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Abstract

This paper derives new bounds on the difference of the entropies of two discrete random variables in
terms of the local and total variation distances between their probability mass functions. The derivation of
the bounds relies on maximal coupling, and they apply to discrete random variables which are defined over
finite or countably infinite alphabets. Loosened versions of these bounds are demonstrated to reproduce
some previously reported results. The use of the new bounds is exemplified for the Poisson approximation,
where bounds on the local and total variation distances follow from Stein’s method.

Keywords

Coupling, entropy, local distance, Stein’s method, total variation distance.

(©2013 IEEE. Personal use of this material is permitted. However, permission to use this material for any other
purposes must be obtained from the IEEE by sending a request to pubs-permissions @ieee.org.

The manuscript was submitted to the IEEE Trans. on Information Theory in September 20, 2012, and accepted in
July 18, 2013. This research work was supported by the Israel Science Foundation (grant no. 12/12). The material
in this paper was presented in part at the 2013 International Symposium on Information Theory (ISIT ’13), Istanbul,
Turkey, July 2013.

Communicated by loannis Kontoyiannis, Associate Editor At Large.

The author is with the Department of Electrical Engineering, Technion—Israel Institute of Technology, Haifa 32000,
Israel. His e-mail address is sason@ee.technion.ac.il.



PUBLISHED IN THE IEEE TRANSACTIONS ON INFORMATION THEORY, NOVEMBER 2013. 2

I. INTRODUCTION

The question of quantifying the continuity (or lack of it) of entropy, with respect to natural
topologies on discrete probability distributions is fundamental. This question has been studied in
the literature for the topology induced by the total variation distance, and there it is well known
that the entropy is continuous when the alphabet is finite, but it is not necessarily continuous
when the alphabet is countably infinite. The interplay between the difference of the entropies
of two discrete random variables and their total variation distance has been extensively studied
(see, e.g., [8, Theorem 17.3.3], [9], [10, Lemma 1], [15]-[17], [21], [25]-[29], [33], [37], [38]).

New bounds on the difference of the entropies of two discrete random variables are derived in
this work. The bounds apply to random variables with finite or countably infinite alphabet, and
they improve some previously reported bounds. The derivation of the new bounds relies on the
notion of maximal coupling, which is also known to be useful for the derivation of error bounds
via Stein’s method (see, e.g., [31, Chapter 2] and [32]). Stein’s method also serves to exemplify
the use of the new bounds in the context of the Poisson approximation. The link between Stein’s
method and information theory was pioneered in [6] in the context of the compound Poisson
approximation, and a recent work [22] (that was done independently and in parallel to this work)
further links between information theory and Stein’s method for discrete probability distributions.

To set definitions and notation, we introduce essential terms that serve to derive the new
bounds in this paper.

Definition 1: A coupling of a pair of two random variables (X,Y") is a pair of two random
variables (X, Y) with the same marginal probability distributions as of (X,Y).

Definition 2: For a pair of random variables (X,Y), a coupling (X,Y) is called a maximal
coupling if P(X =) gets its maximal value among all the couplings of (X,Y).

Definition 3: Let X and Y be discrete random variables that take values in a set A, and let
Px and Py be their respective probability mass functions. The local distance and total variation
distance between X and Y are, respectively,

dioe(X,Y) £ sup |Px (u) — Py (u)] (1)
uceA
Al
drv(X,Y) 2 5 ) |Px(u) = Py(u)]. )
uceA

The local distance is the [*° distance between the probability mass functions, and the total
variation distance is half the {! distance. The factor of one-half on the right-hand side of (2)
normalizes the total variation distance to get values between zero and one. It is noted that the
notation in the literature is not consistent, with a factor 2 on the right-hand side of (2) often
being present or not. It is easy to show (see, e.g., [13, Lemma 5.4 on pp. 133-134]) that with
this definition
drv(X,Y) =sup |P(X € B) —P(Y € B)|.
BCA

From the last equality and the definition of the local distance in (1), it follows that dj,.(X,Y") <
drv(X,Y).

A basic property that links between maximal coupling and the total variation distance is that if
(X,Y) is a maximal coupling of (X,Y) then P(X # Y) = dry(X,Y). Throughout this paper,
the term ‘distribution’ refers to the probability mass function of a discrete random variable
defined over a finite or countably infinite alphabet.

The following theorem is a basic result on maximal coupling that also suggests, as part of
its proof, a construction for maximal coupling (see, e.g., [31, Chapter 2]). We later rely on
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this particular construction to derive in Section III some new bounds on the entropy of discrete
random variables.

Theorem 1: Let X and Y be discrete random variables that take values in a set A, and let
their respective probability mass functions be

Px(z)=P(X =z), Pr(y) =P =y), Vz,yeA
Then, the maximal coupling of (X,Y") satisfies

P(X =Y) =) min{Px(u), Py(u)}. (3)
ueA

_ Proof: Let B 2 {ue A: Px(u) < Py(u)}, and let B° = A\ B. Then, for every coupling
(X,7) of (X,V),

= > min{Px(u), Py(u)} + > _ min{Px(u), Py (u)}

ueB ueBe

=Y min{Px(u), Py(u)} £ p. 4

The following provides a construction of a coupling (X , Y) that achieves the bound in (4)
with equality, so it forms a maximal coupling of (X,Y"). Let U, V, W and J be independent
discrete random variables, where

P(J=0)=1-p, P(J=1)=p )
so J ~ Bernoulli(p), and let U, V, W have the following probability mass functions:
min{ Px (u), Py (u)}

Py(u) = ; , YuecA (6)
Py (v) = Px(v) — mirll{f;(v)yPy(v)L Voe A )
Puy(w) = Py (w) — miri{f);(w),Py(w)}7 Vwe A )
IfJ=11letX=Y =U,andif J=01let X =V and Y = W. For every z,y € A
Py ()

=pPX =z|J=1)4+1—-p)P(X =z|J =0)
=pPy(z)+ (1 —p) Pv(x)
:Px(.’Ij)

and similarly Py (y) = Py (y), so (X,Y) is indeed a coupling of (X,Y"). Furthermore,
PX=Y)>P(J=1)=p ©)
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so, from (4) and (9), it follows that the proposed construction for (X ,Y) forms a maximal
coupling of (X,Y) and also P(X =Y) = p. [
The following result is a simple consequence of Theorem 1 (see, e.g., [31, Chapter 2]), and
it is also used for the derivation of the new bounds on the entropy in Section III.
Theorem 2: Let X and Y be two discrete random variables that take values in a set A. If
(X,Y) is a maximal coupling of (X,Y) then

P(X #Y) = drv(X,Y). (10)

Proof: This follows from (2) and (3), and the equality min{a,b} = %‘a_bl for all
a,beR. [ |
This work refines bounds on the difference of the entropies of two discrete random variables
via the use of maximal couplings, leading to sharpened bounds that depend on both the local
and total variation distances. The reader is also referred to a recent work in [21] that derived
bounds for information measures by relying on the notion of the minimum entropy coupling.

