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Abstract

The Shannon capacity of graphs, introduced by Claude Shannon in 1956,
equals the maximum transmission rate at which a receiver can accurately
recover information without error, with the communication channel repre-
sented as a graph. In this graph, the vertices represent the input symbols and
any two vertices are adjacent if and only if the corresponding input symbols
can be confused by the channel with some positive probability. This concept
establishes a significant link among zero-error problems in information theory
and graph theory. The calculation of the Shannon capacity of a graph is
notoriously difficult, and only the capacity of a some families of graphs are
known. The computational complexity of the Shannon capacity has extended
the research towards finding computable bounds on the capacity and exploring
its properties.

This thesis studies several research directions concerning the Shannon
capacity of graphs. Building on Schrijver’s recent framework, we establish
sufficient conditions under which the Shannon capacity of a polynomial in
graphs equals the corresponding polynomial of the individual capacities,
thereby simplifying their evaluation. We derive exact values and new bounds
for the Shannon capacity of two families of graphs: the ¢-Kneser graphs
and the Tadpole graphs. Furthermore, we construct graphs whose Shannon
capacity is never attained by the independence number of any finite power of
these graphs, including a countably infinite family of connected graphs with
this property. We further prove an inequality relating the Shannon capacities
of the strong product of graphs and their disjoint union, leading to streamlined
proofs of known bounds. Motivated by problems in lossless data compression,
we introduce an approach that incorporates computational complexity through
bounds on the chromatic number of small disjunctive powers. These results on
the Shannon capacity of graphs underscore fundamental connections between
graph theory and information theory.



List of Symbols

DMC

Discrete memoryless channel
The set of natural numbers
The set of rational numbers
The set of real numbers

A simple graph

The complement graph of G
The vertex set of G

The edge set of G

The complete graph on k vertices
The path graph on ¢ vertices
The Kneser graph

The ¢g-Kneser graph

The Tadpole graph

The strongly regular graph
The Paley graph on ¢ vertices

The binomial coefficient

The Gaussian binomial coeflicient

Galois field of order ¢

The n-dimensional vector space over the finite
field I,

The strong product graph of G and H
The disjunctive product graph of G and H
The disjoint union graph of G and H

The independence number of G

The clique number of G

The chromatic number of G

The clique-cover number of G

The fractional independence number of G
The fractional clique number of G

The fractional chromatic number of G
The fractional clique-cover number of G
The Shannon capacity of G

The Lovasz 9J-function of G

The Schrijver ¥-function of G



Chapter 1

Introduction

The Shannon capacity of graphs, introduced by Claude Shannon in [1], equals
the maximum transmission rate at which a receiver can accurately recover
information without error, with the communication channel represented as
a graph. In this graph, the vertices represent the input symbols and any
two vertices are adjacent if and only if the corresponding input symbols can
be confused by the channel with some positive probability. This concept
establishes a significant link among zero-error problems in information theory
and graph theory, prominently featured in multiple surveys [2(-6].

The calculation of the Shannon capacity of a graph is notoriously difficult
(see, e.g., |[7TH10]), and only the capacity of a few families of graphs are known,
like Kneser graphs and self-complementary vertex-transitive graphs [11].
The computational complexity of the Shannon capacity has extended the
research towards finding computable bounds on the capacity and exploring
its properties [11-20].

While investigating the properties of the Shannon capacity, it is worth
keeping in mind the more general concept of the asymptotic spectrum of
graphs, introduced by Zuiddam [19-22], which delineates a space of graph
parameters that remain invariant under graph isomorphisms. This space is
characterized by the following unique properties: additivity under disjoint
union of graphs, multiplicativity under strong product of graphs, normal-
ization for a simple graph with a single vertex, and monotonicity under
graph complement homomorphisms. Building upon Strassen’s theory of the
asymptotic spectra [23], a novel dual characterization of the Shannon capacity
of a graph is derived in [21], expressed as the minimum over the elements
of its asymptotic spectrum. By confirming that various graph invariants,



including the Lovasz ¥-function [11] and the fractional Haemers bound [13],
are elements of the asymptotic spectrum of a graph (spectral points), it can
be deduced that these elements indeed serve as upper bounds on the Shannon
capacity of a graph. For further exploration, the comprehensive paper by
Wigderson and Zuiddam [22] provides a survey on Strassen’s theory of the
asymptotic spectra and its application areas, including the Shannon capacity
of graphs.

Several properties of the Shannon capacity have been explored, and
many questions are left open. One of the most basic open questions is the
determination of the Shannon capacity of cycle graphs of odd length larger
than 5.

In addition to zero-order error capacity of a graph, using Graph Theory
allows us to investigate many other problems in Information and Communica-
tion Theory, for example, in [32, Section 3.4], Graph Theory is used to explore
a problem in Lossless data compression, using known results regarding the
chromatic number and the disjunctive power of graphs.

This paper studies several research directions regarding the Shannon
capacity of graphs, and it is structured as follows.

o Chapter [2| provides preliminaries that are required for the analysis in
this paper. Its focus is on graph invariants, and classes of graphs that
are used throughout this paper.

 Chapter |3| builds on a recent paper by Schrijver [24], and it explores
conditions under which, for a family of graphs, the Shannon capacity of
any polynomial in these graphs equals the corresponding polynomial
of their individual Shannon capacities. This equivalence can substan-
tially simplify the computation of the Shannon capacity for some of
structured graphs. Two sufficient conditions are presented, followed by
a comparison of their differences and illustrative examples of their use.

o Chapter {4] explores Tadpole graphs. Exact values and bounds on the
capacity of Tadpole graphs are derived, and a direct relation between the
capacity of odd-cycles and the capacity of a countably infinite subfamily
of the Tadpole graphs is proved, providing an important property of
that subfamily that is further discussed in the following section.

« Chapter 5| determines sufficient conditions for the unattainability of
the Shannon capacity by the independence number of any finite strong



power of a graph. It first presents in an alternative streamlined way an
approach by Guo and Watanabe [10]. It then introduces two other orig-
inal approaches. One of the novelties in this section is the construction
of an infinite family of connected graphs whose capacity is unattainable
by any finite strong power of these graphs.

Chapter [6] derives the Shannon capacity of the q-Kneser graphs, using a
generalized result of Erdos-Ko-Rado [25], and a result on the spectrum
of the g-Kneser graphs [26]. This broadens the class of graphs for which
the Shannon capacity is explicitly known.

Chapter [7] introduces a new inequality relating the Shannon capacity of
the strong power of graphs to that of their disjoint union, and it identifies
several conditions under which equality holds. As an illustration of the
applicability of this inequality, this section also presents an alternative
shorter proof of a lower bound for the disjoint union of a graph with its
complement, originally obtained by N. Alon [7], along with analogous
bounds on the Lovasz ¥-function of graphs.

Chapter [§] explores a problem presented in [32, Section 3.4] regarding
lossless data compression using the chromatic number of the disjunctive
powers of a graph. This section presents the problem and then offers a
new approach to this problem, that takes into account the computation
complexity, and uses finite (small) powers of the disjunctive power, to
provide a tradeoff between the computational complexity and the Data
Compression.

Chapter [J] provides a summary of this work and also suggests some
directions for further research that are related to the findings in this
thesis.



Chapter 2

Preliminaries

2.1 Basic definitions and graph families

2.1.1 Terminology
Let G = (V,E) be a graph.

V = V(G) is the vertex set of G, and E = E(G) is the edge set of G.
An undirected graph is a graph whose edges are undirected.
A self-loop is an edge that connects a vertex to itself.

A simple graph is a graph having no self-loops and no multiple edges
between any pair of vertices.

A finite graph is a graph with a finite number of vertices.
The order of a finite graph is the number of its vertices, | V(G)| = n.
The size of a finite graph is the number of its edges, | E(G)| = m.

Vertices i, j € V(G) are adjacent if they are the endpoints of an edge in
G; it is denoted by {i,j} € E(G) or i ~ j.

An empty graph is a graph without edges, so its size is equal to zero.

The degree of a vertex v in G is the number of adjacent vertices to v in

G, denoted by d, = d,(G).



A graph is regular if all its vertices have an identical degree.

A d-regular graph is a regular graph whose all vertices have a fixed
degree d.

A walk in a graph G is a sequence of vertices in G, where every two
consecutive vertices in the sequence are adjacent in G.

A trail in a graph is a walk with no repeated edges.

A path in a graph is a walk with no repeated vertices; consequently, a
path has no repeated edges, so every path is a trail but a trail is not
necessarily a path.

A cycle C in a graph G is obtained by adding an edge to a path P such
that it gives a closed walk.

The length of a path or a cycle is equal to its number of edges. A
triangle is a cycle of length 3.

A connected graph is a graph where every two distinct vertices are
connected by a path.

An r-partite graph is a graph whose vertex set is a disjoint union of r
subsets such that no two vertices in the same subset are adjacent. If
r = 2, then G is a bipartite graph.

A complete graph on n vertices, denoted by K,,, is a graph whose all n
distinct vertices are pairwise adjacent. Hence, K,, is an (n — 1)-regular
graph of order n.

A path graph on n vertices is denoted by P,, and its size is equal to
n—1.

A cycle graph on n vertices is called an n-cycle, and it is denoted by C,
with an integer n > 3. The order and size of C,, are equal to n, and C,
is a bipartite graph if and only if n > 4 is even.

A complete r-partite graph, denoted by K,,, _,, withn;,...n, € N, is an
r-partite graph whose vertex set is partitioned into r disjoint subsets of
cardinalities nq, ..., n,, such that every two vertices in the same subset
are not adjacent, and every two vertices in distinct subsets are adjacent.
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Throughout this thesis, the graphs under consideration are finite, simple, and
undirected. The standard notation [n] £ {1,...,n}, for every n € N, is also
used.

Definition 2.1 (Subgraphs and graph connectivity). A graph F is a subgraph
of a graph G, and it is denoted by F C G, if V(F) C V(G) and E(F) C E(G).

o A spanning subgraph of G is obtained by edge deletions from G, while
its vertex set is left unchanged. A spanning tree in G is a spanning
subgraph of G that forms a tree.

o An induced subgraph is obtained by removing vertices from the original
graph, followed by the deletion of their incident edges.

Definition 2.2 (Isomorphic graphs). Graphs G and H are isomorphic if there
exists a bijection f: V(G) — V(H) (i.e., a one-to-one and onto mapping) such
that {i,j} € E(G) if and only if {f(i), f(7)} € E(H). It is denoted by G = H,

and f is said to be an isomorphism from G to H.

Definition 2.3 (Complement and self-complementary graphs). The comple-
ment of a graph G, denoted by G, is a graph whose vertex set is V(G), and its
edge set is the complement set E(G). Fvery vertex in V(G) is nonadjacent to
itself in G and G, so {i,j} € E(G) if and only if {i,7} ¢ E(G) with i # j. A
graph G is self-complementary if G = G (i.e., G is isomorphic to G).

Example 2.1. It can be verified that P, and Cs are self-complementary
graphs.

2.1.2 Graph operations

This subsection presents the basic graph operations used throughout this
thesis.

Definition 2.4 (Strong product of graphs). Let G and H be simple graphs.
The strong product G H is a graph whose vertices set is V(G) x V(H), and
two distinct vertices (g1, h1), (g2, ha) are adjacent if one of the following three
conditions is satisfied:

1. g1 = g2 and {hy, hy} € E(H),
2. {g1,92} € E(G) and hy = ha,



3. {gl,gg} € E(G) and {hl,hg} S E(H)

The interested reader is referred to [27] for an extensive textbook on graph
products and their properties.
Define the k-fold strong power of G as

G2 GKX...XG, (2.1)

k—1 strong products
Throughout this thesis, we will use another graph operation.

Definition 2.5 (Disjoint union of graphs). Let G and H be two simple graphs.
The disjoint union G + H is a graph whose vertices set is V(G) UV (H), and
the edges set is E(G) U E(H).

Let m € N, throughout this thesis we use the following notation:

mG2 G+...+G. (2.2)

m—1 disjoint unions

2.1.3 Basic graph invariants under isomorphism

Definition 2.6 (Independent sets). Let G be a simple graph. Define

o A setZ CV(G) is an independent set in G if every pair of vertices in T
are nonadjacent in G.

o The set Z(G) is the set of independent sets in G.
Now we define the independence number of a graph.

Definition 2.7 (Independence number). The independence number of a graph
G, denoted a(G) is the order of a largest independent set in G, i.e.

a(G) 2 max{|Z|:Z € Z(G)}. (2.3)
Definition 2.8 (Cliques). Let G be a simple graph. Define

o A setC CV(G) is a clique in G if every pair of vertices in C are adjacent
in G.

o The set C(G) is the set of cliques in G.



Definition 2.9 (Clique number). The clique number of a graph G, denoted
w(G) is the order of a largest clique in G, i.e.

w(G) £ max{|C|:C € C(G)}. (2.4)

Definition 2.10 (Chromatic number). The chromatic number of G, denoted
X(G), is the smallest cardinality of an independent set partition of G.

Definition 2.11 (Clique-cover number). The clique-cover number of G,
denoted o(G), is the smallest number of cliques needed to cover all the vertices

of G. Hence, 0(G) = x(G).

