theorem is used to prove that V2 f is
negative semi-definite, hence f; is concave.
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Further Tightening the Rényi EPI The Optimization Problem

Applying The Rank—One Modification Theorem

1. The Hessian matrix of fo(t1,t2,...,tn—1,1 — Z;% ty):
Vifo=D+pll"

2. The Rank-One Modification Theorem is used to prove that V?fj is
negative semi-definite, hence fj is concave.

3. The optimization problem

maximize  fo(t1,ta, ... tn_1,1 — S 0= th)
subject to ¢, >0, ke{l,...,n—1},
Z;ll t, <1

is convex.
4. The solution can be found by solving the KKT conditions.
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Further Tightening the Rényi EPI The Optimization Problem

The KKT Conditions

@ The optimization problem

maximize  fo(t1,t2,. .., tn—1,1 — Z;} tr)
subject to ¢, >0, ke{l,...,n—1},
Mtk <1

@ Assume w.l.o.g that No(X%) < No(Xy), ke{l,...,n—1}
e Set ¢, = No‘gx’“ Ee{l,...,n—1}.
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Further Tightening the Rényi EPI The Optimization Problem

The KKT Conditions

@ The optimization problem

maximize  fo(t1,t2,. .., tn—1,1 — Z;} tr)
subject to ¢, >0, ke{l,...,n—1},
Mtk <1

@ Assume w.l.o.g that No(X%) < No(Xy), ke{l,...,n—1}

@ Set ¢ = ]]gzgfl%, Ee{l,...,n—1}.

o After some simplifications, the KKT conditions are:
1 tk(a) —tg) = cptn(af —t), ke{l,...,n—1}

2.3 te=1
3.t >0, kE{l,...,n}
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Theorem 2
o Let Xq,..

., X, be d—dimensional independent r.v's with densities and
assume, w.l.o.g, that N (X}) < No(X5),

kEe{l,...,n—1}.
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Further Tightening the Rényi EPI A Tighter Rényi EPI

Theorem 2

o Let Xy,...,X, bed—dimensional independent r.v's with densities and
assume, w.l.o.g, that No(Xy) < No(X,), ke{l,...,n—1}.
No (Xk)

OLetCk:m, ke{l,,n—l}
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Further Tightening the Rényi EPI A Tighter Rényi EPI

Theorem 2
o Let Xy,...,X, be d—dimensional independent r.v's with densities and
assume, w.l.o.g, that No(Xy) < No(X,), ke{l,...,n—1}.
oLetck:%, ke{l,...,n—1}.
e let t, € [0,1] be the unique solution of t, + ZZ;} Ui (tn) = 1 with

o —y/a’?2—4cp (o —x
n(w) = D e [0,1).
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Further Tightening the Rényi EPI A Tighter Rényi EPI

Theorem 2

o Let Xy,...,X, be d—dimensional independent r.v’'s with densities and
assume, w.l.o.g, that No(Xy) < No(X,), ke{l,...,n—1}.

oLetck:%, ke{l,...,n—1}.

e let t, € [0,1] be the unique solution of t, + ZZ;} Ui (tn) = 1 with

o' —/a'?—4cy, x(a'—x

Vi(z) = arlel ) e [0,1).

e Define ty, = Yy(t,), ke{l,...,n—1}.
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Further Tightening the Rényi EPI A Tighter Rényi EPI

Theorem 2
o Let Xy,...,X, be d—dimensional independent r.v's with densities and
assume, w.l.o.g, that No(Xy) < No(X,), ke{l,...,n—1}.
oLetck:%, ke{l,...,n—1}.

@ let t, € [0,1] be the unique solution of t, + ZZ;} Ui (tn) = 1 with
o —/a2—4cy (o —x
Yn(@) = 2 s ef0,1]
e Define ty, = Yy (t,), ke{l,...,n—1}.
Then, the following R-EPI holds:

n n
N, (Z Xk> > efoltr,itn) ZNa(Xk)7
k=1 k=1
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Further Tightening the Rényi EPI A Tighter Rényi EPI

Theorem 2 Implications

Theorem 2 = Theorem 1

@ Theorem 2 improves the R-EPI in Theorem 1 unless N, (X) is
independent of k; in the latter case, the two R-EPIs coincide.
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Theorem 2 Implications

Theorem 2 = Theorem 1

@ Theorem 2 improves the R-EPI in Theorem 1 unless N, (X) is
independent of k; in the latter case, the two R-EPIs coincide.