The main observation of this work is that if the local distance between two probability
distributions on a finite alphabet is smaller than the total variation distance, then the bounds
on the entropy difference can be significantly strengthened. The second observation made in this
work is that there is an extension of the new bound to countably infinite alphabets, where just
knowing the total variation distance between two distributions does not imply anything about the
difference of the respective entropies. The new bound that follows from the second observation
is applied in this work to obtain refined bounds on the entropy of sums of independent (possibly
non-identically distributed) Bernoulli random variables that arise in numerous applications. The
application of the new bounds to the Poisson approximation is facilitated by using bounds on
the total variation and local distances which follow from Stein’s method, and the improvement
that is obtained by these bounds is exemplified in this work. For comparison, a looser version of
the new bounds was earlier applied in [33] to get bounds on the entropy of sums of dependent
and non-identically distributed Bernoulli random variables.

The continuation of this paper is structured as follows: Section II introduces a known bound,
due to Zhang [38], on the difference of the entropies of two discrete random variables in terms
of the total variation distance. A shortened proof that is based on maximal coupling serves to
motivate the derivation of some refined bounds. These new bounds, proved in Section III via
maximal coupling, depend on both the local and total variation distances. Section IV exemplifies
the use of the new bounds with a link to Stein’s method, and it also compares them with some
previously known bounds. Finally, the paper is concluded in Section V. Throughout this paper,
the logarithms and the entropies are to the base e.

II. A PROOF OF A KNOWN BOUND ON THE ENTROPY OF DISCRETE RANDOM VARIABLES
VIA COUPLING

The following theorem relies on a bound that first appeared in [38, Eq. (4)] and proved by
coupling. It was later introduced in [17, Theorem 6] by re-proving the inequality in a different
way (without coupling), and it was also strengthened there by showing an explicit case where
the following bound is tight. As is proved in [38, Section 3], the bound on the entropy difference
that is introduced in the following theorem improves the bound in [8, Theorem 17.3.3] or [9,
Lemma 2.7].

Theorem 3: Let X and Y be two discrete random variables that take values in a finite set A,
and let | A| = M. Then,

|H(X) = H(Y)| < drv(X,Y) log(M — 1) + h(drv(X,Y)) (11)
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where h denotes the binary entropy function. Furthermore, there is a case where the bound is
tight.
The following proof of Theorem 3 exemplifies the use of maximal coupling in proving an
information-theoretic result.
Proof- Let (X,Y) be a maximal coupling of (X,Y). Since H(X) = H(X) and H(Y) =
H(Y) (note that the marginal probability mass functions of (X,Y) and (X,Y) are the same),
it follows from Fano’s inequality and Theorem 2 (see (10)) that

|H(X) - H(Y)|
— |H(X) - H(Y)
= [H(X|Y) - H(Y|X)
< max{H(X|V), H(V|X)}
<P(X #£Y) log(M — 1)+ h(P(X #Y))
= dTV(Xa Y) log(M - 1) + h(dTv(X, Y))
This proves the bound in (11) (see [38, Eq. (D)]). If drv(X,Y) < ¢ for some € € [0,1 — 1],
the replacement of dry(X,Y) in the last bound by ¢ is valid; this holds since the function

f(z) £ zlog(M —1) + h(z) is monotonic increasing over the interval [0, 1 — 7] (since f'(z) =
log(M — 1) +log (%) > 0 for 0 < # < 1 — 7). Otherwise, if & > 1 — 4,

|H(X) - H(Y)| < max{H(X),H(Y)} < log(M).

Cases where the bound is tight [17]: If € € [0,1 — ﬁ], the bound is tight when

XNPX:(l—s, < . 5)

M—-1""M-1
Y ~ Py =(1,0,...,0)

which implies that
drv(X,Y) =,
|H(X)—H(Y)| = H(X) =h(e) + elog(M — 1).
If e € (1 — 77, 1] then the bound is tight when
1 1
TR,
s0, dry(X,Y) =1— 1 <eand [H(X)— H(Y)| = log(M). [

X~< ) Y ~(1,0,...,0)

III. NEW BOUNDS ON THE ENTROPY OF DISCRETE RANDOM VARIABLES VIA COUPLING

In the cases where the known bound in Theorem 3 was shown to be tight in [17] (see the last
part of the proof in Section II), it is easy to verify that the local distance is equal to the total
variation distance. However, as is shown in the following, if it is not the case (i.e., the local
distance is smaller than the total variation distance), then the bound in Theorem 3 is necessarily
not tight. Furthermore, this section provides new bounds that depend on both the total variation
and local distances. If these two distances are equal then the new bound is particularized to
the bound in Theorem 3 but otherwise, the new bound improves the bound in Theorem 3. The
general approach for proving the following new inequalities relies on the construction of the



PUBLISHED IN THE IEEE TRANSACTIONS ON INFORMATION THEORY, NOVEMBER 2013. 6

maximal coupling that is introduced in the proof of Theorem 1. The new results are stated and
proved in the following.

Theorem 4: Let X and Y be two discrete random variables that take values in a finite set A,
and let |A| = M. Then,

|H(X) — H(Y)| < drv(X,Y) log(Ma — 1) + h(drv(X,Y)) (12)
where p (X Y)
A& Yloc )
CT A (X,Y) (13)

denotes the ratio of the local and total variation distances (so, a € [%, 1]), and h denotes the
binary entropy function. Furthermore, if the probability mass functions of X and Y satisfy the
condition that % < %( < 2 whenever Px, Py > 0, then the bound in (12) is tightened to

Mo —1

H(X) ~ H(Y)| < dry(X, ) log ( ) T h(dr(X,Y)). (14)

Remark 1: Since, in general, a < 1 then the case where oo = 1 is the worst case for the bound
in (12). In the latter case, it is particularized to the bound in Theorem 3 (see [17, Theorem 6]
or [38, Eq. (4)]).

Remark 2: If o < + for some integer N (since a € [, 1] then N € {1,...,[%|}), the
bound in (12) implies that

[H(X) — H(Y)| < dry(X,Y) log (MN‘N) T h(dr(X,Y)). ()

The bounds in (15) and [17, Theorem 7] are similar but they hold under different conditions. The
bound in [17, Theorem 7] requires that Py, Py < % everywhere, whereas the bound in (15)

holds under the requirement that the ratio o of the local and total variation distances satisfies
a< % None of these conditions implies the other.
We prove in the following Theorem 4.