We next provide required properties of the independence number of a
graph.

Theorem 2.1. Let G and H be simple graphs. Then,
a(GXH) > a(G) a(H), (2.5)
a(G+H) = a(G) + a(H). (2.6)

Theorem 2.2. Let G be a simple graph, and let Hy and Hy be induced and
spanning subgraphs of G, respectively. Then

a(Hy) < a(G) < a(H,). (2.7)
Furthermore, for every k € N,

a(H}) < a(GY) < a(H3). (2.8)

2.1.4 Fractional invariants of graphs

To properly define the four basic fractional invariants of a graph, we need to
define the following four sets of functions.

Definition 2.12. Let G be a simple graph. Define the four following sets of
functions:

e Define F;(G) as the set of non-negative functions, f: V(G) — R, such
that for every T € Z(G),

> flv) <1 (2.9)

veT

10



o Define Fo(G) as the set of non-negative functions, f: V(G) — R, such
that for every C € C(G),

> flv) <1 (2.10)

veC

o Define G;(G) as the set of non-negative functions, g: Z(G) — R, such
that for every v € V(G),

Y. 9@)=1L (2.11)

TeT(G)wel

o Define Go(G) as the set of non-negative functions, g: C(G) — R, such
that for every v € V(G),

> g9@)>1. (2.12)

CeC(G)wel

Four basic fractional invariants are next defined by linear programming.
Definition 2.13 (Fractional invariants of graphs). For a simple graph G,

o The fractional independence number of G is

o (G —Sup{ > flv fe]-"C(G)}. (2.13)

veV(G)

o The fractional clique-cover number of G is

o mf{ S g(C gEQC(G)}. (2.14)

cec(G)

o The fractional cligue number of G is

wi(G —Sup{ > flw fe]—}(G)}. (2.15)

veV(G)

o The fractional chromatic number of G is

Xe( 1nf{ Z g(I):g€ QJ(G)}. (2.16)

ZeI(G

11



Using strong duality of linear programming we get the following important
theorem.

Theorem 2.3. Let G be a simple graph. Then

at(G) = 0¢(G), (2.17)

X;(G) = wi(G). (2.18)

So, from now on we will use mostly the fractional independence number

and the fractional chromatic number. And, when we calculate them we will
use both of their equivalent linear programming representations.

Another useful property, that is obvious from Definition [2.13] is provided
next.

Theorem 2.4. For a simple graph G, the following holds:
a;(G) = 01(G) = x¢(G) = wi(G). (2.19)

Finally, some properties of the fractional independence number are pre-
sented.

Theorem 2.5. [28] Let G and H be simple graphs. Then

af(GXH) = as(G) ag(H), (2.20)
a(GXH) < o (G) a(H). (2.21)

2.1.5 Graph spectrum

Definition 2.14 (Adjacency matrix). Let G be a simple undirected graph on
n vertices. The adjacency matrix of G, denoted by A = A(G), is ann xn
symmetric matrizc A = (A; ;) where A;; =1 if {i,j} € E(G), and A;; =0
otherwise (so, the entries in the principal diagonal of A are zeros).

Definition 2.15 (Graph spectrum). Let G be a simple undirected graph on n
vertices. The spectrum of G is defined as the multiset of eigenvalues of the
adjacency matriz of G.

12



2.1.6 Some structured families of graphs

Vertex- and edge-transitivity, defined as follows, play an important role in
characterizing graphs.

Definition 2.16 (Automorphism). An automorphism of a graph G is an
isomorphism from G to itself.

Definition 2.17 (Vertex-transitivity). A graph G is said to be vertex-transitive
if, for every two vertices i,j € V(G), there is an automorphism f: V(G) —
V(G) such that f(i) = j.

Definition 2.18 (Edge-transitivity). A graph G is edge-transitive if, for
every two edges ey, eq € E(G), there is an automorphism f: V(G) — V(G)
that maps the endpoints of ey to the endpoints of es.

Definition 2.19 (Kneser graphs). Let [n] be the set with natural numbers
from 1 ton, and let 1 <r <n. The Kneser graph K(n,r) is the graph whose
vertex set is composed of the different r-subsets of [n], and every two vertices
u, v are adjacent if and only if the respective r-subsets are disjoint.

Kneser graphs are vertex- and edge-transitive.

Definition 2.20 (Perfect graphs). A graph G is perfect if for every induced
subgraph H of G,

w(H) = x(H). (2.22)

Definition 2.21 (Universal graphs). A graph G is universal if for every graph
H,

a(GXH) = a(G) a(H). (2.23)
Lemma 2.1. If G is a universal graph, then G¥ is universal for all k € N.

Proof. This follows easily by Definition and mathematical induction
on k. ]

A corollary by Hales from 1973 regarding the connection between graph
universality and the fractional independence number is presented next.

Theorem 2.6. [2§] A graph G is universal if and only if a(G) = ax(G).

13



Definition 2.22 (Strongly regular graphs). A graph G is strongly regular
with parameters srg(n,d, \, ) if it suffices:

o The order of G is n.
o G is d-reqular.
o Fwvery pair of adjacent vertices has exactly A common neighbors.

o Every pair of distinct, nonadjacent vertices has exactly pu common
neighbors.

Definition 2.23 (Paley graphs). Let g be a prime power, i.e. ¢ = p" where p
is prime and n € N, with ¢ =1 mod 4. The Paley graph of order q, denoted
P(q), is defined as

o The vertex set of P(q) is F, ={0,1,...,q — 1}.
o Two vertices a and b are adjacent if and only if a — b € (F;)Q.

Theorem 2.7. j29] Let G = P(q) be a Paley graph with ¢ =1 mod 4 a prime
power. Then
o P(q) is a self-complementary graph.
o P(q) is strongly regular with parameters srg(q, q;;, %5, %).
e P(q) is vertex-transitive.
(q)

o P(q) is edge-transitive.

2.2 The Shannon capacity of graphs

The concept of the Shannon capacity of a graph G was introduced by Claude
E. Shannon in [1] to consider the largest information rate that can be achieved
with zero-error communication. A discrete channel consists of

o A finite input set X.
o A (possibly infinite) output set ).

o A non-empty fan-out set S, C Y for every x € X.

14



In each channel use, a sender transmits an input z € X and a receiver
receives an arbitrary output in S,. It is possible to represent a DMC (discrete
memoryless channel) by a confusion graph G, which will be defined as follows

« V(G) = X represents the symbols of the input alphabet to that channel.

o E(G) is the edge set of G, where two distinct vertices in G are adjacent
if the corresponding two input symbols from X" are not distinguishable
by the channel, i.e., they can produce an identical output symbol with
some positive probability. Formally,

E(G) = {{a:,x'} cxyr € Xyx # 2,8 NSy 7&@} (2.24)

Thus, the largest number of inputs a channel can communicate without error
in a single use is the independence number «(G).

In the considered setting, the sender and the receiver agree in advance
on an independent set Z of a maximum size «(G), the sender transmits only
inputs in Z, every received output is in the fan-out set of exactly one input
in Z, and the receiver can correctly determine the transmitted input. Next,
consider a transmission of k-length strings over a channel, where the channel
is used k£ > 1 times, the sender transmits a sequence z ...z, and the receiver
gets a sequence y ...y, of outputs, where y; € S, for all i € [k]. In this
setup, k uses of the channel are viewed as a single use of a super-channel:

o Its input set is X*, and its output set is Y*.

o The fan-out set of (z1,...,7;) € X* is the cartesian product
Soy X oo X Sy, (2.25)
Note that two sequences (xy,...,x1), (z],...,2}) € X* are distinguishable

by the channel if and only if there exists i € [k] such that
S, NSy = 2. (2.26)

Thus, it is possible to represent the larger channel by the strong powers of
the confusion graph, and the k-th confusion graph is defined as thr k-fold
strong power of G:

G"2£GX...XG. (2.27)

15



Using the k-th confusion graph, the largest amount of information we can
send through the channel with k-uses is the independence number of the k-th
confusion graph, «a(G*). Thus, the maximum information rate per symbol
that is achievable by using input strings of length & is equal to

1
P log a(G") = log {/a(G*), k€ N.

And, by omitting the logarithm (as an increasing function) and supremizing
over k, the Shannon capacity is defined as follows.

Definition 2.24 (Shannon capacity). Let G be a simple graph. The Shannon
capacity of G is defined as

O(G) £ sup {/a(GF) = kh_)rgo /o (GF). (2.28)

keN

Remark 2.1. The righthand equality in (2.28)) is derived from Theorem [2.1]
and Fekete’s Lemma.

Now we provide several basic properties of the Shannon capacity which
will be used throughout this thesis.

Theorem 2.8. Let G be a simple graph and let £ € N. Then
0(G") = 6(G)". (2.29)
Theorem 2.9. Let G be a simple graph and let m € N, then
O(mG) = mO(G). (2.30)
Theorem 2.10. Let G; and Gy be simple graphs. Then
O(G1 X Gy) > O(G;) O(Gy). (2.31)

Theorem 2.11 (Shannon’s inequality). (1] Let G; and Gy be simple graphs.
Then

O(G, + Gy) > O(Gy) + O(Gy). (2.32)

For an elegant proof of Shannon’s theorem, see [24].
The following theorem is very important and central in this thesis, thus,
its proof is presented as well.

16



Theorem 2.12 (Duality theorem). |24/ Let G and H be simple graphs. Then
O(G+H)=0(G)+6(H) <= O(GXH)=06(G)O(H). (2.33)
Proof. By Theorems and 2.11] the claim is equivalent to
©O(G+H)>0(G)+6(H) < O(GXH) > 06(G)O(H). (2.34)
We next prove both directions of the equivalence in ([2.34)).
1. Assume that ©(GX H) > ©(G) ©(H). By Theorem 2.8

O(G+ H)*> = ©((G+ H)?)
=0O(G* +2GXH + H?),

and by Theorems and
O(G* +2GXH + H?) > O(G)* +20(GX H) + O(H)2.
Using the above assumption, we get

O(G)? +20(GX H) + O(H)* > ©(G)* + 20(G) O(H) + O(H)?
= (8(G) + O(H))?,

which gives

©(G+H) > 0(G) + O(H).
2. Next, assume O(GX H) = ©(G) ©(H). Then, for all 7,j € N, we get

O(G' X H)O(G) ©(H)' = 6(G' K H) O(G’) O(H")
(G K H™)
= O(GK H)™
O(G)™ O(H)™,
thus

O(G' K HI) < O(G) O(H). (2.35)
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Using property (12.35)), for all k € N, we get

a((G+H)") =a (Z (?) G'® HH)

/=0

Finally, letting £ — oo gives
©(G+H) < O(G) +O(H),

and by Theorem

O(G+H) =0(G) + O(H).

O(H,) < ©(G) < O(Hy).

2.3 The Lovasz function of graphs

18

]

Theorem 2.13. Let G be a simple graph, and let Hy and Hy be induced and
spanning subgraphs of G, respectively. Then

(2.36)

Before we present the Lovasz ¥-function of graphs, we define an orthogonal
representation of a graph [11].

Definition 2.25 (Orthogonal representations). Let G be a simple graph.
An orthogonal representation of G in R? assigns each vertex i € V(G) to



a nonzero vector u; € R% such that, for every distinct nonadjacent vertices
i,7 € V(G), the vectors u;,u; are orthogonal. An orthogonal representation is
called an orthonormal representation if all the representing vectors of G have
a unit length.

In an orthogonal representation of a graph G, distinct nonadjacent vertices
are mapped to orthogonal vectors, but adjacent vertices may not be necessarily
mapped to non-orthogonal vectors. If the latter condition also holds, then it
is called a faithful orthogonal representation.

Definition 2.26 (Lovéasz function). Let G be a simple graph of order n. The
Lovdsz function of G is defined as
1
9(G) = min max ———- (2.37)

e 1<i<n (cTu;)?’
where the minimum is taken over
e all orthonormal representations {u; : i € V(G)} of G.
e all unit vectors c.

The unit vector ¢ that achieves the minimum is called the handle of the
orthonormal representation.

An orthonormal representation of the pentagon Cs, along with its handle
c, is shown in Figure 2.1}

The Lovasz 9-function can be expressed as a solution of an SDP problem.
To that end, let A = (4;;) be the n x n adjacency matrix of G with n £
| V(G)|. The Lovész ¥-function ¢(G) can be expressed by the following convex
optimization problem:

maximize Tr(BJ,)
subject to

B >0, (2.38)
Tr(B) =1,
Ai,j =1 = Bi,j = O, 1,7 € [n]

The SDP formulation in (2.38)) yields the existence of an algorithm that
computes ¥(G), for every graph G, with a precision of r decimal digits, and a
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w ¢

Figure 2.1: A 5-cycle graph and its orthonormal representation (Lovéasz
umbrella).

computational complexity that is polynomial in n and r. Thus, the Lovasz -
function can be computed in polynomial time in n, and by [11], it is an upper
bound on the Shannon capacity, whose computation requires the computation
of an infinite series of independence number, which is a known NP-hard
problem.

