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Abstract

This paper studies forward and reverse projections for the Rényi divergence of order o € (0, 00)
on a-convex sets. The forward projection on such a set is motivated by some works of Tsallis et al.
in statistical physics, and the reverse projection is motivated by robust statistics. In a recent work, van
Erven and Harremogs proved a Pythagorean inequality for Rényi divergences on a-convex sets under the
assumption that the forward projection exists. Continuing this study, a sufficient condition for the existence
of a forward projection is proved for probability measures on a general alphabet. For o € (1,00), the
proof relies on a new Apollonius theorem for the Hellinger divergence, and for « € (0, 1), the proof relies
on the Banach-Alaoglu theorem from functional analysis. Further projection results are then obtained in
the finite alphabet setting. These include a projection theorem on a specific a-convex set, which is termed
an «-linear family, generalizing a result by Csiszar to o # 1. The solution to this problem yields a
parametric family of probability measures which turns out to be an extension of the exponential family,
and it is termed an «-exponential family. An orthogonality relationship between the a-exponential and
a-linear families is established, and it is used to turn the reverse projection on an a-exponential family
into a forward projection on an a-linear family. This paper also proves a convergence result of an iterative
procedure used to calculate the forward projection on an intersection of a finite number of a-linear families.
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I. INTRODUCTION

Information projections of relative entropy have been extensively studied due to their various
applications in large deviations theory (e.g., Sanov’s theorem and the conditional limit theorem),
maximum likelihood estimation (MLE), statistical physics, and so on. Some of the pioneering
works studying information projections include Barron [2], Cencov [5], Chentsov [6], Csiszir
[12], [13], Csiszar and Matds [15], and Topsge [40]. The broader subject areas using infor-
mation projections as a major component are known as Information Theory and Statistics and
Information Geometry (see, e.g., [7, Chapter 11], [16] and references therein).

Given a probability measure (), and a set of probability measures P defined on an alphabet
A, a forward projection of (Q on P is a P* € P which minimizes D(P||Q) subject to P € P.
Forward projections appear predominantly in large deviations theory. By Sanov’s theorem,
the exponential decay rate of the probability of rare events is strongly related to forward
projections (see [7, Theorem 11.4.1]); furthermore, in view of the conditional limit theorem,
the forward projection of () on P arises as the limiting conditional probability measure of a
random variable with distribution Q ¢ P, given that the type of its i.i.d. samples belongs to
P (see [7, Theorem 11.6.2]). The forward projection of a generalization of the relative entropy
has been proposed by Sundaresan in [38] and [39] in the context of guessing under source
uncertainty, and it was further studied in [24].

The Rényi divergence, introduced in [32] and further studied, e.g., in [18] and [37], has
been investigated so far in various information-theoretic contexts. These include generalized
cutoff rates and error exponents for hypothesis testing (e.g., [14]), guessing moments (e.g., [17]),
source and channel coding error exponents (e.g., [20], [34], [36]), and other information-theoretic
problems.

A motivation for the study of forward projections for the Rényi divergence on some generalized
convex sets stems from the following maximum entropy problem which was proposed by Tsallis
in statistical physics [41], [42]:

w
1 (e}
argmax Sa(P) = (1~ > ) (M
w
> Die
subject to “;, =y, )

> s
=1

where o € (0,1) U (1,00) is a free parameter, W is the number of microscopic states, {e;}
are the eigenvalues of the Hamiltonian, and U(®) is the total internal energy of the system. The
functional S, (P) in (1) is known as the Tsallis entropy. The constraint in (2) is on the escort
probability measure
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in contrast to the usual constraint in the Boltzmann-Gibbs statistical physics
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The constraint in (2) corresponds to an a-linear family (to be formally defined in Section IV),
whereas (4) corresponds to a linear family [25, Definition 4]. If () = U is the equiprobable
measure on the state space {1,..., W}, then the Rényi divergence D, (P||U) is related to the
objective function S, (P) in (1) via the equation

Dy (P||U) =log W + log(1 — (o — 1)S4(P)) Q)

a—1
which implies that the maximization of S, (P) over the set which is defined in (2) is equivalent to
the minimization of D, (P||U) on the same set of probability measures in (2) which corresponds
to an a-convex set.