Proof: Assume without loss of generality (w.l.0.g.) that H(X) — H(Y) > 0 (note that the
terms |H(X) — H(Y)|, dioc(X,Y) and dry(X,Y) are invariant under a switch of X and Y).
Let (X,Y) be the maximal coupling of (X,Y) according to the construction in the proof of
Theorem 1. Then,

[H(X) —H(Y)|

=H(X) - H(Y)

= H(X) - H(Y)

= H(X|J)—HY|J)+I(X;J)—I(Y;J). (16)
)

The conditional entropy H (X|J
H(X|J)
=P(J=0)H(X|J=0)+P(J=1)H(X|J=1)

@ VIJ=0)+ (1 - dv(X,Y)) HU|J = 1)

Y v (X, Y
® V) + (1= div(X,Y)) HU) 17)

= dpy(X,Y

ElE
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where equality (a) holds since J ~ Bernoulli(p) with
p=P(J=1)=P(X =Y)=1—d(X,Y)

(see the proof of Theorem 1 and the result in Theorem 2), and because X is equal to V or U when
J gets that values zero or one, respectively. Furthermore, equality (b) holds since U, V, W, J
are independent random variables (due to the construction shown in the proof of Theorem 1).
Similarly,

H(Y|J) = drv(X,Y)HW) + (1 — drv(X,Y)) H(U). (18)

Combining (16)—(18) yields that
[H(X) ~ H(Y)| = diy(X,Y) (H(V) — H(W)) + I(X;.) — I(V3 ). (19)

From (7) and (8), it follows that
Py(a) Py(a) =0, VaeA (20)

and also, for every a € A,

Py (a) + Pw(a)
o Px(a) + Py(a) — 2min{PX(a), Py(a)}
drv(X,Y)
_ |Px(a) = Py(a)|
drv(X,Y)
dioe(X,Y) o
B dTv(X,Y) a

In the following, we derive upper bounds on H (V') — H(W) and I(X;J)—I(Y;J), and rely
on (19) to get an upper bound on |H(X) — H(Y)|. Let A= {ay,...,ay}, and

si = Py(a;), t; = Pw(a;), Yie{l,...,M}

a. 1)

From (20) and (21),
siti=0, s+t <a, ViE{l,...,M}

and H(V) - H(W) = — Zf\il silog(s;) + Zf\il t;log(t;). Hence, for fixed o and M (since
|A| = M, then a € [Z, 1)),
H(V)—-HW) < g(a) (22)

where g(«) is the solution of the optimization problem

M M

maximize (— Z silog(s;) + Z ti log(ti)>
i=1 i=1

subject to

si,t; 20, s+t <«
sit; = 0, VZG{L,M}
M

M
ZSZ' = Zti =1
=1 =1

with the 2M variables si,t1,...S), ty. Fortunately, this non-convex optimization problem
admits a closed-form solution.

(23)
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Lemma 1: The solution of the non-convex optimization problem in (23), denoted by g(«), is
the following:

gla) = log(M _ Bb ta &J log o + (1 - O{;D log (1 _ auD (24)

with the convention that 0log 0 means 0.
Proof: Let’s first show that the solution on the right-hand side of (24) forms an upper bound
on g(«), and then show that this upper bound is tight.
For the derivation of the upper bound, note that due to the above constraints,

M
1= t;i<al{ie{l,...,M}: t; >0}
=1

= |{ie{1,...,M};ti>0}|Z$

1
g |{i€{1,...,M}:5i>0}}§M_a

g|ﬁ€{L”wﬂﬂ:&>0H§AJ{;l (25)

where inequality (a) holds since s; +¢; < « and s;,t; > 0 for every i € {1,..., M}, (b) follows
from the constraint that s;¢; = 0 for every 4, and (c) holds since the cardinality of the support
of {s;} is an integer, and |M — 1| = M — [1]. Hence,

_iisi log(s;) < 10g<M - B—‘)

and the solution of the optimization problem in (23) satisfies

g(0) <1os(M — [1]) + f(0) 26)

where f(a) solves the optimization problem

M
maximize Z t; log(t;)
i=1
subject to
0<t;<a, Vie{l,...,M}
M
2
Sh= @
i=1
with the M optimization variables %1, ..., t);. Note that the objective function in (27) is convex,

and the feasible set is a bounded polyhedron. Furthermore, the maximum of a convex function
over a bounded polyhedron is attained at one of its vertices (see, e.g., [30, Corollary 32.3.3];
this property follows from the convex-hull description of a bounded polyhedron and Jensen’s
inequality). Since the objective function and the feasible set in (27) are invariant to a permutation

of the variables 1, ...,%ys, then an optimal point is given by
1
7‘:1 — — tl — &y l £ \‘7J
o
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where | < & (since v € [Z, 1]); as requested, #; € [0,a] for i € {1,..., M}. This implies that
the solution of the optimization problem in (27) is given by

fla) =a &J log  + <1 . ozLiJ) log <1 . O{;J) : 28)

From (26) and (28), it follows that the right-hand side of (24) forms an upper bound on g(«). It
remains to show that this bound is tight. To this end, we separate into the following two cases:
Case I: Suppose that N £ é is an integer. In this case, the upper bound on g(«) (see (26)

and (28)) gets the simplified form

1

g(a) < log<M - —) +loga =log(Ma —1).
«

a)

This upper bound on g(«) is achieved by the point (s1,¢1, ..., snr, tar) where
t1=...=tn=0a, tny1=...=ty =0
1
=...= =0 =...= = .
S1 SN s SN+1 SM M_N

Note that this point is included in the feasible set of the optimization problem in (23) since

% = 7727 < a where the last inequality holds because oo € [Z,1]. The value of the

objective function in (23) at this point is equal to

M M
— Z silog(s;) + Z t; log(t;)
i=1 i=1

1
= log(M — a) +loga =log(Ma — 1)

so this upper bound on g(«) is tight if é is an integer.

Case 2: Suppose that % is not an integer. In this case, let [ £ || so [ +1 = {ﬂ, and

consider the (2M)-dimensional vector (si,t1,..., S, tar) Where
1
t1 = —tl—Oé, tl+1—1—aL5J
tl+2:...—tM:
51:~--:8l+1:0 (29)
1 1
Sl42 = ... SM

To verify that it is included in the feasible set of (23), note that due to the constraints of this
optimization problem

M
1:Zsi§a [{ie{1,...,M}: s; >0}
i=1

—_

- Hie{l,...,M}:si>0}‘Za

1
o
and, by combining it with (25), it follows that

m <|{iefl,...,M}:s >0} < M- M

= |[{ie{l,....M}:s; >0} >

- 1

(67
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so [+] < X This implies that for j € {l +2,..., M} (note also that a € [-Z, 1])
( 2 P J i

[e7

1

T M1

o
M—[3]
2

< =

=M

<«

and ;41 =1 — « Léj < a, so the vector is indeed included in the feasible set of (23). The

value of the objective function in (23) at the selected point in (29) is equal to
M M
- Z si log(si) + Z t;log(t;)
i=1 i=1

o] o s (<o) e ol2)
=g(a)

so the upper bound on g(«) from (26) and (28) is tight, and this completes the proof of Lemma 1.
]

Corollary 1: The solution of the non-convex optimization problem in (23) satisfies the in-
equality
g(a) < log(Ma — 1)

and this bound is tight if and only if é is an integer.
Proof: From Lemma 1 (see Eq. (24)), it follows that

g9(a)

< log(M — é) + a léJ log o + (1 — a[iJ) log (1 — a<é — 1>>
= 10g(M - é) + log(a)

=log(Ma —1)

and the above inequality turns to be an equality if and only if % is an integer. ]
By combining (22) and Corollary 1, it follows that

H(WV)—-HW) <log(Ma —1)

and therefore from (19)

~

[H(X) — H(Y)| < drv(X,Y) log(Ma — 1) + I(J; X) — I(J;Y). (30)
Finally, the bound in (12) follows from the inequality
I(J;X) = I(J;Y) < H(J) = h(dv(X,Y)). (31)
1

We move to derive a refinement of the bound in (12) when 5 < I;—’; < 2. In this case, the
starting point is the inequality in (30) where it is aimed to improve the upper bound in (31). To
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this end,
I(J; X) = I(J;Y)
= H(J|Y) - H(J|X)
< H(J) - H(J|X)
= h(d(X,Y)) — H(J|X)
and, from [18, Theorem 11],
H(J|X) > 2log2 P(J # Jyap(X))

11

(32)

(33)

where JMAP(X ) is the maximum a-posteriori (MAP) estimator of J based on X (note that the
minimum on the left-hand siderf [18, Eq. (110)] is achieved by the MAP estimator). In the

following, the estimator Jyap(X) on the right-hand side of (33) is calculated.