Adding the inequality constraints B;; > 0 for all 7, j € [n] to yields
the Schrijver J-function of G, denoted ¥'(G), which therefore yields

9(G) < 9(G). (2.39)

In light of , one can ask if the Schrijver J-function can serve as a
better upper bound for the Shannon capacity. However, in a recent paper
by I. Sason [30], it was shown that the Schrijver 9J-function need note be an
upper bound on the Shannon capacity, by providing a graph whose Shannon
capacity is strictly larger than the Schrijver ¥-function. Lastly, the Schrijver
Y-function is an upper bound on the independence number, so it can be used
for constructing better bounds on the independence number.

We next provide an alternative representation of the Lovasz ¥-function of
a graph [11].

Theorem 2.14. [11] Let (vi,- -+ ,vy) range over all orthonormal representa-
tions of G and d over all unit vectors. Then

I(G) = maxzn:(dTvi)2. (2.40)

i=1
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Next, we provide several properties of the Lovasz number, regarding graph
operations and subgraphs.

Theorem 2.15. (11| Let Gy and Gy be simple graphs. Then
¥(G; X Gy) = I(Gy) I(Gy). (2.41)

The following result was first stated and proved by Knuth (Section 18
of |[16]). We suggest an alternative elementary proof in Appendix

Theorem 2.16. [16] Let G and H be simple graphs. Then
PG+ H) =9(G) +9(H). (2.42)

Theorem 2.17. Let G be a simple graph, and let Hy and Hy be induced and
spanning subgraphs of G, respectively. Then

U(H1) < 9(G) < J(Hy). (2.43)

Next, we present a few known formulas and bounds on the Lovasz function.
Theorem 2.18. [11],|31] Let G be a simple graph of order n, then

9(G) ¥(G) > n, (2.44)

with an equality in (2.44) if G is a vertez-transitive or strongly reqular graph.

Theorem 2.19. [11] Let G be a d-regular graph of order n, and let A, be its
smallest eigenvalue. Then

(2.45)
with an equality in (2.45) if G is an edge-transitive graph.
2.4 Concluding preliminaries

We next provide a useful lower bound for the fractional independence number
and the fractional chromatic number (see |32, Proposition 3.1.1]).
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Theorem 2.20. Let G be a simple graph of order n, then

n

w(G)’

(G)

Both inequalities hold with equality for vertex-transitive graphs.

Oéf(G)

Xf(G)

v
€

v
Q

Theorem 2.21. Let G be a simple graph. Then,

a(G) < O(G) < I(G) < ar(G) < x(G) = o(G). (2.46)

In continuation to Definition [2.19, we next provide some known invariants
of Kneser graphs.

Theorem 2.22. Let G = K(n,r) be a Kneser graph with n > 2r. The

invariants of G are
n—1
G) —
@ = (")),

0@ ("),
oe=("2})
G =",
ar(G) = Eﬁi,
x¢(G) = %
X(G) =n—2r+2,
-]
Proof. See [11, Theorem 13], [33] and Theorem O
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Theorem 2.23. Let ¢ > 1. Then the path graph P, is a universal graph with
parameters

Oz(Pg) = @(Pg) = 19(Pg) = Oéf(Pg) = O'(Pg) = ’75-‘ . (247)

Theorem 2.24. Let k > 4. Then the cycle graph Cy has

o If k is an even number, then Cy is a universal graph with

k
o Ifk > 5 is an odd number, then
k k
a(Cy) = {QJ ;UG = Tisecr

Lemma 2.2. If G is a universal graph, then O(G) = a(G).
Proof. 1f G is a universal graph, then by Theorems and
O(G) = a(G).
O
Remark 2.2. The converse of Lemma(2.9 is in general false, see Example[2.3,

Corollary 2.1. Let G = K(n,r) be a Kneser graph with n > 2r, then G is
universal if and only if rn.

Proof. By Theorem [2.22]

/N
3 3
N———

Oéf(G) =

,_
23
[

For G to be a universal graph, the equality a(G) = «a(G) has to hold (see
Theorem , thus, G is universal if and only if:

()-8

which holds if and only if r|n, as required. ]

Example 2.2. The Petersen graph G = K(5,2) has a(G) = ©(G) but is not
universal.
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Chapter 3

The Shannon capacity of
polynomials of graphs

Shannon conjectured that for any two graphs G and H, the capacity of their
disjoint union is equal to the sum of their individual capacities [1]. This
conjecture was later disproved by Alon |7], who showed that if G is the Schlafli
graph, then

O(G) +O(G) < 10 < 227 < O(G + G).

In this section, we provide sufficient conditions on a sequence of graphs, such
that the capacity of their disjoint union is equal to the sum of their individual
capacities. The results of this section rely on a recent result by Schrijver [24].
Due to its importance, it is provided with a proof in the preliminaries (see
Theorem , stating that for any two simple graphs G and H,

O(GXH) = O(G)O(H) «= O(G +H) = O(G) + O(H).

This result was independently proved by Wigderson and Zuiddam [22], with
credit to Holzman for personal communications.

Define the set N[zq,...,z,] to be the set of all nonzero polynomials of
variables x1,...,x, with nonnegative integral coefficients. A polynomial of
graphs, p(Gy, ..., Gy), is defined such that the plus operation of graphs stands
for their disjoint union and a product of graphs stands for their strong product.

In this section, we derive sufficient conditions for a sequence of graphs
Gy, ..., Gy to satisfy the property that, for every polynomial p € N[xq, ... xy],
the following equality holds:

@(p(G1, G2, N Gg)) = p(@(Gl), @(Gg), ey @(Gg)) (31)
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By a corollary of the duality theorem (Theorem [2.12)), which was proven by
Schrijver |24, Theorem 3|, the following surprising result holds.

Lemma 3.1. Let Gy, Gs, ..., Gy be a sequence of simple graphs. Then, equality
(13.1) holds for every p € N{xy, ...,z if and only if

@(Gl + G+ ...+ Gg) = @(G1) + @(Gg) + ...+ @(Gg) (32)

By Lemma 3.1} we focus on finding sufficient conditions for the satisfiability
of . In this section, we present two main results that provide such
sufficient conditions, discuss the differences between them, and illustrate their
application. We start by providing the following result.

Theorem 3.1. Let Gy,...,Gy be simple graphs, with ¢ € N. Then for every
p € N[z1,..., 2,

p(O(Gy),...,0(G)) < O(p(Gy,...,Gp)) < p(¥(G1),...,0(Gp)).  (3.3)
Proof. By Theorems and 2.11]
p(O(Gy), ..., 0(Gr)) < O(p(Gy, - -, Gr)),
and by Theorems and
O(p(Gy, ..., Ge)) < (p(Gy, ..., Gy))
p

]

Corollary 3.1. Let Gy,..., G, be simple graphs, with ¢ € N. If O(G;) = 9(G;)
for every i € [{], then

O(p(Gi, ..., G) = p(I(G1),...,0(G)) (3.4)
for every p € N[xy, ...,z

Proof. By assumption, it follows that
p(O(Gy),...,0(Gy)) = p(V(Gy),...,0(Gy)).

Thus, by Theorem , equality (3.4) holds. O]
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We next provide our first sufficient condition.

Theorem 3.2. Let Gy, ..., Gy be simple graphs, with £ € N. If ©(G;) = 9(G;)
for every i € [{], then equality (3.1]) holds for every p € N[y, ..., x].

Proof. By the assumption and Theorem [2.16]

G+ ...+ Gp) =9(Gy) + ... +9(Gy)
= 0(Gy) +... +6(Gy)
<O(Gy +...+Gy)
<Gy + ...+ Gy),

which gives
O(GL +Ga+...+Gy) =0O(Gy) +O(Ga) + ...+ O(Gy).
Thus, by Lemma [3.1] equality (3.1 holds for every p € N[z1, ..., z]. ]

Example 3.1. If Gi,...,G, are all Kneser graphs or self-complementary
vertez-transitive graphs, then by Theorem |3.4, equality holds for every
polynomial p € N[xq, ..., x4]. In particular, if G; = K(n;, ;) (with n; > 2r;)
for every i € [{], then

O(K(n1,m1) + ... + K(ng, 1)) = ("1 - 1) Fot ("f N 1).

’l”g—l

Similarly, if G; is a self-complementary and vertex-transitive graph for every
i € [{], then by [34, Theorem 3.26]

G+ ...+ Gy) =i+ ...+ /ny,

where n; is the order of G;.
Next we give second sufficient conditions for equality (3.1]) to hold.

Lemma 3.2. Let Gy and Gy be simple graphs. If ©(Gy) = as(Gy), then

@(Gl + Gg) = @(Gl) + @(Gg) (35)
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Proof. By Theorem [2.10]

0(G,) O(Gy) < O(G1 K Gy), (3.6)
and by Theorem 23}
O(G1 R Gy) = lim {fa((G; B Gy)) (3.7)
< lim {/ar(G})a(G5) (3.8)
= a1(G1) O(Gy), (3.9)

Combining inequalities (3.6)) and (3.7)) gives

0(G1) O(G2) < O(G, X Gy)
S Oéf(Gl) @(Gg)

Hence, by the assumption,
O(G;) ©(Gy) = O(G; X Gy),
and equality (3.5)) follows from Theorem m ]

Theorem 3.3. Let Gy, Gy, ..., Gy be simple graphs. If O(G;) = o (G;) for (at
least) (—1 of these graphs, then equality (3.1) holds for every p € N[xy, ..., z].

Proof. Without loss of generality, assume O(G;) = a(G;) for every i € [¢ — 1].
By a recursive application of Lemma |3.2),

¢ ¢ ¢
i=1 i=2 i=1
Thus, by Lemma [3.1] equality (3.1 holds for every p € N[z, ..., 2. ]

It is worth noting that our sufficient conditions for equality to hold
are less restrictive than those hinted in Shannon’s paper [1], which are next
presented. The following theorem is derived directly from Lemma [3.2] and
the sandwich theorem. We provide the original proof in Appendix [B]

Theorem 3.4. Let G; and Gy be simple graphs with a(Gy) = x(Gy). Then

O(Gy + Gy) = O(Gy) + O(Gy).
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Remark 3.1. The sufficient condition in Theorem s more restrictive
than the one in Lemma (3.2 This holds since by Theorem |2.21

a(G) < O(G) < a(G) < x(G).

_The next example suggests a family of graphs for which ©(G) = a4(G) <
X(G) holds for every graph G in that family, thus showing the possible
applicability of Lemma [3.2 in cases where the conditions in Theorem |3.4] are

not satisfied.

Example 3.2. Let G = K(n,r) be the complement of a Kneser graph where
n>2r,r>1, and r|n. It is claimed that the graph G satisfies

O(G) = ar(G) < x(G).

Indeed, the invariants of the Kneser graph and its complement are known,

and by Theorem

w(K(n.r)) = =
x(G) = x(K(n,7)) =n —2r + 2,

so since the independence number and the fractional independence number
are identical and equal to ™ then ©(G) = . Hence, by the assumption that
n > 2r, it follows that

0(G) = a(G) = ; <n—2r+2=y(G).

Remark 3.2. The sufficient conditions provided by Theorems|[3.3 and[3.3
do not supersede each other (see Examples and . More explicitly, for
every graph G,

O(G) <J(6) < as(G),

so the condition ©(G) = a;(G) is less restrictive than the condition ©(G) =
Y(G). Consequently, Theorem imposes a stronger condition than the one
in Theorem[3.3 on { — 1 of the graphs, while no condition is imposed on the
(-th graph. The following examples clarify the issue.
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Example 3.3. Let Gy, ..., Gy be Kneser graphs, where

For these graphs we have

ar(G;) = (::) . (3.10)

If ri t ny, then it follows that

Ti—l

ar(Gy) > (:) _ (” - 1) — 0(Gy), (3.11)

Ti

so, if ri 1 n;, then oz (G;) > O(G;).

Let the parameters ny,...,ng , r1,...,re be selected such that r; { n; for at
least two of the graphs {G;}t_,, we have ag(G;) > O(G;), which then violates
the satisfiability of the sufficient conditions in Theorem[3.3. Hence, in that
case

@(G1+...+GZ):§:<m—1>

by Theorem [3.9, whereas this equality is not implied by Theorem [3.3,

Example 3.4. If G; is a perfect graph for every i € [{ — 1] and G, is the
complement of the Schlifli graph, then we have:

e O(G) = as(G) for everyie [( —1].
« O(G) <I(Gy) (By [14)).

Thus, the sufficient conditions of Theorem hold, whereas the sufficient
conditions of Theorem[3.4 do not hold.
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Chapter 4

The Shannon capacity of
Tadpole graphs

The present section explores Tadpole graphs, where exact values and bounds
on their Shannon capacity are derived.

Definition 4.1 (Tadpole graphs). Let k,¢ € N with k > 3 and ¢ > 1. The
graph T(k,0), called the Tadpole graph of order (k, (), is obtained by taking a
cycle Cy of order k and a path Py of order ¢, and then joining one pendant
vertex of Py (i.e., one of its two vertices of degree 1) to a vertex of Cy by an
edge. For completeness, if £ = 0, the Tadpole graph is defined trivially as a
cycle graph of order k, T(k,0) = C;.