@ However, Theorem 1 gives a closed-form bound.
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@ Theorem 2 improves the R-EPI in Theorem 1 unless N, (X) is
independent of k; in the latter case, the two R-EPIs coincide.

@ However, Theorem 1 gives a closed-form bound.
@ Recall that Theorem 1 = BC bound & the EPI.
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Further Tightening the Rényi EPI A Tighter Rényi EPI

Theorem 2 Implications

Theorem 2 = Theorem 1

@ Theorem 2 improves the R-EPI in Theorem 1 unless N, (X) is
independent of k; in the latter case, the two R-EPIs coincide.

@ However, Theorem 1 gives a closed-form bound.
@ Recall that Theorem 1 = BC bound & the EPI.

Theorem 2 = BV Bound
e Improves the BV bound (N, (3, X&) > max No(Xk))-

1<k
@ Both bounds asymptotically coincide as o« — oo |f and only if
n—1
D Noo(Xk) < Noo(Xn)
k=1
y
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Further Tightening the Rényi EPI A Tighter Rényi EPI

Closed-Form Expression of Theorem 2 for n = 2

Corollary 1
Let
e X, and Xy be d—dimensional independent r.v's with densities.
/I
e o > ]. o = a1

o fo = F5Y Xl  (Recall that w.l.o.g No(X1) < Na(X2)).
a’(,Ba+1 —2B8a—+/(a/ (Ba+1))2—80/Ba+4Ba -
ot = 50=F) if Bo < 1
: if Ba =1
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QiR
Closed-Form Expression of Theorem 2 for n = 2

Corollary 1
The following R-EPI holds:

Na(Xl 2 X2) > Ca (Na(Xl) + Na(XQ))a

where

1 Ba ta ) Tt 1—t, % It
R

and d(x||y) is the binary relative entropy

d(z|ly) = zlog (%) + (1 —2x)log (t—z) , 0<z,y<l1.
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Further Tightening the Rényi EPI A Tighter Rényi EPI

Closed-Form Expression of Theorem 2 for n = 2

For n = 2 (two summands), our tightest bound in Theorem 2 is
asymptotically tight when o« — oo and is achieved by two independent
d-dimensional random vectors uniformly distributed in the cubes [0, v/Ny]?

and [0, v/NoJ?.
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Further Tightening the Rényi EPI A Tighter Rényi EPI

Comparing the R-EPIs (n = 3)

—BV

— — - Theorem 1
=———Theorem 2|

N(,(Xl + X5+ Xg)

40

Lower bounds on

30

= (40,40, 40)

104
«

16

108

Figure: A comparison of the R-EPIs from Bobkov& Chistyakov (BC),

Bercher&Vignat (BV), Theorem 1 and Theorem 2 for n =3
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Summary - Analytical Tools
@ Theorem 1:

1. The sharpened Young's inequality

2. Monotonicity of the Rényi entropy power in its order
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Summary - Analytical Tools

@ Theorem 1:

1. The sharpened Young's inequality
2. Monotonicity of the Rényi entropy power in its order

@ Theorem 2 - a further improvment:

1. The rank-one modification theorem - proving convexity
2. Convex optimization and solution of the KKT conditions
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Information Theory (ISIT 2016), pp. 2289-2293, Barcelona, Spain,
July 10-15, 2016.
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Further Research: R-EPI For o € [0, 1)

@ Are our bounding techniques extendible to o < 17
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Further Research: R-EPI For o € [0, 1)

@ Are our bounding techniques extendible to o < 17

@ Unfortunately, not. In this case, Young's inequality and the

monotonicity property of the Rényi entropy power yield inequalities in
opposite directions.
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Further Research: R-EPI For o € [0, 1)

e For & = 0, one can use the Brunn-Minkowski (BM) inequality:

Ul

1 1
pd(A+B) > pd(A) +p

(B)-
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Further Research: R-EPI For o € [0, 1)

e For & = 0, one can use the Brunn-Minkowski (BM) inequality:

Ul

wi(A+ B) > i () + i (B).

2
» By definition No(X) = pd (supp(fx))
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Further Research: R-EPI For o € [0, 1)

e For & = 0, one can use the Brunn-Minkowski (BM) inequality:

Ul

wi(A+ B) > i () + i (B).