If X ¢ supp(Py) then a.s. J = 1 (otherwise, J = 0 and X = V, so X € supp(Py) a.s.). Hence,

X ¢ supp(Pv) = JMAP(X) =1.
From (7), it follows that X ¢ supp(Py) if and only if Px(X) < Py(X).

If X € supp(Py) then, from (7), Px(X) > Py(X). Hence, from (6) and (7) with p = 1 —
drv(X,Y),
A Py(X)
Py(X)=—2"0
v = i X, Y)
o _ Px(X) - Pr(X)
Py(X)=
V( ) dTV(X, Y)

Since U, V, J are independent, then from (5)

Py (X)

P(J =1,X)=P(J =1)Py(X)
X) = Px(X) - Py(X)

P(J =0,X) =P(J = 0) Py(X)

A~

so, if X € supp(Py), then

1 if 20 < py(X) < Py(X)

Jvap(X) = ) .
sz (%) {0 if Py(X) < 2%,

To conclude, the MAP estimator of J that is based on the observation X is given by

1 if 28 < p(x)

Jvap(X) = R -
Mar(X) {0 if Py(X) < 2%,

It therefore implies that if % > % whenever Px > 0, then JMAP(X ) = 1 independently of X ,

so in this case R
P(J # Juap(X)) =P(J =0) = drv(X,Y).

Hence, from (32), (33) and the last equality, if % > % whenever Px > 0 then

I(J;X) = I(J;Y) < h(drv(X,Y)) — 2log2 - drv(X,Y).

A combination of the last inequality with (30) finally gives the refined bound in (14). Since it
was assumed at the beginning of the proof that H(X) > H(Y") while it is not necessarily known
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in advance which entropy is larger, the requirement on % can be symmetrized by requiring
that % < % < 2 whenever Py, Py > 0. This completes the proof of Theorem 4. [ |

Corollary 2: Let X and Y be two discrete random variables that take values in a finite set
A, and let |A| = M. Assume that for some positive constants £1, 9

1

drv(X,Y)<eg <1 — — 34
TV( ) ) €1 > MEQ ) ( )
dloc(Xv Y)
N L ey < 1. 35
(X, Y) = 2 < (35)
Then,
|H(X) — H(Y)| <e1 log(Mea — 1) + h(e1). (36)

Proof: From (12), (13), (35), and since o < €5

|H(X) = H(Y)| < drv(X,Y) log(Mez — 1) + h(drv(X,Y)).
The function ¢(¢) = ec + h(g) is monotonic increasing over the interval {0, lcﬁ} d(e) =
¢+log (12) > 0 if and only if 0 < & < 7%). Referring to the right-hand side of the above
inequality, let ¢ £ log(Mey — 1), so ljr%e =1- ﬁ Hence, if the conditions in (34) and (35)
are satisfied then the inequality in (36) holds. ]
Remark 3: By considering the pair of probability mass functions Py y and Px x Py (without
abuse of notation, let H(Px) £ H(X)), then

H(PX X Py) — H(PX7y)
—H(X)+H(Y)—-H(X,Y)
= I(X;Y).

Hence, Theorem 4 and Corollary 2 provide bounds on the mutual information between two
discrete random variables of finite support, where these bounds are expressed in terms of the
local and total variation distances between the joint distribution of (X,Y") and the product of
its marginal distributions. The specialization of Theorem 4 to this setting tightens the bound in
[38, Theorem 1], and the former bound is particularized to the latter known bound in the case
where the local and total variation distances are equal (which is the extreme case).

Remark 4: The bound in [38, Theorem 1] was improved in [27, Proposition 1] without any
further assumptions. It is noted that by introducing the additional requirement where there exists
some constant €2 € [0, 1] such that for every y € Y

dioc(Px, Px|y—y) <.
drv(Px, Pxly—y) ~

then it enables to refine the bound in [27, Proposition 1]. This follows by combining the proof of
[27, Proposition 1] with (36) (see Corollary 2) where Eq. (36) replaces the use of [38, Eq. (4)]
in [27, Eq. (35)]. The same thing also applies to [28, Proposition 2], referring to its proof in
[28, p. 305].

For countably infinite alphabets, just knowing the total variation distance between two distri-
butions does not imply anything about the difference of entropies (i.e., one has discontinuity of
the entropy). The following theorem shows that is one of the distributions is finitely supported,
and some knowledge of the tail behavior of the other distribution is available, then having bounds
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on the local and total variation distances allows one to bound the difference of the entropies
even in this case.

Theorem 5: Let A = {a1, as, ...} be a countable infinite set. Let X and Y be discrete random
variables where X takes values in the set X = {ay,...,a,} for some m € N, and Y takes
values in the set .A. Assume that for some 71, 12,73 > 0, the local and total variation distances
between X and Y satisfy

n2 <drv(X,Y) <mi,  diee(X,Y) <3 (37)
where 13 < ny <1 < 1. Let M be an integer such that
oo
>r z
v (a;)) <ns, M > max{m + 1, } (38)
= (1 —m)ns
and let n4 > O satisfy
o
— > Py(a;) log Py(a;) < ma. (39)
i=M
Then, the following inequality holds:
M
|H(X)— H(Y)| <n 1og<772”3 - 1) + h(m) + 4 (40)

Remark 5: The inequality n3 < ny < n; < 1 (after (37)) is easily satisfied since djoc(X,Y) <
drv(X,Y) < 1; so, if dry(X,Y) < 1 then it is possible to choose 71, 72 and 73 that satisfy
this inequality.

Proof: Let Y be a random variable that is defined to be equal to Y if Y € {ay,...,an—1},
and it is set to be equal to aps if Y = a; for some ¢ > M. Hence, the probability mass function
of Y is related to that of Y as follows:

(a;) = Py (a;) ifie{l,...,M -1}
U X2 Priey) ifi=M.