/( ‘\\ T(5.6)

® o
Figure 4.1: The Tadpole graph T(5,6).
Every Tadpole graph is a connected graph with
[V(T(k, 0)] = [E(T(k, )] = k + £.

The Tadpole graph T(k,¢) with ¢ > 1 is irregular since it has one vertex
of degree 3, k + ¢ — 2 vertices of degree 2, and one vertex of degree 1 (see

Figure |4.1)).
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The motivation to explore the Tadpole graphs comes from their similarity
to the cycle graph, as graphs and as their equivalent DMCs, which is shown
in Figure 4.2

P N Ty Yy
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Figure 4.2: The DMCs of T(k, ¢) (Left plot) and Ci4, (Right plot).

Lemma 4.1. Let k > 3 and ¢ > 0. The independence number of the Tadpole
graph T(k, ) is given by

a(T(k,0)) = m + m . (4.1)

Proof. The independence number of Cj, is EJ, and the independence number

of Py is %1 One can select a maximal independent set by excluding the
vertex of C; that is adjacent to the vertex of P,, which gives (4.1)). O
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Lemma 4.2. Let k> 3 and ¢ > 0.
1. If one of the following two conditions holds:

e k=3 ork>4is even,
e k>51isodd and ¢ > 1 is odd,

I(T(k,0)) = m + m .

2. If k> 5 is odd and ¢ > 0 is even, then

k l
k

then

Proof. First, if k = 3 then the cycle C3 is a clique of order 3, and since the
clique-cover number of Py is [ﬂ then

o(T(3,0) =1+ m .

By Lemma [4.1) and Theorem [2.21] a lower bound and an upper bound on
Y(T(k,¢)) coincide, which gives

9(T(3,0) =1+ m .

Next, if & > 3, then the clique number of T(k, /) is 2 (since there are no
triangles), thus, every clique in T(k, () is either an edge or a single vertex. In
this case, if k is even, it is possible to cover the cycle C; by g edges (cliques)

and the path can be covered by [ﬂ edges, and thus o(T(k,()) = £ + %W

And, if k is odd and ¢ is odd, then one can cover T(k, () by ** edges (by
covering C; by % edges, excluding the vertex of C; that is adjacent to a
pendant vertex of Py, and then covering the remaining vertices of T(k, ¢) by

1 edges). Overall, in both instances we got

o1 = 3] +[5].
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which gives (by using again the sandwich theorem in (2.46) and Lemma [4.1)),

k 14
W(T(k,0)) = {QJ + {2—‘ .
Finally, assume that & > 5 is odd and ¢ > 2 is even (if £ = 0 then T(k,0) = C;
and the result follows from Theorem . By deleting the edge that connects
the cycle C, with the path Py, it follows that C; + P, is a spanning subgraph
of T(k, £). On the other hand, by deleting the leftmost vertex of P, (i.e., the
vertex that is of distance 1 from the cycle Ci), and the two edges that are

incident to it in T(k, ¢), it follows that Cj + P,_; is an induced subgraph of
T(k, ¢). Hence, by Theorem [2.17],

V(Cr+Pry) < U(T(k,0))
< V(Cr +Py).

Furthermore, by Theorems and [2.24]

V(Cr+Poy) = H/:ec;; + 5
= J(Cy + Py).
Thus,
k 14
V(T(k,0)) = m + 3
O
Theorem 4.1. Let k > 3 and £ > 0 be integers.
1. If one of the following two conditions holds:
e k=3 ork>4is even,
e k>5isodd and ¢ > 1 is odd,
then
O(T(k, 1)) m + m | (4.2)
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2. If k > 5 is odd and ¢ > 0 is even, then
l
O(T(k,0)) = 6(C) + 5 (4.3)

Proof. First, if k=3 or k > 4 is even, or k > 5 is odd and ¢ > 1 is odd, then
by Lemmas [4.1] and [4.2]

@@wngyﬁﬂ.

Second, if £ > 5 is odd and ¢ > 0 is even, then by using the same subgraphs
of T(k,{) from the proof of Lemma , and by Theorem m,

O(Cr+Prq) <O(T(k,0)) < O(Cr+Py).
Furthermore, path graphs are universal, then, by Theorem [3.3

@(Ck + Pg_l) = @(Ck) + @(Pg_l)
(Ck) +§

(Cr + Po).

S
S

Hence,
O(T(k,0)) = 6(Cy) + 5

O
Corollary 4.1. Let £ > 0 be an even number and let k > 5 be an odd number.
1. If k =5, then
14
@@@m:ﬁ+5 (4.4)
2. If k> 7, then
k+0—1 < k 14

Tk V) < —— .
2 _®(<’))_1+secg+2
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Proof. If k = 5, then ©(Cs) = /5 [11], and by Theorem ,
O(T(5,4)) = ©(Cs) + g
=v5+ 5
If k > 7, then by Theorem [2.24]

E — O((Ck)

2
< 0(Cy)
k

<) = T e
k

Thus, by Theorem [4.1]
k+0—1

5 <O(T(k.0)

k l

< ——m—k + —.
_1—|—sec% 2

Example 4.1. Let Gy = T(5,6), then by Corollary[4.1],
O(T(5,6)) = 3 + V5 = 5.23607 ...
For comparison, using the SageMath software [35] gives the values
V/a(Gi R Gy) = V26 = 5.09902,
Ya(G K G, K Gy) = V/136 = 5.14256.
Let Gy = T(7,6), then by Corollary and the lower bound [36]

O(Cr) > {Ja(C2) > /367,

which yields

6.2578659 ... = V/367 + 3 < O(C;) + 3
= O(T(7,6))

7
< ——— +3=16.3176672.
1 + sec 7
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The above lower bound on ©(T(7,6)) improves the previous lower bound in
the leftmost term of (4.5), thus closing the gap between the upper and lower
bounds from 0.3176 to 0.0598.

The last example shows that the lower bound in Corollary can be
improved. The following result gives an improved lower bound.

Theorem 4.2. If k> 5 is odd and ¢ > 0 is even, then

() [ bmomums i et am

Proof. The upper bound was proved in Corollary 4.1 We next prove the
improved lower bound. By Hales’ paper [28, Theorem 7.1}, if k£ > 3 is odd,

then
oo (52) )

O(Cr) > v/ a(C})

(k1Y =
- 5 ek
Thus, by combining the last inequality with Theorem [4.1] it follows that
14

O(T(k,0)) = O(Cy) + 3

S (CORESE

The gap between the upper and lower bounds on O(T(k, ¢)) for k > 7 odd
and ¢ > 0 even satisfies,

(resez ) (Jg =)+ +)

<k:—|—€ k‘+€—1
2 2

which implies that

]
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Remark 4.1. Theorem[{.] gives an improved lower bound that is based on a
lower bound of the capacity of odd cycles that was constructed by Hales (see
128]). Since hales’ result, better lower bounds for odd cycles were constructed,
and can be used to improve the lower bound in special cases. For better lower
bounds on higher powers of odd cycles see [37,|38]. The next theorem shows an
improvement to the bound in , for special cases using a result from [37).

Theorem 4.3. Let n,d € N, let { > 0 be an even number, and define

k=n2% 421 41,

Then,
<lnkd—1 + (’?) k=2 4 5 < O(T(k,0)). (4.9)

Proof. By Theorem [L1]
O(T(k, ) = 5 +0(Cp). (4.10)

And, by [37, Theorem 1.4],

O(Cr) = v a(Cp)
> <Jnkd1 + (kgl> =2, (4.11)

Finally, combining (4.10)) and (4.11)) gives (4.9)). O

Remark 4.2. In Theorem a bound from |37, Theorem 1.4] was used. It
is worth noting that in his paper, Bohman conjectured that the lower bound
was the exact value of the independence number (see [37, Conjecture 1.5]). In
a later paper by Bohman, Holzman and Natarajan [38], a countably infinite
subset of these values was confirmed, and by substituting d = 3, which gives
k = 8n + 5, it was proven that if k = 8n + 5 is a prime number, then the
lower bound was the exact value of the independence number, i.e.

o(Ch,y5) = 3(8n +5) [(2n+ 1)(8n +5) — 1]. (4.12)
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Chapter 5

When the graph capacity is not
attained by the independence
number of any finite power?

In Section [, we proved that if k = 3, or if £ > 4 is even, or if £ > 5 and
¢ > 1 are odd, then the capacity of the Tadpole graph T(k,¢) coincides
with its independence number. Additional families of graphs also share this
property; for example, by |11], the capacities of all Kneser graphs are equal
to their independence numbers. It is, however, well known that not all graphs
posses this property; e.g., ©(Cs) = /a(C?) = v/5 and a(Cs) = 2. The
property that the Shannon capacity coincides with the square root of the
independence number of the second (strong) power of the graph was proved,
more generally for all self-complementary vertex transitive graphs [11] and
all self-complementary strongly regular graphs [34], provided that the order
of the graph is not a square of an integer. Families of graphs whose capacity
is attained at a finite power that is strictly larger than 2 are yet to be found.
In this section, we explore sufficient conditions on a graph G that makes its
Shannon capacity be unattainable by the independence number of any finite
power of G, i.e., we explore the conditions on G to have:

0(G) > {/a(Gk) VEkeN. (5.1)

For example, the graph G = C; +K; satisfies (5.1)) (see Example .
This problem was explored by Guo and Watanabe [10], and a family of
disconnected graphs that satisfies (5.1]) was constructed. In this section, we
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start by presenting the method from [10], and then we provide two original
approaches. The first original approach relies on a Dedekind’s lemma in
number theory (1858), and it uses a similar concept of proof to the one
in Example 5.1 The second original approach uses the result from [10] to
construct a countably infinite family of connected graphs whose capacity is
strictly larger than the independence number of any finite (strong) power of
the graph.

The following example provides a disconnected graph whose capacity is
not attained at any finite power, the proof of this example uses an important
concept that is later used in our first original approach. This example was
shown by A. Wigderson and J. Zuiddam [22].

Example 5.1. Let G = C5 + K;. We have C5 XKy = Cs, so
O(C; X Ky) = 0(C5) = O(C5) O(Ky).
Consequently, by Theorem
0(G) = O(C5) + O(Ky) = V5 +1,

and, for every k € N,

kY e k 0+
2£>5+ 2 <2e+1>5

0<e<| k] 0<e<| 55
= C —I— dk\/g ?é N,
where
EN
e



It therefore follows that, for all k € N,
9(G)* # a(G")
since the independence number is an integer. Consequently, (5.1]) holds.

We next consider three approaches for the construction of families of
graphs whose Shannon capacities satisfies the condition in (5.1)). The first
approach is due to Guo and Watanabe [10] with a simplified proof (the
original proof from [10] is provided in Appendix [C)), and the second and third
approaches of constructing such graph families are original.

5.1 First approach

Theorem 5.1. [10] Let G be a universal graph (see Definition [2.21), and
let H satisfy the inequality ©(H) > «(H). Then, the Shannon capacity of
K £ G+ H is not attained at any finite power of K.

Proof. Let k € N. By the universality of G,

(@)a(ci X HE)

a((G + H)M) .

<k.:>oz(G)ia(H’“‘i)

1

I
M- 10 LM

Il
o

Z (f) O(G) a(H*), (5.2)

where the last equality holds by Lemma [2.2] Next, by the assumption that
O(H) > a(H) and since ©(H™) = ©(H)™ > a(H)™ for all m € N with strict
inequality if m = 1 (by assumption), it follows that for all £ € N
> <i>@(G)Za(H’“") <Y (Z,>®(G)’@(H)k"
i=0 =0

= (6(G) + O(H))~. (5.3)
Finally, by Shannon’s inequality (see Theorem [2.11]),

O(G) + O(H) < O(G + H). (5.4)
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Combining . and raising both sides of the resulting inequality to
the power of 1 . gives

Ja((G+H)F) < O(G+H),
thus confirming the satisfiability of the condition in (5.1]). n

Corollary 5.1. [10] Let G be a universal graph, and let K = G + Coxyq with
k > 2 be the disjoint union of a universal graph and an odd cycle of length at
least 5. Then, ©(K) is not attained at any finite (strong) power of K.

Proof. This follows from Theorem [5.1| by showing that ©(Coxi1) > a(Cori1).
For an odd cycle graph of length 2k + 1, a(Cox11) = k. By |28, Theorem 7.1],
for every j,k € N such that 2 < j <k

Oé(C2j+1 X C2k+1) jk + {jJ

(Cgk—l-l =k + J a(Copy1)?,

O(Carr1) = \/(Cpiq) > (Coppn).-

,_
o |

]

Remark 5.1. This applies in particular to Ky + Cs since Ky is universal.

5.2 Second approach

The next approach relies on a lemma in number theory from 1858 by Dedekind.
This lemma is provided as follows, whose simple and elegant proof from [39,
p. 309] is presented here for completeness.

Lemma 5.1. If the square-root of a natural number is rational, then it must
be an integer; equivalently, the square-root of a natural number is either an
integer or an irrational number.

Proof. Let m € N be a natural number such that v/m € Q. Let ny € N be
the smallest natural number such that ngy/m € N. If /m ¢ N, then there
exists £ € N such that 0 < \/m — ¢ < 1. Setting ny = no(y/m — £), we get
n; € Nand 0 < ny < ng. Also nyy/m = ngm — €(ngy/m) € N. This leads to
a contradiction to the choice of ng. O
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Next, we show the main result of this subsection.