» By definition Ny(X) = ,u% (supp(fx))
» BM yields \/No(X +Y) > /No(X) + /No(Y)

E. Ram (Technion) M.Sc. Exam Presentation January 19, 2017.

30 /32



Further Research: R-EPI For o € [0, 1)

e For & = 0, one can use the Brunn-Minkowski (BM) inequality:
1 1 1
pd(A+B) = pd(A) + pd(B).
» By definition Ny(X) = ,u% (supp(fx))

» BM yields \/No(X +Y) > /No(X) + /No(Y
» By squaring both sides, No(X +Y) > No(X) + NO(Y), So ¢y =1.
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Further Research: R-EPI For o € [0, 1)

e For & = 0, one can use the Brunn-Minkowski (BM) inequality:

wi(A+ B) > i () + i (B).

» By definition Ny(X) = ,u% (supp(fx))

» BM yields \/No(X +Y) > /No(X) + /No(Y

» By squaring both sides, No(X +Y) > No(X) + NO(Y), So ¢y =1.
@ From the EPI, ¢; = 1.
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Further Research: R-EPI For o € [0, 1)

e For & = 0, one can use the Brunn-Minkowski (BM) inequality:

wi(A+ B) > i () + i (B).

» By definition Ny(X) = ,u% (supp(fx))

» BM yields \/No(X +Y) > /No(X) + /No(Y

» By squaring both sides, No(X +Y) > No(X) + NO(Y), So ¢y =1.
@ From the EPI, ¢; = 1.

It is conjectured that ¢, = 1 for all @ € (0,1). This needs to be proved.
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R-EPI For a € [0, 1)
Proposition 1 (R-EPI for a € [0, 1))

Let {X}}}_, be independent uniformly distributed random vectors and let
a € [0,1). Then the following R-EPI holds,

Na (iXk> 2 iNa(Xk)
k=1 k=1
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R-EPI For a € [0, 1)
Proposition 1 (R-EPI for o € [0, 1))

Let {X}.}7_, be independent uniformly distributed random vectors and let
a € [0,1). Then the following R-EPI holds,

Na (iXk> Z iNa(Xk)
k=1 k=1

Proof.

1. Monotonicity of the Rényi entropy power in its order:
Na (ZZ:1 Xk) = N1 (22:1 X)

2. EPI: N1 (ZZ:l Xk) > ZZ:I N1 (Xk)
3. For uniformly distributed random vectors, N (X) = N, (Xk)
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R-EPI For a € [0, 1)
Proposition 1 (R-EPI for a € [0, 1))

Let {X}}}_, be independent uniformly distributed random vectors and let
a € [0,1). Then the following R-EPI holds,

Na (iXk> Z iNa(Xk)
k=1 k=1

@ Also holds (with equality) for Gaussian distributions with proportional
covariances, for every a € [0, c0].
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R-EPI For a € [0, 1)
Proposition 1 (R-EPI for o € [0, 1))

Let {X}}}_, be independent uniformly distributed random vectors and let
a € [0,1). Then the following R-EPI holds,

Na (iXk> Z iNa(Xk)
k=1 k=1

@ Also holds (with equality) for Gaussian distributions with proportional
covariances, for every a € [0, c0].

@ The uniform and Gaussian cases satisfy the conjecture
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Further Research: More Topics

1. Rényi EPIs for discrete random vectors

2. Possible generalizations of the Rényi EPI in a way which generalizes
the result by Feder and Zamir (IEEE Trans. on IT, 1993)

3. Possible generalizations with Rényi measures of the extended EPIs by
Barron and Madiman (IEEE Trans. on IT, 2007)

4. Possible strengthening of the Rényi EPI by restriction to some
families of distributions, e.g.,
» extension of EPIs by Toscani (2015) for log-concave distributions;
» extension of EPIs by Courtade (ISIT 2016).
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Example: Data Filtering (FIR)

o Let Y, =2X; — X1 — X_o be an output of a FIR filter, where
{X}} are i.i.d. random variables.

@ Using the homogeneity of N,(-), we can consider the difference
hQ(Y) — hQ(X)i

Nz(Yk) > c2 (4N2(Xk) -+ Nz(Xk_l) -+ NQ(Xk_Q))
= 026N2(Xk)
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Example: Data Filtering (FIR)

o Let Y, =2X; — X1 — X_o be an output of a FIR filter, where
{X}} are i.i.d. random variables.