Since Px(a;) = 0 for every ¢ > m and also M > m + 1 (see the second inequality in (38)),
then it follows from (41) that

(41)

dTV (X7 }7)
1 & 1 <
=53 IPx(a) — Polap) + 5 > Pylay)
i=1 i=m+1
1 1
=3 > IPx(ai) — Py(ai)| + 3 > Py(ai)
i=1 i=m+1
=drv(X,Y). (42)
Hence, X and Y are discrete random variables that take values in the set {a1,...,ap} (note

that it includes the set X’), and from (37) and (42)
0<ne <dv(X,Y) <m. (43)



PUBLISHED IN THE IEEE TRANSACTIONS ON INFORMATION THEORY, NOVEMBER 2013. 14

Furthermore, the local distance between X and Y satisfies

dloc(X7)7)

= Px(ai) — Py(ai
ie{lf?.}fMﬂ x (ai) — Py(a;)]

(a)

= Px(a;) — Py(a; Py (a;
max{ie{l??ﬂ)/([_l}| v (a;) v (a;) Z v (a; }

A
INS

max{dic(X,Y),n3}

—
o
~

3 (44)

where (a), (b) and (c) above follow from the equality in (41) (note also that m < M — 1), the
first inequality in (38) and the second inequality in (37), respectively. From (43) and (44)

div(X,Y) <m £ e (45)
XY

dloc( ) % é £9 (46)

dTv(X Y) 12

where 0 < e; < 1 and 0 < g9 < 1 (since, by assumption, 0 < n3 < ny < 1 < 1). The integer
M is set to satisfy the inequality M > (see (38)), so from (45) and (46)

<1- .
L= Mesy
Hence, it follows from Theorem 4 that
~ M
[H(X) = HY)| <y Tog (% = 1) + him). @7
Since Y is a deterministic function of Y then H(Y) > H(Y), and from (41)
H(Y)— HY)|
=H(Y)-H(Y)
oo
= — Z Py (a;) log Py (a;) (Z Py (a; > log (Z Py(ai)>
i=M i=M i=M
=Y Pr(ai) log Py(a;) < ma. (48)
i=M
Finally, the bound in (40) follows from (47), (48) and the triangle inequality. [ ]

Corollary 3: In the setting of X and Y in Theorem 5, assume that dry(X,Y’) <7 for some
€ (0,1). Let M & rnax{m +1, ﬁ}, and assume that for some ;> 0

[o.¢]
— Y Py(a;) log Py(a;) <
i=M

then |H(X) — H(Y)| < nlog(M — 1) + h(n) +
Proof: This follows from Theorem 5 by setting 72 = 73 = djoc (X, Y") (note that djo.(X,Y) <
dry(X,Y)), and then 7, and 74 are replaced by 7 and pu, respectively. [
Remark 6: The result in Corollary 3 can be obtained by a simplification of the proof of
Theorem 5 where (47) is replaced by the bound in [38, Eq. (4)] (see (11)), without the refinement

which takes the local distance into consideration.
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IV. EXAMPLES

In the following, we exemplify the use of the new bounds in Section III, and also compare
them with some previously known bounds.

Example 1: Let X be a discrete random variable that gets values in the set A = {a1,...,ap}.
Let’s express its arbitrary probability mass function in the form
1 g
Px(a;) = Jﬁ@ Vie{l,..., M} (49)
where

Uu; € {_1’1}a & >0,
0<14w&<M, Vie{l,... M

and
M
Z u;§ =0
i=1

where the latter equality is equivalent to Zf\i 1 Px(a;) = 1.

In the following, we derive a lower bound on the entropy H(X). Let Y be a random variable
that takes the values from A with equal probability, so H(Y) = log M. The local and total
variation distances between X and Y are equal to

(M)

avg
dry(X,Y) QMZ& =

1 I%)Z
dioe(X,Y) = Mlgi}fwé: i

where §avg and fmax denote the average and maximal values of {&;}V el 1, respectively. From
(13)
s doe(XY) 2650

T A (X, Y) T D
SO . 2Ky
M=y
where ) r(n]\g}z
Ky 2 o (50)
From (12) (where also H(Y') = log M > H(X)), it follows that
o 11 e log(22KM -1 h(ﬁé?) < H(X) <log M

and, since the binary entropy function is bounded between 0 and log 2, the above inequality can

be loosened to

Sve! log(2Kar — 1) log2 _ H(X) _ 5
2 log M _logM_logM_ D

which implies (since Kj; > 1) that

(M)

M—oo  log M M—00 logM

1—

(52)
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For comparison, the bound in Theorem 3 gives that

e g —1) 1 W\ _ H(X)
1-— : — - h < <1 (53)
2 log M log M 2 log M
which implies that
0D _ . HX)
Bt =0 = i e T G

The latter condition in (54) is stronger than (52). To see this, note that 1 < Ky < % (since
% < S'T"\j((i((};) < 1). On the other hand, as a concrete example for the case where the condition
in (52) holds whereas the condition in (54) does not hold, let M be an arbitrary even number,

and

u; = (—1)", &=6€(0,1], ie{l,...,M}

where, indeed, Zf\il wi& = Bzij\il(—l)i = 0. In this case, Px(a;) = % for odd numbers
ie{l,...,M}, and Px(a;) = 1;(45 for even numbers i. Furthermore, in this case Kj; = 1 for
every even M, so the condition in (52) holds by letting the even number M tend to infinity. On
the other hand, the condition in (54) is not satisfied since lim;_ oo é}(li\g ) — B > 0. The upper
and lower bounds in (53) tend to 1 and 1 — g, respectively, so the gap between these asymptotic
bounds is increased linearly with . Therefore, Theorem 4 gives a simple lower bound on the
entropy H (X) in terms of the average and maximal values of {&;}£,, which improves the lower
bound on the entropy that follows from the known bound in Theorem 3 (see (53)).

For comparison, the bound in [17, Theorem 7] is also applied to this example. In this case,

since Px, Py < Hgﬁ then Py and Py are less than or equal to N—lM with Ny = LTM(M)J
Similarly to the above analysis, it is easy to verify from [17, Theorem 7] that "
(M) 150 () H(X
lim M:o & gim 20 (55)
M—o0 log M M—oo log M
Since

ive ' log(Gian) _ G log(Eie)) _  loge

log M - log M - _elogM
where the right-hand side of this inequality holds since the function f(x) = xlogx for x > 0
achieves its minimal value at x = %, it follows that if the limit on the left-hand side of (55) is
zero then also

i S los(E)
M—ro0 log M ’

Therefore, the definition of K in (50) gives that

&) log Ky

]\/}gnoo log M

o ehve) log(Eha) . ehve log(Ehe))
 M—oo log M M—00 log M
=0.

This shows that the conclusion in (52) implies the one in (55).
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A special case of (49) with numerical results: As a special case of the probability mass
function in (49), let M = 2™ for some m € N, let u; = (—1) for i € {1,..., M}, and & = 3
for some /5 € [0, 1]. In this special case,

gy 4 TMA=B) ifie{L3,...27 —1)
X(az)_ 27m(1—|—I8) ifi€{274,_”72m}'

Let Y be a random variable that gets all the values in the set {aq, ..., ays} with equal probability
(i.e., 27™). Then, the local and total variation distances between X and Y are
leC(X7 Y) = %7 dTV(X7Y) = g

so, from (13), a = % The entropies of X and Y are
1—
H(X) = (m —1)log?2 + h(Tﬂ) H(Y) =m log?2

so, HYY) — H(X) =log2 — h(%) independently of m.