Theorem 5.2. Let r > 2, and let Gy, Go, ..., G, be graphs such that, for every
¢ e rl],

1. The graph G, is either a Kneser graph or self-complementary strongly
reqular or self-complementary vertex-transitive.

2. There exists a single Uy € [r] such that Gy, is self-complementary vertez-
transitive or self-complementary strongly reqular on ny, vertices, where
ng, 1S not a square of an integer.

Let p € N[xy, ..., z,] be a polynomial whose nonzero coefficients are natural
numbers such that

1. There ezists a monomial in p(xy,...,x,) whose degree in x4, is odd.

2. The variable x4, doesn’t occur in (at least) one of the monomials in
p<x17 s 7xr)‘

Let G = p(Gy,...,G,). Then, the Shannon capacity ©(G) is not attained at
any finite strong power of G (i.e., condition (5.1) holds).

Proof. For all £ € [r], ©(G,) = J(Gy) (this follows from the assumptions on
Gy). Thus, by Corollary

O(G) = p(I(Gy, ..., V(Gy)).

1
Theorem 13]), and if G is self-complementary and vertex-transitive or self-

complementary and strongly regular then ¥(G,) = /ng (by [34, Theorem 3.26]).
So, for every ¢ # {y, ¥(G,) € N by assumption. And, by assumption,
¥(Gy,) ¢ N. Next, by the assumptions of the theorem, there exists a monomial
in p, whose degree in x4, is odd, and there exists a monomial in p where the
variable x4, does not occur. Thus, there exists a,b € N such that

p(9(Gy, ... 0(G,)) = ay/mg +b.

Similarly to the concept of proof in Example [5.1], for every k € N, there exists
¢k, d;, € N such that

p(O(Gy, .., 9(G))* = cr/Tigy + d.

Furthermore, if G, is a Kneser graph, then 9#(G,) = (’;f:l) € N (by [11,

42



Since /ng, ¢ N (by assumption), /iy, ¢ Q by Lemma , which implies
that

O(G) ¢ N.

Hence, for every k € N,

0(G) > {a(Gh),

so the capacity of G is unattainable by any finite strong power of G. O]

Corollary 5.2. Let r > 2, and let G, Go,..., G, be graphs such that, for
every { € [r],

1. The graph G, is self-complementary on n, vertices, and it is either
strongly regular or vertezx-transitive.

2. There exists a single {y € [r] such that ng, is not a square of an integer.

Then, the Shannon capacity of the disjoint union of these graphs is not attained
at any finite strong power.

Proof. The result is achieved by applying Theorem|[5.2]to the linear polynomial

plar,... z) = > .
j=1

O

Example 5.2. The special case of G = C5+ Ky (presented earlier) is obtained
by selecting in the previous corollary

o Gy = Cs, which is a self-complementary and vertex-transitive graph.
o Gy = Ky, which is a Kneser graph.
o 7 =2.

Hence, the Shannon capacity of G is not attained at any finite power of G.

Next we show another example, this time using Paley graphs.

43



Example 5.3. Let qi,...,q; be integer powers of prime numbers, p; =
1 mod 4 for every i € [{], where only one of the q;’s is an odd power of
the prime p;. Define G; = P(q;) (where P(q) is the Paley graph of order q)
for every i € [{]. Then, the Shannon capacity of the disjoint union of these
graphs,

G=G +Gy+...+Gy

is not attained at any finite power of G. This follows from Corollary
as the Paley graphs are self-complementary and strongly reqular, and the
restrictions on qi, . ..,q; guaranty that the conditions of Corollary[5.9 hold.

5.3 Third approach

In the present last approach, we build a family of connected graphs, whose
capacity is not attained at any of their finite powers. In particular, we prove
that an infinite family of Tadpole graphs is not attained at a finite power.

Theorem 5.3. Let H be a graph with a(H) < ©(H), let £ > 2 be an even
number, and let v € V(H) be an arbitrary vertez in H. Define the graph G
as the disjoint union of H and P, with an extra edge between v and one of
the two endpoints of Py. Then, the capacity of G is unattainable by any of its
finite strong powers.

Proof. Since H+ P,_; is an induced subgraph of G, and H + P, is a spanning
subgraph of G, it follows that

OH+Pry) <O(G) <O(H+Py). (5.5)

Path graphs are universal, and for an even ¢ > 2, the capacities of P,_; and
P, coincide (see Theorem . The latter holds because path graphs are
bipartite and therefore perfect, so their Shannon capacities coincide with
their independence numbers, and also a(P,—1) = £ = a(P,) if £ > 2 is even.
by universality of path graphs and since the independence number of P, and
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P¢_1 coincide for an even ¢ > 2 (see Theorem [2.23)), for every k € N,

a((H+P,_y)F) = zkj (I?)a(Hi X PETH)

i=0 \"

(%)a(Hi) oz(Pg_l)k_i

M- 10~

Il
=)

1

(%)a(Hi) a(Py)F

1

7

o(H+Py)F). (5.6)

Consequently, by raising both sides of (5.6) to the power %, and letting

k — o0, it follows that ©(H+P,_;) = ©(H+ P,). Combining the last equality
with (5.5]), hence gives

O(G) = O(H + Py). (5.7)

By the same argument that yields (5.5)), for all k € N, (H + P,_;)¥ is an
induced subgraph of G*, and (H + P,)* is a spanning subgraph of G*, so

al(H+ P 1)) < a(G*) < a((H+Py)h). (5.8)
Thus, by combining and , it follows that for every k € N
o(GF) = a((H+Py)*). (5.9)
Finally, by Theorem and equalities and , for every k € N,
O(G)" = O(H+ Py)* > a((H+Py*) = a(Gh), (5.10)
so G is not attained at any of its finite strong powers. m

Corollary 5.3. Let k > 5 be an odd number, and let £ > 2 be an even number.
Then, the Shannon capacity of the Tadpole graph T(k, ) is unattainable by
any of its strong powers.

Proof. This follows directly from Theorem [5.3]and Definition [£.1], by selecting
H = C; for an odd k& > 5. In the latter case, a(Cy) < ©Cy as required by
Theorem [(.3] O

Remark 5.2. Corollary[5.3 provides a countably infinite set of connected
graphs whose Shannon capacities are unattainable by any of its strong powers.
This is the first infinite family of connected graphs with that property. All
previous constructions with that property were disconnected graphs.
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Chapter 6

The Shannon capacity of
q-Kneser graphs

In this section we show the exact value of the Shannon capacity of a new
family of graphs, containing the Kneser graphs.

Definition 6.1. Let n,k € N with k < n, let p be a prime, let ¢ = p™ with
m € N, and let F, be the Galois field of order q. The Gaussian coefficient,

denoted by [Z L, is given by
nl ("= —q-(¢"—¢" ")
[kL_ (" —D)(¢" —q) - (g8 — g* 1) (6.1)

The Gaussian coefficient can be given the following interpretation. Let
V' be an n-dimensional vector space over F,. The number of k-dimensional

distinct subspaces that V' possesses is equal to [Z } . We therefore define

q
07 &
[OL_L

Passing to a continuous variable ¢ and letting ¢ tend to 1 gives

lim
q—1

e T

- <Z> (6.2)

thus converging to the binomial coefficient.
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Definition 6.2 (¢-Kneser graphs). Let V(n,q) be the n-dimensional vector
space over the finite field F,, where q is a prime power. The q-Kneser graph
K,(n, k) is defined as follows:

o The vertices of Ky(n, k) are defined as the k-dimensional subspaces of

Vi(n,q).

o Two vertices are adjacent if their intersection contains only the zero
vector.

Some of the properties of the g-Kneser graphs are next presented (see |44,
Proposition 3.4]).

Theorem 6.1. Let G = K,(n, k) be a qg-Kneser graph with n > 2k and q a
prime power. Then

e K,(n,k) is of order

o K,(n,k) is of size

ekl = 50" 4] (6.4

o Ky(n, k) is ¢*° [n 7{; g } -reqular.
q

o K,(n, k) is vertex-transitive.
o K,(n,k) is edge-transitive.

We next calculate the Shannon capacity of K,(n, k) in an analogous way to
the calculation of the Shannon capacity of the Kneser graph K(n, k) by Lovész
(see [11, Theorem 13]). To that end, we derive the independence number and
Lovasz ¥-function of a g-Kneser graph, and show that they coincide, thus
leading to the determination of the capacity of the graph.

Lemma 6.1. [25] Let G = K (n, k) be a g-Kneser graph with n > 2k, and let
q be a prime power. Then,

(K, (n, k) = [’;:11 L. (6.5)
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Proof. By the version of the Erdos-Ko-Rado Theorem for finite vector spaces
(see |25, Theorem 9.8.1]), we get

a(Ky(n, k) < m:ll L.

Moreover, we can construct a family of k-subspaces of V(n,q) containing
a fixed 1-dimensional subspace of V(n,q). This family of subspaces has

[2:11 } subspaces (see Definition |6.1{ and |25, Theorem 9.8.1]), and it is an
q

independent set in K,(n, k), thus
a(K,(n, k)) > {n L ]
7w —Lk—-11;

which proves equality (6.5]). ]

Lemma 6.2. Let G = K,(n, k) be a g-Kneser graph with n > 2k and q a
prime power. Then

I(Ky(n, k) = m:ll L. (6.6)

Proof. By Theorem [2.19) and since the ¢g-Kneser graphs are edge-transitive
(see Theorem [6.1]),

| V(Kg (1, K))| Amin

(6.7)

where Ayax and Ay, are the largest and smallest eigenvalues of the adjacency
matrix of K,(n, k). By |26, Theorem 2|, these eigenvalues are given by

—k
)\max = qu {n ]
k q

2 —k—-1
>\min = _qk -k [n :| . (69)
k-1,
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Substituting (6.3), (6.8)), and into (6.7 gives

|:7’L:| . k,2_k,|:n_k_]_:|
k], k-1 ],

HK =
(Kol B) kz[n—k} kg_k{n—k—l}
q +q
ko1, k-1 |,
[n ] . [n—k:— 1 ]
k1, k-1 |,
= . 6.10
k[n—k} +[n—k‘—1} ( )
Tk, k-1 |,
This expression can be simplified, based on the following identity:
m qm—l{m—l]
= 11
[TL ¢g—1Lr—11]; (6.11)

where using (6.11]) with m = n — k and r = k simplifies the denominator of
(6.10)) to
qk{n—k] n {n—k—l ]
k], k-1 |,

_k_M*—l.V—k—l] [n—k—l}
—C T E—1 ], k-1 |,
"1 [n—k-1
_qk—1'{ o L. (6.12)
Finally, combining (6.10]) and (6.12)) gives the simplified form
k
_[n] -1
oKy k) = [ ] -0
_ [n—l }
CLk-1],
0

Due to the coincidence of the independence number and the Lovasz v-
function in Lemmata[6.1]and [6.2] their joint value is also equal to the Shannon
capacity of the graph. This gives the following closed-form expression for the
Shannon capacity of ¢-Kneser graphs.
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Theorem 6.2. The Shannon capacity of the q-Kneser graph, K,(n, k), with
n > 2k and q a prime power, is given by

O(K, (n, k) = [7;111 L' (6.13)
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Chapter 7

A new inequality for the
capacity of graphs

The following result provides a relation between the Shannon capacity of
any strong product of graphs, and the capacity of the disjoint union of the
component graphs. If these component graphs are connected, then their
strong product is a connected graph on a number of vertices that is equal
to the product of the number of vertices in each component graph, whereas
the disjoint union of these component graphs is a disconnected graph on a
number of vertices that is equal to the sum of the orders of the component
graphs (the latter order is typically much smaller than the former). The
motivation of our inequality is due to the following result:

Theorem 7.1 (Unique Prime Factorization for Connected Graphs). Every
connected graph has a unique prime factor decomposition with respect to the
strong product.

o The proof of this theorem was introduced by Dorfler and Imrich (1970),
and Mckenzie (1971). See section 7.3 in the comprehensive book on
graph products [27] (Theorem 7.14).

« In a paper by Feigenbaum and Schaffer [40], a polynomial-time algorithm
was introduced for finding that unique prime factorization (with respect
to strong products).

We next provide and prove the main result of this section.
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Theorem 7.2. Let Gy, Go,..., Gy be simple graphs, then

@(G1+...+Gg)>£
; .

Furthermore, if ©(G;) = 9(G;) for every i € [{], then inequality holds
with equality if and only if

O(G)) = O(Gy) = ... = O(Gy). (7.2)

In particular, if for every i € [{], one of the following statements hold:

0(GX...KG,) < ( (7.1)

o G; is a perfect graph,

o G, =K(n,r) for some n,r € N with n > 2r,

o G, =K,(n,r) for a prime factor g and some n,r € N with n > 2r,
o G; is vertex-transitive and self-complementary,

o G; is strongly regular and self-complementary,

then inequality (7.1)) holds with equality if and only if the condition in ((7.2))
is satisfied.