@ Using the homogeneity of N,(-), we can consider the difference
hQ(Y) — hQ(X)Z

NQ(Yk) > c2 (4N2(Xk) -+ NQ(Xk_l) -+ NQ(Xk_Q))
= 026N2(Xk)

1. Theorem 2: ha(Y) — ho(X) > 0.8195.

2. Theorem 1: ho(Y) — ha(X) > 0.7866.

3. Bobkov and Chistyakov: ha(Y') — ho(X) > 0.7425.
4. Bercher and Vignat: ha(Y') — ho(X) > 0.6931.
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Example: Data Filtering (FIR)

o Let Y, =2X; — X1 — Xi_o be an output of a FIR filter, where
{X}} are i.i.d. random variables.

@ Using the homogeneity of N,(-), we can consider the difference
hQ(Y) — hQ(X)Z

Ng(Yk) > c2 (4N2(Xk) -+ Nz(Xk_l) -+ NQ(Xk_Q))
= 626N2(Xk)

Theorem 2: ha(Y) — ha(X) > 0.8195.

Theorem 1: hy(Y) — ha(X) > 0.7866.

Bobkov and Chistyakov: ha(Y) — hao(X) > 0.7425.
Bercher and Vignat: ha(Y) — ho(X) > 0.6931.

If X% is a Gaussian: ha(Y') — ho(X) = 0.8959.

o s =
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An Application of The Rényi Entropy - Example

Bunte and Lapidoth, 2014, “Encoding Tasks and Rényi Entropy”

o A task is drawn from a finite set X with probability P.
@ The task should be described with a fixed number of bits.

@ No task should be neglected. Not even the atypical ones
(classic source coding cannot be used).
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An Application of The Rényi Entropy - Example

Bunte and Lapidoth, 2014, “Encoding Tasks and Rényi Entropy”

o A task is drawn from a finite set X with probability P.
@ The task should be described with a fixed number of bits.

@ No task should be neglected. Not even the atypical ones
(classic source coding cannot be used).

@ The encoder partitions X in to M subsets,
f+ X —={1,..., M},

such that for every z € X, f~!(f(z)) is the subset that contains x.
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An Application of The Rényi Entropy - Example

Encoding Tasks Theorem
Let {X;}3°, be a source over X. Let p > 0.

1. Direct: If R > limsup1H | (X™), then there exist encoders
n—00 1+p

fn: & = {1,...,2"%} such that

lim E Hf (fn X"))‘ | =1L

n—00

2. Converse: If R <liminf1H | (X™), then for any choice of

encoders f,: X" — {1,...,2"1}

lim F an (fn X”))’ ] = co.

n—oo
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Proof of Theorem1l - Outline

1. Assume w.l.o.g that >";'_; No(Xi) =1 (homogeneity of the Rényi
entropy power)

log No (k=1 Xk) = f(t)

= S5 = D(ING) o' Sy (1= &) log (1 - )
Choose t, = Nyo(X}) such that D(¢|N,) =0
From the convexity of f(z) = (1 — x)log(1 — x), = € (0, 1),

N

& W

(1= tom (1 ) > 1o (1= ) +

na’

[loge+log (1 — na,)]

5. Combining 2., 3. and 4., yields the desired result (since > ;_, tx = 1)
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Discussion - Tightness

@ The R-EPI in Theorem 2 provides the tightest R-EPI| known to date
for av € (1, 00).
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Discussion - Tightness

@ The R-EPI in Theorem 2 provides the tightest R-EPI| known to date
for a € (1, 00).
@ Nevertheless, one of the inequalities involved in its derivation is loose:

» The sharpened Young's inequality: equality only for Gaussians.
» Monotonicity of the Rényi entropy power in its order: Equality only for
uniformly distributed random vectors.
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Discussion - Tightness

@ The R-EPI in Theorem 2 provides the tightest R-EPI| known to date
for a € (1, 00).
@ Nevertheless, one of the inequalities involved in its derivation is loose:

» The sharpened Young's inequality: equality only for Gaussians.
» Monotonicity of the Rényi entropy power in its order: Equality only for
uniformly distributed random vectors.

@ For o = oo and n = 2, the sharpened Young's inequality reduces to
1 * glloo < 11 fllp [lgly-

» Equality holds if f and g are scaled versions of a uniform distribution
on the same convex set.

» This is consistent with the fact that the R-EPIs in Theorems 1 and 2
are asymptotically tight for n = 2 by letting a — oc.
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