For comparison, the known bound in Theorem 3 that only depends on the total variation
distance between X and Y (with no further knowledge about their probability mass functions)
gives

H(Y) - H(X) < mTB . log2+h(§) + g :
so this upper bound increases almost linearly with m, in contrast to the exact value that is
independent of m. The new bound in (12), which depends on both the local and total variation
distances between X and Y (but again, without any further information on their probability
mass functions) gives

log(1—27™)

H(Y) - H(X)
< dry(X,Y) log(Ma — 1) + h(drv(X,Y))
p

=h(5). (56)
Similarly to the exact value, but in contrast to the former bound, the latter bound is independent
of m. Furthermore, if # — 0 and mf — oo, then the exact value of H(Y)— H (X)) as well as the
latter bound (that follows from Theorem 4) tend to zero, whereas the former bound that follows
from Theorem 3 tends to infinity. This shows the difference in the two bounds, exemplifying
the possible advantage of taking into account the local distance in addition to the total variation
distance.

For 8 € |0, %], the condition % < ];—’; < 2 is fulfilled, so the tightened bound in (14) gives

that 3

5) — Blog?. (57)

If =3, H(Y)— H(X) =log2 — h(3) = 0.131 nats, the upper bound in (56) is equal to
0.562 nats, and the tightened version of this bound in (57) is equal to 0.216 nats.

It is noted that since Py is majorized by Py (see [18, Definition 1 on p. 5934]), then according
to [18, Theorem 3]

0<H(Y) - H(X) < h(

H(Y) - H(X) = D(Px||Py)

and since Py refers to a uniform distribution over a set of cardinality M = 2™ then H(Y) =
mlog 2, and
D(Px||Py) =mlog2 — H(Px)
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so, the above lower bound is achieved here with equality.

In Example 1, the probability mass function of the discrete random variable X was known
explicitly. However, in many interesting applications, this is not necessarily the case. If the exact
distribution of X is not available or is numerically hard to compute, a derivation of some good
bounds on the local and total variation distances between X and another random variable ¥ with
a known probability mass function can be valuable to get a rigorous bound on the difference
|H(X)—H(Y)| via Theorems 4 or 5. As a result of the calculation of such a bound on the entropy
difference, it provides bounds on the entropy of X in terms of another entropy (the entropy of Y')
which is assumed to be easily calculable. For example, assume that X = > """ ;| X; is expressed
as a sum of Bernoulli random variables that are either independent or weakly dependent, and
may be also non-identically distributed. Let X; ~ Bernoulli(p;), and assume that » ;" | p; = A
where all of the p;’s are much smaller than 1. In this case, the approximation of X by a Poisson
distribution with mean A (according to the law of small numbers [20]) raises the question: How
close is H(X) to the entropy of the Poisson distribution with mean A ? (note that the latter
entropy of the Poisson distribution is calculated efficiently in [2]). This question is especially
interesting because the support of the Poisson distribution is the infinite countable set of non-
negative integers, and the entropy is known not to be continuous when the support is not finite;
hence, a small total variation distance does not yield in general a small difference of the two
entropies. This question was addressed in [33] via the use of Corollary 3, combined with an
upper bound on the total variation distance between X and Y'; the latter bound is calculated via
the use of the Chen-Stein method (see, e.g., [31, Chapter 2]).

Example 2 (Poisson approximation): In the following, we wish to tighten the bounds on the
entropy of a sum of independent Bernoulli random variables that are not necessarily identically
distributed. The bound provided in [33, Corollary 1] relies on an upper bound on the total
variation distance between this sum and a Poisson random variable with the same mean (see
[4, Theorem 1] or [5, Theorem 2.M]). In order to tighten the bound on the entropy in the
considered setting, we further rely on a new lower bound on the total variation distance (see
[34, Theorem 1 and Corollary 1]) and an upper bound on the local distance (see [5, Theorem 2.Q
and Corollary 9.A.2]). The latter two bounds provide an upper bound on the ratio of the local
and total variation distances, which enables to apply the bound in Theorem 5; it improves the
bound in Corollary 3 which solely relies on an upper bound on the total variation distance. It is
noted that the latter looser bound, which relies on Corollary 3 was used in [33] for estimating the
entropy of a sum of Bernoulli random variables in the more general setting where the summands
are possibly dependent.

Let X = ", X; be a sum of independent Bernoulli random variables such that X; ~
Bernoulli(p;) for every ¢ € {1,...,n}. Let Y ~ Po()\), where A = E[X] = Y " | p;, be
a Poisson random variable with mean A\. From [4, Theorem 1] (or [5, Theorem 2.M]), the
following upper bound on the total variation distance holds:

n

(X 7)< (1= 2 58
TV( s )_ b\ ;pl (58)

Furthermore, from [34, Corollary 1], the following lower bound on the total variation distance
holds:

(X, Y) 2 kY p? 59)
=1
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where
pe ¢ 1l-5B+%) (60)
2\ 0+ 2e1/2
ao T 1 -
023+~ +54/BA+T[B+2eYA+7). (61)

An upper bound on the local distance between a sum of independent Bernoulli random
variables and a Poisson distribution with the same mean A\ follows as a special case of [5,
Corollary 9.A.2] by setting [ = 1 (so that the distribution (J; in this corollary is specialized for
[ =1 to the Poisson distribution Po(\), according to [5, Eq. (1.12) on p. 177]). Since the upper
bound on the right-hand side of the inequality in [5, Corollary 9.A.2] does not depend on the
(time) index j, it follows that the same bound also holds while referring to

dioc(X,Y) £ sup IP(X = j) — Po(A){j}|-

Based on the notation used in this corollary, it implies that if (1_§7k) S, p? < & then the

local distance between a sum of independent Bernoulli random variables X; ~ Bernoulli(p;)
and a Poisson random variable with mean A\ = " | p; is upper bounded by

dloc(X7 Y)
< 4(2 maxP(Y = j)) Lo zn:2
- je?\% =J A P Pi

(a) i 2 _A 1 —e_)‘ " 2
<4 mln{\/e)\, 2e Io(/\)} < 3 > ;pi (62)

where inequality (a) holds due to [5, Proposition A.2.7 on pp. 262-263], and Iy denotes the
modified Bessel function of order zero. Since an upper bound on the total variation distance
also forms an upper bound on the local distance, then a combination of (58) and (62) gives that

, 2 1—e™ = 5
o) < minf 14y 2 s e (25 );p (©3)

We now apply Theorem 5 to get rigorous bounds on the entropy H(X) by estimating how close
it is to H (Po()\)). Note that the improvement in the tightness of the bound in Theorem 5, in
comparison to the looser bound in Corollary 3, is more significant when the ratio « of the local
and total variation distances is close to zero. This happens to be the case if A > 1 where due to
the asymptotic expansion of Iy (see [1, Eq. (9.7.1) on p. 377] or [12, Eq. (8.451.5) on p. 973])

et 1 9 .
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one gets from Egs. (59)-(61) and (63), combined with the limit in [34, Eq. (47)], that
o= dloc (X ) Y)
drv(X,Y)

n
WE ()5
(if A>1) ™A A Z,lez

<
< - 0
FOyirde) ) et
=1
24 |2 2 ? 1
=2"4/= 11 14 2. e-1/2 \/>
e 7r< + +3 ¢ ) A
_33.634