Proof. Let k € N. By (2.29)),
O(Gy + ...+ Gy)*

=0O((Gy + ...+ G)™)

:@( 3 (k th k)G’flg..mG;ff). (7.3)
Ky 0k 1y---H ¢

..... ke k1+...+ke=

By (229 (@31),
Ck
9( > (k k)G’flM.mG’;f)
k1,....ke: k1+...+ke=Llk 1y---5 M2

Ch k k
Zk kkz . (k:l,...,k)@(GIIN‘MG/>
Tyeeny o k1. +ko=Lk

> (kékk> O(Gi® ... &G

_ (k gk}ﬂ) 0(6iH...KG,)", (7.4)
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thus, by combining ([7.3)) and ([7.4), it follows that
0k k ok
2 I @(GlﬁﬁGg) ﬁ@(Gl—l-...—i—Gg) .

Raising both sides of the inequality to the power of %, and letting £ tend to
infinity gives

O(GIR ... KRG, < <@<G1+é”+GK>>Z, (7.5)
which holds by the equality
Jim ¢ (k%k) =/, VleN. (7.6)
If ©(G;) = ¥(G;) for every i = 1,...,¢, then by Theorem
O(G+...+Gy) =0(Gy) + ...+ O(Gy). (7.7)
By , inequality is equivalent to
660Gy < A& F - +0(6) (7.8)

and, by the conditions for equality in the AM-GM inequality, equality holds
in ([7.8) if and only if holds. Finally, all the graphs that are listed in this
theorem (Theorem satisfy the equality ©(G;) = J(G;) for ¢ € [¢]. Thus,
if G; is one of these graphs for each ¢ € [¢], then inequality holds with
equality if and only if the condition in is satisfied. n

Corollary 7.1. Let G be a graph on n vertices. Then,
O(G +G) > 2v/n, (7.9)

with equality in (7.9)) if the graph G is either self-complementary and vertez-
transitive, or self-complementary and strongly reqular, or either a conference
graph, a Latin square graph or their complements.
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Proof. By Theorem [7.2]

O(G+G) >2/O(GKXG). (7.10)

Next, choosing the ”diagonal” vertices of G X G gives an independent set of
size n in GX G. Thus,

O(GXG) > a(GXRG) > n. (7.11)

Using (7.10) and (7.11)) gives
O(G+G) > 2y/n.

Furthermore, let G be either (1) self-complementary and vertex-transitive or
(2) strongly regular or (3) a conference graph, (4) a Latin square graph or (5)
any one of the complements of the graphs in (1)—(4). Then, by Theorem
and [34, Theorems 3.23, 3.26 and 3.28], inequalities and hold
with equality, thus inequality holds with equality. O]

Remark 7.1. Inequality , together with a subset of the sufficient condi-
tions for its equality in Comlla,ry were proved by N. Alon in (7, Theorem
2.1]. Our proof is more simple, relying on a different approach, and the origi-
nal proof in [1] is also presented in Appendiz[D. In [, Theorem 2.1], Alon
showed that inequality holds with equality if G is self-complementary
and vertex-transitive; some additional alternative sufficient conditions are

provided in Corollary [7.1]

By ([7.1]), some additional inequalities are derived in the next two corollar-
ies.

Corollary 7.2. Let Gy,...,Gy be simple graphs, and let my,...,my € N, and

let m = Ymq...my, then
O(G X...KGy) < (m) " O(m1Gy + ... +meGy)*. (7.12)

Proof. By (2.30), Inequality (7.12)) is equivalent to
O(miG; X ... Km,Gy) < £7°0(myGy + ... +mGy)".

Thus, by Theorem , Inequality (7.12)) holds. H
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Corollary 7.3. Let Gy,..., G, be simple graphs, with some ¢ € N, and let
a = (aq,...,a) be a probability vector with a; € Q for all j € [(]. Let

K(a)={k e N: ka; € N,Vj € [{]}.
Then, for all k € K(a),
O(GM* K ... K GY*) < exp (—kH (a)) O(Gy + ...+ Gp)F, (7.13)

where the entropy function H is given by
‘
H(g) = —ZOZJ' logaj.
j=1

Proof. Let
A =lem(aqk, ..., ak).

Next, for every 1 < 5 </, define

A
= 14
n.] O[jk7 (7 )
J
a; = Z Oéik, (715)
i=1

and for every i, 1 <i < k, let j be the index that has a;_; +1 <7 < a;, and
define

m; = nj.
Now, by Corollary (Note that there are k graphs in the capacity)
0 (G ... KG)
S (mk:)_k © (m1G1 + ...+ malGl + mal_HGz + ...+ mkGZ)k

k
= (mk) O ((my+ ...+ ma)G1+ .+ (Mo a1+ .+ my)Gy)
= (mk;)_k O(n10nkGy + ... + nyoykGy)F,
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where

By ([7.14]) and ([2.30))

O(n1a1kGy + ... + npagkGy)" = O(AG, + ... + AG,)"
= A" O(Gy + ... + Gy)".

Finally, we have

O(GMF K ... K GY*) < (mk) " A*O(Gy +... + Gy)*
¢ -1\ *
= A (H a?"k> AFO(Gy + ...+ Gk

l
— Ha?i’“> O(Gy + ...+ Gy)*

= exp (—kH()) O(Gy + ... + Gy)*.

O
Remark 7.2. Let a; = z—j with (pj,q;) =1 for all j € [(]. Then,
K(a) =lem(qs, ..., q)N.
This is true because if we choose k that is not a multiple of lem(qy, . .., qr)

then there exists i € [(] such that a; ¢ N.

In analogy to Corollary [7.1], we next derive upper and lower bounds on
J(G+G).
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Theorem 7.3. For every simple graph G on n vertices

— IG) — 2
mc+®z2ﬁh$JJ—J@L. (7.16)
v(G)
and for every d-reqular graph with spectrum Ay > Xo > ... > \,,
n—d-—1 d — n(l+A2) n,
24— — — < Y(GC+G) L — ) 717
LT VD W L i W B (7.17)

Furthermore, the following holds:

1. If G is vertex-transitive or strongly regular, then inequality (7.16)) holds
with equality.

2. If both G and G are edge-transitive, or if G is strongly reqular, then the
right inequality in (7.17)) holds with equality.

3. If G is strongly reqular, then the left inequality in (7.17) holds with
equality.
Proof. Using Theorems [2.16] and [2.18], we get
I(G+ G) =9(G) + 79(6)

=90+ 5755

_ ((G) — vn)*
—2v/n + TR (7.18)

In addition, by Theorem [2.18| inequality ([7.18]) holds with equality if G is
vertex-transitive or strongly regular. Furthermore, if G is a d-regular graph,
then by [31, Proposiotion 1],

9(G + G) = J(G) + 9(G)
n(l+ ) n,

Tn—d+X d-X, (7.19)
and,
J(G+ G) = I(G) +I(G)
n—d-—1 d
>4 — — 2
S 14+ Xy An (7.20)
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which proves . Finally, by [31, Proposition 1], if both G and G are
edge-transitive, or if G is strongly regular, then the right inequality in
holds with equality, and if G is strongly regular, then the left inequality in
holds with equality. O]
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Chapter 8

On disjunctive graph products
and lossless compression

In the following chapter, we address a problem in lossless data compression
that can be approached through graph theory, specifically by analyzing the
chromatic number of disjunctive powers of graphs. We begin by defining the
disjunctive product and outlining its main properties. Next, we present the
problem together with the solution proposed in [32, Section 3.4], followed by a
brief discussion of the classes of graphs to which this solution applies. We then
introduce a new approach that accounts for the computational complexity of
obtaining the optimal solution. Finally, we provide a specialized analysis of
Kneser graphs in the context of this problem.

8.1 The disjunctive product

Definition 8.1. Let G and H be simple graphs. The disjunctive product
G x H is a graph whose vertex set is V(G) x V(H), and two distinct vertices
(91, 1), (g2, ha) are adjacent in G x H if {g1, g2} € E(G) or {h1,ha} € E(H).

Define the k-fold disjunctive power of G as

G*2  Gx...xG . (8.1)

k—1 disjunctive products

Next, we bring a few results regarding the disjunctive product of graphs
from [32, Section 3.4].
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Theorem 8.1. Let G and H be simple graphs, their disjunctive product G % H
satisfies

Zinax(G * H) = Z10ax(G) X Zinax(H),
a(G*H) = a(G) a(H),

Xe(Gx H) = x¢(G) x¢(H),

Xi(G) x(H) < x(G+H) < x(G) x(H).

Furthermore, the following limit exists and it satisfies
; k xk) — 13 k k) —
inf {/x(G*) = lim {/x(G*) = x¢(G). (8.6)

Corollary 8.1. Let Gy,..., G be simple graphs, then

o 0o 0o 0o

L = W N
NN NN

A~~~ I/~ —~

Xi (G- % G) = ]| x¢(Go), (8.7)

1

X(Ge). (8.8)

—= T

X(Gy k% Gy) <
‘

Proof. A recursive use of (8.4) gives (8.7)), and a recursive use of (8.5]) gives
) 0

Finally, we prove lower and upper bounds on the chromatic number of
the disjunctive product of a series of graphs.

Il
_

Theorem 8.2. Let Gq,..., G, be a sequence of graphs. Then, for all k € N,

x(G)
8 T e o

< ﬁ Xe(Ge) - (1 + iln Oé(Gg)) . (8.10)
=1

/=1

Specifically, for every graph G,
Xi(G)F 1 x(G) < X(G™) < x¢(G)!(1+ k Ina(G)), Vk € N. (8.11)
Proof. In light of the leftmost inequality in (8.5]), we get
max{x;(G1) x(G2), x(G1) x;(G2)} < x(G1 * Gy)
< X(G1) x(G2).
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Then, by induction on k, we get inequality :

max X(Gr) . ﬁx (Ge) < x(Gy -+ % Gg)
telh] Xxg(Gp) g T T ’

In light of the inequality by Lovéasz (1975) [43], setting the graph G to be the
k-fold disjunctive product H, = Gy % ... * G; gives

X(Hi) < xp(He) (1 + Ina(Hg)). (8.12)
And, from (8.3,
k
a(Hg) = [] «(Gy). (8.13)
=1
Combining (8.7)), (8.12)) and (8.13)) gives inequality (8.10)). O

8.2 A problem in lossless data compression
with side information

We show an applications of the results presented above, and our contribution
to the area.

To present the problem of lossless data compression with side information,
we start with a story from [32) Section 3.4].

Alice and Bob teach at a school with n students. Each time at recess,
exactly 2r of these students form two teams of equal size to play a game of
Capture the Flag. Bob is on duty for the first half of the recess, so he knows
the students in each team. However, he goes for lunch before recess is over.
Alice is the gym teacher, and later that day she learns which team won. Alice
knows the composition of the winning team. Bob knows, on the other hand,
the students in both teams but he does not know which team won the game.

Question: what is the shortest message (minimum number of bits) that
Alice should send to Bob to tell him the winning team?

To answer this question we first properly formulate the story. Alice and
Bob share a graph G that is constructed as follows:

1. The n students at school are labeled by 1, ... n;
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2. The vertices of the graph represent the (:f) possible teams of all the
r-element subsets of [n].

3. Two vertices are adjacent if they represent disjoint teams, so the two
endpoints of an edge in G represent teams that may play together.

The construction of G yields that G = K(n, r) is a Kneser graph with n,r € N
and n > 2r.

Alice knows the vertex v € V(G), but she does not know the edge e € E(G)
whose endpoints refer to the two teams that played the game. Bob, on the
other hand, knows the edge e but he does not know which of its endpoints v
represents the winning team.

Under this graph-theoretic formulation, we ask what is the minimum
number of bits that Alice should send to Bob to tell him the vertex v?

Alice may take the simplest approach of communicating to Bob the label
(number) of her vertex v. It requires [log, | V(G)|] bits. This does not take,
however, the side information that is available to Bob where he knows the
edge e in G.

In the book (see [32, Section 3.4]), an optimal solution is presented.

Proposition 8.1. The minimum required number of bits to let Bob determine
the vertez v is [logy, x(G)].

Proof. [32, Section 3.4] First, Alice and Bob can precolor the vertices of the
Kneser graph G = K(n, r) using x(G) = n — 2r + 2 colors. When Alice wants
to inform Bob about the vertex v that she knows, she only needs to tell him
the color of that vertex. This is sufficient for Bob to recover the vertex v
since the edge e is known to Bob, and only one of its two endpoints can be
assigned that given color.

If fewer than [log, x(G)] bits are communicated from Alice to Bob, then
there is a pair of adjacent vertices having the same representation of bits.
Thus, if Bob holds that edge, he won’t be able to decide to which vertex Alice
refers. Hence, the minimum required number of bits to let Bob determine the
vertex v is indeed [log, x(G)]. O

Example 8.1. Let n = 250 and r = 100. The simplest approach, where
Alice sends the label of the verter v, requires [log2 (Zﬂ = 239 bits, while

the optimal approach only requires [logy(n — 2r + 2)| = 6 bits, which is a
significant improvement.
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Next, suppose that Alice knows a list of vertices vy, ..., v, for some k € N,
and Bob knows a list of edges ey, ..., e, with v; € ¢; for all ¢ € [k]. If Alice
wishes to communicate her entire list of vertices to Bob, she can do so in k&
separate messages, for a total of k[log, x(G)] bits.

This poses another question: Is it possible for Alice to communicate her
entire list of vertices to Bob with a smaller number of bits by a use of a single
message (instead of k separate messages for each vertex)?

To answer this question, we make the following observation. Given a
list of edges, (ey,...,ex), that Bob has, the list of vertices that Alice has,
(v1,...,v;), can only be composed of the endpoints of (eq,...,ex), which
correspond to 2* optional list of vertices. If (vy,...,vy) and (v],...,v},) are
two such different vertices, then {v;,v.} = e; € E(G) or v; = v} for every
i € [k]. Hence, the 2 lists of vertices that Alice may hold form a clique in the
k-fold strong power graph G*. Thus, by precoloring the k-fold strong power
of G and sharing it by Alice and Bob, it suffices for Alice to send the color of
her vertex (list) to Bob. This will enable him to determine the vertex that
Alice holds.

Using the strong power of G allows the reduction of required bits in a
single message to Bob once every k days from k[log, x(G)] to [log, x(G*)]
(To that end, Alice collects the list (v1,...,v,) that is a vertex of G*, and
a vertex precoloring of the power graph GF is shared by Alice and Bob as
common information). However, since G* is a spanning subgraph of G**,
then the 2* possible vertices that Alice may hold also form a clique in the
k-fold disjunctive power of G, and the precoloring of G** can be the common
information between Alice and Bob.

Even though the disjunctive power of G offers a sub-optimal solution
compared to the strong product of G, because

[logs x(G*)] < [log, x(G™)], (8.14)

in this analysis, we chose to use the G** as an approximation, because the
disjunctive product has important tensorization properties, as can be seen
in theorems [8.1] and Thus, we use the disjunctive power of G and the
required bits in a single message to Bob once every k days is [log, x(G*)].

In addition, by letting k tend to infinity, the number of required bits per
game is reduced from [log, x(G)]| to

i 1982 X(G™)]

k—o0 k‘

= log, x¢(G). (8.15)

63



Example 8.2. For G = K(n,r), the amount of transmitted information per
game is reduced from [logy(n — 21 + 2)] to log, ™ bits.

For example, for n = 250 and r = 100, the amount of information per
game is reduced from 6 to 1.322 bits for k =1 and k — oo, respectively.

Remark 8.1. In , it was shown that asymptotically, using of the dis-
junctive power graph G** as the shared graph between Alice and Bob results
in the value log, x¢(G) as the minimal number of bits required for the trans-
mission. Specifically, for G = K(n,r) (n > 2r > 1), the required number of
bits is logy ™ (as seen in Ezample .

If the strong power of G = K(n,r) is used instead, then by Theorem m

and since G* is a spanning subgraph of G**,

loga (6] floga () (5.16)
< Noga (6]
- k

Kneser graphs are vertex-transitive, and the strong power of a vertex-transitive
graph is also vertex transitive. So, by Theorem

V(G|
GF) = |7 8.17
Xf( ) Oé(Gk) 3 ( )
which gives,
: |_10g2 Xf(Gk)-I S k k
i T = o, {Pu(@
NIV (STE
= i logs | 7 ek
|V(G)] n
=1 =1 —. 8.18
ng @(G) ng r ( )
Thus, combining (815), (B18) and (B18) gives
i Mo (@]
kll)rrolo ; = log, o (8.19)

Hence, if G is a Kneser graph, both the disjunctive power and the strong power
result in the same asymptotic solution.
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8.3 Graphs classification

Example [8.2 shows that Kneser graphs offer a significant gain in the reduction
of the minimum amount of information bits per game that Alice needs to
transmit to Bob by letting her communicate a list of vertices in a single
message, while taking advantage of the fact that Bob knows a list of edges
where each vertex in Alice’s list is an endpoint of the corresponding edge in
Bob’s list.

This raises the question for which graphs such a reduction in the amount
of delivered information per vertex is achievable?

We consider the family of vertex-transitive graphs, which includes the
Kneser graphs.

Theorem 8.3. Let G be a vertex-transitive graph. Then, by the proposed
approach, there is no reduction in the amount of information (in bits) for
the transmission of a list of vertices if and only if the vertex set of G can be
partitioned into equal-sized color classes of size a(G).

Proof. By the assumption that G is vertex-transitive

_IV(G)]
a(G)

with equality if and only if x(G) «(G) = |V(G)|. This is equivalent to the
condition that the vertex set V(G) can be partitioned into equal-sized color
classes (independent sets) of cardinality a(G). O

8.4 Finite-length analysis

The approach presented so far to minimize the required amount of bits,
allowed k to tend to infinity, but this adds a different problem, which is the
computational complexity involved in the precoloring of G**. The information
of the coloring of G** needs to be stored jointly by Alice and Bob, which
complexity-wise, is impractical for large k (let alone k — 00).

We next provide a refined analysis, which is valid for all k£ € N, enabling
to study the reduction in the required number of bits as a function of k,
especially for (small) values of k for which the computational complexity at
the preprocessing stage of precoloring G** is still feasible.
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Theorem 8.4. Let

log, X(G*kﬂ

R.(G) £ [ p , keN (8.20)

be the number of information bits per game, for a list of k games. Then,

x(G)
Xf(G)

1
log, x¢(G) + & log, <

) < Ri(G) (8.21)

logy(1+ klna(G)) +1
k

< logy x¢(G) + , (8.22)

for every k € N.

Proof. This follows from the upper and lower bounds on x(G**), with k € N,
as they are given in Theorem [3.2] O

Corollary 8.2. If x(G) > x¢(G), then

loga 14(6) + (1 ) < Ru(G) < loge i(6) + 0 (B (s39)

The following is a specialized analysis for Kneser graphs.

Example 8.3. Let G = K(n,r) be a Kneser graph with n > 2r, and let Rg(G)
be defined as in Theorem[8.4. Then

n log, (r(l — Z(Tn_l)>>

o (2)+ 2

< Ru(O) (8.24)
n 1 r k r !

<log, (—)+-1 bt \ )+ oo =) T T x

< og2<r>—|—k 0g2< n b(n>+2 n<27m(n—7“)>+ >+k’

for all k € N, where Hy: [0,1] — [0,In2] is the binary entropy function on
base e, i.e.,

Hy(x) = {—xlnx—(l—x)ln(l—x), O0<z<l, (8.25)

07 T e {0,1}
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We now prove these bounds. For all r,n € N such that r < n,
n r n
e — H(—-)]| <
8r(n —r) P <n b(ﬂ)) - (7“)
n r
< | Hy(—)|.
=\ 27r(n—r) P (n b(n))

The independence number of Kneser graphs is

n—1 r(n
G) = = — .
a(G) <7" — 1) n (r)
Thus, there exists ¢ £ ¢, € (é, %) such that

Ina(G) = ng<T> + 1ln <n(c7") (8.26)

n 2 n—r)

Furthermore, by Theorem

X(G) =n—2r+2, y(G)= g (8.27)

Combining (8.11)), (8.26) and (8.27)) implies that, for all k € N,
k 2(r—1
(") r(l - (Tn )) < x(G™) (8.28)

r
n\* r k r
<= [knHy{— —In{—7F—— 1.
_<T> [ " b<n>+2 n(27m(n—7“)>+ 1
These exponential bounds (in k) quantify the convergence rate of the sequence

{/x(G*)}2, to its asymptotic limit, x;(G) = 2, as we let k tend to infinity.
Finally, substituting (8.28)) in Ry(G) £ %;G*kﬂ gives (8.24)).
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Chapter 9

Summary and outlook

9.1 Summary

In this thesis, we study several research directions on the Shannon capacity of
graphs. We establish sufficient conditions under which the Shannon capacity of
a polynomial of graphs equals the corresponding polynomial of the individual
capacities, thereby simplifying their evaluation. Exact values and new bounds
are derived for two graph families: the ¢-Kneser graphs and the Tadpole graphs.
We also construct graph families whose Shannon capacity is not attained by
the independence number of any finite power, including a countably infinite
family of connected graphs with this property. Furthermore, we prove an
inequality relating the Shannon capacities of the strong product of graphs
and their disjoint union, which yields streamlined proofs of known bounds.

In Chapter [3| we present two sufficient conditions on a sequence of graphs
under which, for every polynomial in these graphs, the Shannon capacity of
the polynomial equals the polynomial of the individual capacities. Building
on Schrijver’s recent result [24], we show that these conditions apply to all
graph polynomials.

In Chapter [4, we study the Shannon capacity of Tadpole graphs. In
Theorem [4.1, we determine the exact capacity in some cases and prove that,
in the remaining cases, it equals the capacity of an odd cycle plus a natural
number. This provides a formula that connects the capacity of Tadpole graphs
to that of odd cycles, enabling sharper bounds by leveraging known results
for the latter.

In Chapter [, we address the attainability of the Shannon capacity, ex-
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tending the work of Guo and Watanabe (1990). We construct two families of
graphs whose Shannon capacity is not realized by the independence number
of any finite strong power. In particular, we provide a countably infinite
family of connected graphs with this property, which is the first known family
of its kind.

In Chapter[6], we determine the exact Shannon capacity of g-Kneser graphs,
using both a generalized Erdés-Ko-Rado theorem for finite vector spaces [25]
and the known spectrum of ¢-Kneser graphs [26]. This yields a new class of
graphs with explicitly determined capacity.

In Chapter [7|, we prove an inequality between the Shannon capacity of
the strong product of a sequence of graphs and the capacity of their disjoint
union. This result enables a simpler proof of a lower bound for the capacity
of the disjoint union of a graph and its complement, originally established by
N. Alon (1998).

In Chapter [§, we propose a new approach to a problem in communication
theory concerning lossless data compression, discussed in [32, Section 3.4].
Our method trades a slight loss in accuracy for a substantial reduction in
computational complexity compared to the original solution, which relied on
an infeasible precoloring step.

Finally, Chapter [9.2| suggests directions for further research that naturally
build on the results of this thesis.

In summary, this thesis provides:

1. Sufficient conditions ensuring that the Shannon capacity of any graph
polynomial equals the polynomial of the individual capacities.

2. Exact values and bounds for Tadpole graphs, including a formula linking
a subfamily of them to odd cycles.

3. Two families of graphs—one infinite and connected—whose capacity is
not attained by any finite power.

4. The exact capacity of g-Kneser graphs.

5. An inequality between the capacities of graph products and disjoint
unions, yielding a simplified proof of a result of Alon.

6. Finite-length analysis of a graph-theoretic approach for solving a prob-
lem in lossless compression with side information. The novelty in the
finite-length analysis is that it provides a quantitative tradeoff between
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the computational complexity in the lossless compression scheme and
the associated compression rate.

7. An outlook with several promising directions for further research directly
related to these findings.

9.2 Outlook

This section suggests some potential directions for further research that are
related to the findings in this thesis.

1. In Theorem 5.2} a construction of graphs was provided whose Shannon
capacity is not attained by the independence number of any of their
finite strong powers. The proof relied on Dedekind’s lemma from number
theory (see Lemma , showing that the capacity of this construction
equals a value whose finite powers are not natural numbers, and hence
cannot correspond to the finite root of an independence number. This
method of proof also applies to rational numbers that are not integers,
since none of their finite powers are natural numbers either. This raises
an interesting question: Does there exist a graph whose Shannon capacity
is a rational number that is not an integer?. At present, no such graphs
are known. However, if the answer is positive, it would immediately
follow that these graphs also possess the property of having a Shannon
capacity that is not attained by the independence number of any of
their finite strong powers (thus potentially leading to a fourth approach
in Section .

2. Tt was proved in [17] that if the Shannon capacity of a graph is attained at
some finite power, then the Shannon capacity of its Mycielskian is strictly
larger than that of the original graph. In view of the constructions
presented in Section [5] which yield graph families whose Shannon
capacity is not attained at any finite power, it would be interesting to
determine whether this property also holds in such cases. If it does
not, the graph constructions from Section |5 could provide potential
candidates for a counterexample.