~

7 (64)
so, for large values of )\, the upper bound on the parameter « in (13) decays to zero like the
square-root of %

As a possible application, consider a noiseless binary-adder multiple-access channel (MAC)
with n independent users where each user transmits binary symbols, and the channel output
is the algebraic sum of the input symbols. The capacity region of this MAC channel is an n-
dimensional polyhedron. One feature of this capacity region is the sum of the rates that is given
by Rsum = > i, Ri, and it is upper bounded by the joint mutual information between the input
symbols X7, ..., X, and the corresponding channel output ¥ = >"" | X;, i.e.,

Fsum < PX;PXIZI%;:..PXH [(Xy, ooy Xns Y)

where H(Y'| X1, ..., X,) = 0 since the MAC is noiseless and the output symbol is the sum of the
n input symbols, and therefore I(X7, ..., X,,;Y) = H(Y).! Hence, in the considered setting, the
maximal sum rate is the maximal entropy of the sum of n independent binary random variables
where X; ~ Bernoulli(p;) for ¢ € {1,...,n}. Under the constraint that > ; E[X;] < A,
it follows from the maximal entropy result in [14], [19] and [35] that the entropy of Y is
maximized when the n independent inputs are i.i.d. with mean p = %, and consequently the
channel output Y is Binomially distributed with Y ~ Binom(n7 %) For a very large number
of users, the calculation of the entropy of the Binomial distribution is difficult, and it would be
much easier to calculate the entropy H (Po()\)) for a Poisson distribution with mean A (see [2]).

In the following, we make use of Theorem 5 to get an upper bound on the entropy difference

H(Po())) — H(Binom(n, %)) (65)

where, due to the maximal entropy result for the Poisson distribution (see, e.g., [14], [19] or
[35]), this difference is positive. Let X ~ Binom(n, %) be a sum of n i.i.d. Bernoulli random
variables with probability of success p = %, and let Y ~ Po(\). From (58), the total variation
distance in this case is upper bounded by

A1 —e™)

drv(X,Y) < -, —m (66)

"The reader is referred to [7] for the consideration of the sum-rate for two noiseless multiple-access channels with
some similarity to the binary adder channel, see footnote in [7, p. 43].
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From (59) and (60), the following inequality holds:
el-g(3+3) A
2 0+212 n

where 6 is given in (61). Furthermore, for using Theorem 5, one needs an upper bound on the
local distance between the Poisson and Binomial distributions. Eq. (63) gives that

[ 2 A1 —e?
dloc(X7Y) < min{ 174 77 8€_>\ IO()‘) } M £ 13- (68)
s

n

drv(X,Y) > £ (67)

Following the notation in Theorem 5, it follows that m = n+ 1. From (38), one needs to choose
an integer M such that

M > max{n—|—2, 772} (69)
n3(1 —m)

and

Z I(j) < ns (70)

where IT,(5) £ E’A!)‘j for j € Ny designates the probability mass function of Po(\). Based on
Chernoff’s bound,

pRINE)
=M
—P(Y > M)

< inf {e_eME[eGY]}

0>0

= jat {7 0}

:exp{— [)\—i—Mlog(ii)]}. 1)

Let M > \e?, then it follows from (70) and (71) that it is sufficient for M to satisfy the condition
exp(—(A+ M)) < ns.

Combining it with (69) leads to the following possible choice of M:

1
Mémax{n+2, a2 log<> —)\} (72)
n3(1 —m) 73

where 71, 72 and 73 are introduced in (66), (67), and (68) respectively. Finally, for the use
of Theorem 5, one needs to choose 7y > 0 such that Y322, {~TI(j) log(Ilx(5))} <
Straightforward calculation gives that

o0

> {-T\() log TA(4) }

j=M

= —)Xlog\ Z I\(7) + A Z II\(5) + Z I15(5) log(j (73)

j=M-1
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From Stirling’s formula, the equality j! = +/27j 1 g €% holds for every j € N and for some
g ) q y J: J\ % yJ

§ € (123%’ ﬁ) This therefore implies that the third infinite sum on the right-hand side of
(73) satisfies

S () log(ih)
=M
< Z I\ (j) log < 27 <j> elza)
j=M
_ log(227T) L\ (j) + Z I\ (4) [(J + %) log(5) _3] + 1172 Z HAFJ)
j=M j=M =
_ log(227f) > IG) + D {6 = DG} + 55 D )
j=M j=M g=M
@ IOg(227T) Z I, (5) + A2 Z I\ (j) + 113 Z X (5)
=M j=M-2 j=M
6log(2m)+1 5 S i
< | ———+2A IT\(5) 74)
< 12 >]:%2 Y

where equality (a) follows from the identity
JG = DING) = NIL( - 2), Yj=>2.
By combining (73) and (74), it follows that
[ee]
> {-T\() logTTx(5) }

j=M

< (rig(5)), > m+ (L)

j=M-1 J
00

< [()\ log(§>)++)\2+610g(f;r)+1] Z I (5)
j=M—2

Z I\ (5)
=M—

2

where M is introduced in (72), and (z); = max{z,0} for every x € R. From (71) and the last
inequality, it follows that 74 can be chosen to be

o [(ea()), 2t PG e e ar s (57 g

At this stage, we are ready to apply Theorem 5 to derive a bound on the non-negative difference
of the entropies in (65). From Theorem 5, it follows that

0 < H(Po(\)) — H(Binom(n, %))

M
<m 108;(77;73 - 1) + h(m) + na. (76)

For comparison, it follows from Corollary 3 that the upper bound on the right-hand side of (76)
is replaced by

n log(M — 1) + h(m) + ma (77)
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where

M A max{n to 1 } (78)
I—m

Note that the bound in (76) improves the bound in (77) if n3 < n2 (i.e., if the upper bound on

the local distance is smaller than the lower bound on the total variation distance). Furthermore,

the latter bound does not take into account the parameters 7y and 73. As a numerical example,

for n = 10% and p = 0.1, lets check the bound on the entropy difference in (65) for A = np

(i.e., A = 10%). Egs. (66)—(68), (72), (75) and (78) yield that

m=10"% 9 =9.5-10"3, 3 =1.0-1073, ny =~ 0,
M=DM=10°+2

and the two bounds in (76) and (77) are, respectively, equal to 1.483 and 1.707 nats, respectively.
The value of H(Po()\)) is 7.175 nats, so the entropy H (Binom(n, 2)) ranges between 5.693 to
7.175 nats. Note that for n = 10° and A = 10%, where p = 2 is decreased from 107! to 1072,
the upper bounds on (65) are decreased, respectively, to 0.183 and 0.194 nats, and H (Po()\)) =
6.024 nats. The Poisson approximation is more accurate in the latter case, consistently with the
law of small numbers (see, e.g., [20]).