3. By combining Theorems [2.5| and [2.6] the equality o(GRH) = a(G) a(H)
holds for every simple graph H if a(G) = a¢(G). Moreover, by Theo-
rem and Lemma [3.2] if ©(G) = a4(G), then ©(GX H) = ©(G) O(H)
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holds for all H. From these results, a natural question arises: Is it true
that the equality ©(GX H) = O(G) ©(H) holds for all H if and only if
O(G) = a¢(G) 2 This question was already discussed to some extent
in [45], where it was shown that
O(GXH)

Slﬁpw < o(G), (9.1)

while raising the question about the possible gap between the left and
right hand sides of (9.1)).
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Appendix A

An original proof of
Theorem [2.16

Theorem A.1. [16] Let G and H be simple graphs. Then
Y9G+ H) = 9(G) + ¥(H). (A1)

Proof. By Theorem [2.14} let (uy,...,u,) be an orthonormal representation
of G and let ¢ be a unit vector such that

n

9(G) = 3 (cTuy)?. (A.2)

i=1

Likewise, let (v1,...,v,) be an orthonormal representation of H and let d be
a unit vector such that

T

J(H) = Z(dTvi)Q. (A.3)
i=1
Assume without loss of generality that the dimensions of u;,c,v; and d are
m (if the dimensions are distinct, the vectors of the lower dimension can be
padded by zeros). Next, let A as an orthogonal matrix of order m x m such
that:

Ad =c. (A.4)

Such a matrix A on the left-hand side of (A.4)), satisfying ATA =1T,,, exists

2Ae—d)e—d)T 1) vided that

(e.g., the householder matrix defined as A =1,, — To—dl
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c#d,and A =1, if c=d). Let w= (wy,...,w,) be defined as w; = Av;
for every i € [r]|. Since the pairwise inner products are preserved under an
orthogonal (orthonormal) transformation and (vy,...,v,) is an orthonormal
representation of H, so is (wy,...,w,). Likewise, we get

T s s

z:(cTwl-)2 = 2:((Ad)T(Avi))2 = z:(dTvi)2 = J(H). (A.5)

=1 =1 =1

Next, the representation (xi,...,X,4,) = (Uy,...,U,, Wy,...,W,) is an or-
thonormal representation of G + H (since there are no additional nonadjacen-
cies in the graph G + H in comparison to the disjoint union of the pairs of

nonadjacent vertices in G and H). Hence, by Theorem [2.14} the equality

n r n—+r

I(G)+I(H) =D (c"w)* + > (c"w;)? =D (c'x)%, (A.6)

i=1 i=1 i=1
yields the inequality
Y(G) +J(H) < I(G+ H). (A.7)

Next, by Theorem [2.14] let (uy,...,u,, vy,...,V,) be an orthonormal repre-
sentation of G + H, where the vectors (uy,...,u,) correspond to the vertices
of G and the vectors (vy,...,v,) correspond to the vertices of H, and let ¢ be
a unit vector such that

n T

d(ew)? + > (cTvi)? (A.8)

i=1 =1

9(G + H)

By definition, since (uy,...,u,,vy,...,V,) is an orthonormal representation
of G + H, it follows that if i and j are nonadjacent vertices in G, then they
are nonadjacent in G+ H and thus, uju; = 0. Hence, (uy,...,u,) is an
orthonormal representation of G. Similarly, it follows that (vy,...,v,) is an
orthonormal representation of H. Thus, by Theorem m

Y G+ H) = zn:(cTui)Z + zr:(chi)Q < 9(G) + I(H). (A.9)

i=1 =1

Combining inequalities (A.7) and (A.9)) gives the equality in (2.42)). O
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Appendix B

The original proof of
Theorem 3.4

Theorem [3.4] is a direct corollary of |1, Theorem 4]. To show this, we define
an adjacency-reducing mapping.

Definition B.1. Let G be a simple graph, and let f: V(G) — U be a mapping
from the vertices of G to a subset A of V(G). [ is called an adjacency-reducing
mapping if for every nonadjacent vertices u,v € V(G), the vertices f(u) and
f() are nonadjacent as well.

Proof. LetU = {uy,us, ..., u} beamaximal independent set of vertices in Gy.
By assumption, V(G ) can be partitioned into k cliques. Let C = {C,...,Ck}
be such cliques. Obviously every u;,u; € U cannot be in the same clique,
because they are nonadjacent. So, every clique in C contains exactly one
vertex from U. For simplicity, assume that 4 and C are ordered in a way
that every j € [k] has u; € C;. Next, define the mapping f : V(G) — U
as follows. Let v € V(G;) be a vertex, and let C; be the clique that has
v € Cj, then f(v) = u;. If v; and v, are nonadjacent, then they belong to
different cliques in C. Thus f(v;) and f(vs) are mapped to different vertices
in Y. Since U is an independent set, f(v1) and f(vy) are nonadjacent. Thus,
f is an adjacency-reducing mapping of G; into ¢. Then, by [1, Theorem 4],

equality (3.5)) holds. O
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Appendix C

The original proof of

Theorem 5.1

Theorem C.1. [10] Let G be a universal graph, and let H satisfy ©(H) > a(H).
The Shannon capacity of K 2 G+ H is not attained at any finite power of K.

Proof. Let G be a universal graph and let £ € N. Then, since G is universal,

Similarly,

ko (2k

k) = 3= (a6 aw)

=0

s (e

— 00<i,j§k;i+j:é ) \J

-y oy (’“)(k)a<c>2k—<i+j>a<Hf+j>

=0 0<i,j<k;i+j=¢ ¢ J

E5 (o uaen

o e
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Subtracting both equalities gives
a(K*) — (kY2 =33 (( ) ( ) (67 (a(H™) — a(H) a<cﬂ>)) .
=0 7=0 J

Since by assumption ©(H) > «(H), there exists ig, jo € N such that

a(H™*) — a(H) a(G?) > 0

Otherwise, for all m € N, a(H™) = a(H)™, so ©(H) = a(H) in contradiction
to our assumption. Hence a(K*) > a(KF)? for all k > max{io, jo}-.

Suppose by contradiction that ©(K) = */a(K*0) for some ky > max{io, jo}
Then a(K?*0) > o(K*)2 which gives

O(K) > */a(KH) > *fa(Kk) =

thus leading to a contradiction. Hence, it is not attained for any k >
max{ig, Jo}-

Note that if we assume that O(K) = {/a(K¥) for some k& < max{io, jo},
then for every n € N

> Wa(Kmk) > {a(Kr) = 6(G)

and then, using the same argument for nk > max{io, jo }, we get a contradic-
tion. Hence, the Shannon capacity of K is not attained for any k& € N. n
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Appendix D

The original proof of Inequality
(7.9

Theorem D.1. [7] Let G be a simple graph with n vertices. Then
0(G+ G) > 2v/n. (D.1)

In addition, inequality (D.1)) holds with equality if G is self-complementary
and vertez-transitive.

Proof. Let AUB = {ai,...,an,b1,...,b,} be the vertex set of G + G, where
A represents the vertices of G and B represents the matching vertices of
G. Thus, if {a;,a;} € E(G), then {b;,b;} ¢ E(G). Next, we construct an
independent set in the graph (G + G)?* for every k, and we use that set to
bound the capacity of G+ G. For every k, define the set S as the set of vectors
v = (v1, 09, ...,vy) that follows the following two rules:

« Hi:vie A} =[{j:v €B},

e Forevery 1 <i <k, if in v, a, is the ¢-th coordinate from the left that
belongs to A, and by is the i-th coordinate from the left that belongs to
B, then r = s.

Now we prove that S is an independent set in (G + G)?. Let u and v be two
distinct vectors from S, we consider two cases:

Case 1, if there is an index t that has u; € A and v; € B then obviously
the two vertices u and v are not adjacent in (G + G)%.

7



Case 2, if there isn’t such an index, then there are two indices 1 < 1,5 < k,
and two indices r, s between 1 and 2% that have u, = a;, us = b;, and v, = a;,
vy = b;. Since {a;,a;} is an edge in G if and only if {b;,b;} is not an edge
in G, then the vertices u and v are not adjacent in (G + G)*. Hence, S is
an independent set in (G + G)?*. Next, the size(cardinality) of S is (Qk) n®,

because there are 2: ways to choose the locations of the coordinates from

A and that dictates the location of the coordinates from B as well, and, for
every coordinate there are n options to choose from, which gives |S| = (%f) nk.
Finally, we get

a((G+G)™) > || = (2:) n*,

which gives

O(G + G) > lim /a((G + G)?) >khm ’ ( )nk:2\/ﬁ.
—00

k—o00

In addition, from [11, Theorem 12], inequality (D.1]) indeed holds with equality
when G is a self-complementary and vertex-transitive graph. O]
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9891

(C. Shannon) yNY ¥ 7971 X9 MMNN2 NNYNIY 97N (Shannon capacity) D973 S \IRY 911P
MY 1MW INMA DVYTHIN PNNNAPNRN AXPY INY XIN X1 IN»NDY 473 DY 3T N3 TV ,1956 mva
IVANNDY PORIPN NDPO TN .NINIY NID RN NYTINND NN NV IWINNDY 19N 1D 71T
N LY ANIY NI NNYPN YT 99 DY PIRY 51200 ,AYTINN DTN DY DOND NINIWY MLP NNV
discrete ) 137973-90N YVAPDYT I YD PTHIN PINY ,D°97)N NNN PAY NW YV NP P NWpd
YN DY NDON 12070 DN YV oNNSNY (confusion graph) 91252 973 (memoryless channel
D912 N1y DNYY DMINNNN DXD12DON DN PN ON NYPA DM2INND 912YaN 92 DXNNS MY
0 PTHND N L,PIDNI-TI0N SVIPOIT 1Y DT .1APN MIINDN NIV R¥IND VI IMND DY
212PN NN AYND NY IWANNAY 12T ,D29701 NN D1PN NMYA P2 NWN WP PIDN N3, DINNN 9112

.D97)71 NN HY AN DYON VO NIV

D97 HY MTAN MNAYNI 79 INSI) ,01NY PNON ,TIND YR 1172 INNND 90 DY IRY 512090 2N
N2on (perfect graphs) D¥nowIN 099 X (Kneser graphs) 903 97 m>d W1 DNV NDPNHY
MDY M90I DY MNOIN NITO KV 91200 1NN NDPNY NN NYPR T2 DI NHIWN NN 91PN 1IWNY
THIX MY 901 AVND 5PV . TPONININADPR NY TN YA 0297 DV (independence numbers)
, 95 NP-hard moya nxiv 9732 902 DoYy1Hin (independent set) 1751 dYND2N NXIAPN NN NINNDD
TN, DV 21PN NN YN P2V IR 9NN DT 290 OTRONINIDPNR MW 19010 WINT NNINIWY
ST 9NN DTN MDND SONONIMNOPN MW 1901 MVYNTY NPYL HY IHINOPN NITO NND
DY NN 1N NOY 7PYA NNT ,D12PN DY 2NN N0 N1NIAN LJDD .NITON DY MIONINMOPN
IMN YN 21PN NIAY DMIDN XINND 1D D27 OXIPIN 120 .DIAVNND IN DXVIVI DMNIMIION

Ru)aplival

(fractional independence number) *2)NOVPIIN MDY 190NV NN L1956 TIVN PNINY YV 1INN2
,212P0 PNNN DON INNNY MO 190N NN 11O¥N OONN NI 12PN NIY 1Dy DON INNN
NN )N INKD .MDXT 190N MY NP ,DMIOWINN DX9NN NNIVNI 47X DOV NN PNINY
TMNPNANY NDIM ,0%97) DY DRI NOIPNAN NITNIN L1979 Mmwn (Lovasz) OND DY 717N XN

MM 90N NNV IX MVP NIINA NIV NN, NI INY T, )IRY D122P0 11DY DON NNNN NN



DN NONPND DV 51T) D1 PNINT 12PN NIAY INY IV 1YY DON INNND NN 199 )PONNVPIN
Y DON N PADNY 2T, DTN MOND YHNIMPD AT NN AWND NIV NN ,D99) HY
,0797) HY MNNDN NI DY DMIDN INNI YD 19N D12¥PN DY DMIOND Q0N .D12pN DY 1IWNd
oYy 9N YV (disjoint union) TINNMN TINND YY 972 TN NoNN oon &8N (N. Alon) )Wox V1o
1225 NIVYPN MODN NPYA P2 NYPY 1N, IHNRY D1PD G0N 1998 MIVN ININNA DY DIOWNN §N

YN MIDN NOD NONTA DYV ,D10PH MADI 1P¥A2 PIDY) 1T NN ,0°99)1 NN NYYa

NNYPN MY P2 GO TP, PMNONI DX97) DY NINY 9123P2 MYIND NPYI PN PO DT NN
,0°97) YV NITO YY DIPYODN DININ N¥NN ,D297) DY DN PIDY) ,TPYNI .DY9NN NN Pad
927 ,DRNNA OXN YV OONDPN DY DDA INY DIDNN NITO DY DI DI DV )N12PN DNIY
’97) ,0°97) DY NYTN NNAWNIA PIDYI , NIV .09 HY MSYITY NI HY 1N VIV 1IN TWIRNDY
T2y DXNIDN KY¥NN ,DXINDN DIPNI ONYY PN 1IN NPn NN XM (Tadpole graphs) D910
P25 JINTRY 197) DY NNAWN-NN DY 12590 P2 NIYIPN NN NN ,q0N1 ,0INN DMIPNa D11PN
22PNV ,DY97) HY MYTN MIANT MNAYN YNV 1)) ,1910 INRY INT-IN ITON NN 97 DY NdPN
,DNYY NPANON (strong powers) MPINN MPINNN TAX GN DY NMINON 190N YT DY HAPNN XY DNOY
NNAYNN NN, NNWT AVMNOY 1T NNON DIDNPNN DXPYP D97 DY NPNDIN NNAWN XYM 1T TIND)
7921 ,q-Kneser ©¥9730 nNavn SY 110N 12090 IR KRNI ,G0N2 IRV N3N 0NN NNIYRIN
(strong product) NPIN NP9 P2 YPNY-IN NN 1910 INKD VT ONDPY 09NN NXIAP NN 2PN
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