Remark 7: Example 2 considers the use of Theorem 5 for the estimation of the entropy of a
sum of independent Bernoulli random variables. The more general case of the estimation of the
entropy (via rigorous bounds) for a sum of possibly dependent Bernoulli random variables was
considered in [33] by using the looser bound in Corollary 3 with an upper bound on the total
variation distance that follows from the Chen-Stein method (see [3, Theorem 1]). It is noted
that, in principle, also the sharper bound in Theorem 5 can be applied to obtain bounds on the
entropy for a sum of possibly dependent Bernoulli random variables. To this end, in addition
to the upper bound on the total variation distance in [3, Theorem 1], one needs to rely on a
lower bound on the total variation distance (see [5, Chapter 3]) and an upper bound on the local
distance (see [5, Theorem 2.Q on p. 42]). It is noted, however, that these distance bounds are
much simplified in the setting of independent summands (see Example 2).

Remark 8: The Chen-Stein method for the Poisson approximation was adapted in [23] to
the setting of the geometric distribution, and it yields a convenient method for assessing the
accuracy of the geometric approximation to the distribution of the number of failures preceding
the first success in dependent trials. A recent study of upper bounds on the total variation and
local distances for the geometric approximation (respectively, denoted by d; and ds in [24])
enables to apply the entropy bounds in Theorem 5 and Corollary 3 in a conceptually similar
way to Example 2. Furthermore, the entropy bound in Corollary 3 can be applied to compound
geometric and negative binomial approximations, based on upper bounds on the total variation
distance that were derived via Stein’s method in [11] and [36], respectively.

V. SUMMARY AND OUTLOOK

This paper is motivated by the fundamental question of quantifying the continuity (or lack
of it) of entropy, with respect to natural topologies on discrete probability distributions. This
question has been studied in the literature for the topology induced by the total variation distance,
and there it is well known that the entropy is continuous when the alphabet is finite, but not
when the alphabet is countably infinite (see, e.g., [17] and references therein). To set terminology,
the local and total variation distances are introduced in Definition 3 (see Section I): the local
distance between two discrete random variables is defined to be the [*° distance between their
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probability mass functions, and the total variation distance is half the [' distance; it is easy to
show that the local distance is less than or equal to the total variation distance.

A key tool in this paper is an explicit construction for maximal coupling, i.e., a coupling
(X,Y) of the random variables X and Y that maximizes the probability P(X = Y). The notion
of maximal coupling is also known to be useful for the derivation of error bounds via Stein’s
method (see, e.g., [31, Chapter 2] and [32]). Stein’s method also serves in this paper to exemplify
the use of the new bounds in the context of the Poisson approximation [5]; this is done by using
good upper and lower bounds on the total variation distance (see [4] and [34]) and a good upper
bound on the local distance [5]. The link between Stein’s method and information theory was
pioneered in [6] in the context of the compound Poisson approximation, and it has been further
recently studied in [22].

This paper starts by introducing preliminary material in Sections I and II; Theorems 1-3 are
known results on maximal coupling, and a bound from [38] on the difference of the entropies
of two discrete random variables in terms of the total variation distance. Note that the proofs of
these known results are important for the analysis in this paper.

The new results in this paper are the following:

For two given distributions on a finite alphabet, if the local distance is strictly smaller than the
total variation distance, then Theorem 4 provides a new bound which can be significantly better
than the previously best known bound (Theorem 3) due to Zhang [38].

For countably infinite alphabets, a knowledge of the total variation distance between two dis-
tributions is not sufficient for establishing an informative bound on the difference of entropies
(i.e., one has discontinuity of entropy). Theorem 5 demonstrates that if one of the distributions is
finitely supported and some knowledge of the other distribution is available, then the knowledge
of the local and total variation distances (or bounds on these distances) allows one to bound the
difference of the entropies even in this case.

Refined bounds on the entropy of near-uniform random variables on large alphabets, as well as
of sums of independent Bernoulli random variables (which arise in numerous applications, see
[3] and references therein) are obtained in Section IV (see Examples 1 and 2). These refined
bounds are compared with previously known bounds. One special case where the entropy can
be explicitly evaluated and compared to various bounds is worked out, and it is shown that
Theorem 4 improves significantly the known bound in Theorem 3.

A natural question that arises in the context of this paper is what if one only has bounds on
the local distance ? A treatment of this problem (which does not exist in the literature) possibly
gives further insight into why the local distance is useful in combination of the total variation
distance. In the finite alphabet case, the two metrics are equivalent since

M
dloc(ny) S dTV(X7Y) S ? . dloc(Xa Y)

and, hence, generate the same topology; so the bare continuity of entropy is guaranteed for finite
alphabets, and so is the discontinuity of the entropy for infinite alphabets. But are there tight
bounds on the difference of entropies just based on the local distance for finite alphabets ?
The following proposition suggests a simple bound on the difference of entropies of two
discrete random variables that are finitely supported, based only on their local distance:
Proposition 1: Let X and Y be discrete random variables that take values in a finite set A,
and let [A| = M. If djoc(X,Y) < 1, then

|H(X) —H(Y)| < —M dioe(X,Y) log(dioc(X,Y)) (79)

with the convention that 0 log 0 means 0.
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Proof: The derivation of this bound forms a small modification of the proof of [8, Theo-
rem 17.3.3]. Let Px and Py denote the probability mass functions of X and Y, respectively,
and let r(u) £ |Px(u) — Py (u)| for every u € A. From [8, Egs. (17.27)~(17.30)], if r(u) < %
for every u € A, then

H(X) = HY) < 3 —r(u) logr(u).

ucA
The bound in (79) now follows from the simple inequality r(u) < dj.(X,Y") for every u € A
(by definition), and due to the fact that the function f(x) = —xlog(z) is monotonic increasing
over the interval [0, ], [

Remark 9: The bound in (79) does not necessarily hold if djo.(X,Y) > % As a counter
example, let A be a set of 3 elements, and let

11
Pe= (53
Then djo(X,Y) =1 and H(X) — H(Y) = log2, so (79) is not satisfied due to the violation of
the condition on the local distance in Proposition 1.
Remark 10: A slight loosening of the bound in (79) gives that if djoc(X,Y) < 1, then

|H(X) — H(Y)| < M h(diee(X,Y))

0), Py = (0,0,1).

where h is the binary entropy function. In the simple case where the probability mass functions
of X and Y are equal to Px = (1—¢,¢) and Py = (1,0), respectively, we have dj,.(X,Y) = ¢;
if 0 < e <1, the bound on |[H(X)— H(Y)| is twice larger than its exact value that is equal to
h(e). Even in this simple case, the bound on the difference of the entropies that only depends
on the local distance is not tight. On one hand, it will be of interest to derive tighter bounds on
the difference of entropies for finite alphabets that are just based on the local distance; on the
other hand, even the simple bound in Proposition 1 provides some insight into why the local
distance is useful in combination of the total variation distance for upper bounding the difference
of entropies for finite alphabets (see Theorem 4).
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