The other problem of interest in this paper is the reverse projection where the minimization
is over the second argument of the divergence measure. This problem is intimately related
to maximum-likelihood estimation and robust statistics. Suppose X1, ..., X,, are i.i.d. samples
drawn according to a probability measure which is modelled by a parametric family of probability
measures II = {Py: § € O} where O is a parameter space, and all the members of II are assumed
to have a common finite support .4. The maximum-likelihood estimator of the given samples (if
it exists) is the minimizer of D(P||Py) subject to Py € TI, where P is the empirical probability
measure of the observed samples (see, e.g., [16, Lemma 3.1]). The minimizing probability
measure (if it exists) is called the reverse projection of P on II. Other divergences that have
natural connection to statistical estimation problems include the Hellinger divergence of order %
(see, e.g., [4]), Pearson’s X2—divergence [30], and so on. All of these information measures are
f-divergences ([1], [9]) in the family of Hellinger divergences of order o € (0, 00) (note that, up
to a positive scaling factor, Hellinger divergences are equal to the power divergences introduced
by Cressie and Read [8]). The Hellinger divergences possess a very good robustness property
when a significant fraction of the observed samples are outliers; the textbooks by Basu et al.
[3] and Pardo [29] address the developments of studies on inference based on f-divergences.
Since the Rényi divergence is a monotonically increasing function of the Hellinger divergence
(as it follows from (14)), minimizing the Hellinger divergence of order v € (0, 00) is equivalent
to minimizing the Rényi divergence of the same order. This motivates the study of reverse
projections of the Rényi divergence in the context of robust statistics. In [27, Section 4], an
iterative message-passing algorithm (a.k.a. belief propagation) was used to approximate reverse
projections for the Rényi divergence.

In the following, we further motivate our study of forward and reverse projections for the
Rényi divergence of order o € (0,00) on a-convex sets (note that these terms are formally
defined in Section II):

a) In view of existing projection theorems for the relative entropy (e.g., [6], [12], [13], [15])
and Sundaresan’s relative a-entropy on convex sets [24], [25]), we study forward and reverse
projections for the Rényi divergence of order o € (0,00) on a-convex sets. Our problem
reduces to the study of information projections for the relative entropy on convex sets when
a = 1. Note also that the Rényi divergence D, (P||@Q) and Sundaresan’s relative a-entropy
J,(P, Q) are related according to the equality (see [24, Lemma 2¢)])

Ja(P,Q) = D1 (P Q") ©)

where P(%) and Q(®) are, respectively, the associated escort probability measures of P and
Q in (3).

b) In a recent work [18], van Erven and Harremo€s proved a Pythagorean inequality for Rényi
divergences of order & € (0,00) on a-convex sets under the assumption that the forward
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projection exists.! Continuing this study, one of the main objectives of this work is to provide
a sufficient condition for the existence of such a forward projection on an a-convex set of
probability measures defined on a general alphabet (see Theorem 1). Our proof is inspired
by the proof of the existence of the forward projection for the relative a-entropy on a convex
set (see [24, Proposition 6] and [24, Theorem 8]).

¢) Forward projections of the relative entropy on linear families and their orthogonality relation-
ship to exponential families were studied in [12] and [16, Chapter 3]. We generalize these
results by studying forward projection theorems for the Rényi divergence on a-linear families.
The solution of this problem yields a parametric family of probability measures which turns
out to be an extension of the exponential family, and it is termed an a-exponential family. An
orthogonality relationship between the a-exponential and a-linear families is also established.

d) The orthogonality property of linear and exponential families was used to transform a reverse
projection of relative entropy on an exponential family into a forward projection on a linear
family [16, Theorem 3.3]. In this work, we make use of the generalized orthogonality
relationship in Item c) to transform a reverse projection for the Rényi divergence of order «
on an a-exponential family into a forward projection on an a-linear family.

e) In [12, Theorem 3.2], Csiszar proposed a convergent iterative process for finding the forward
projection for the relative entropy on a finite intersection of linear families. This result is
generalized in this work for the Rényi divergence of order a € (0, 00) on a finite intersection
of a-linear families.

The following is an outline of the paper. Section II provides preliminary material which is
essential to this paper. In Section III, we study a sufficient condition for the existence of the
forward projection for the Rényi divergence on generalized convex sets. In Section IV, we revisit
the Pythagorean property for Rényi divergence and prove the iterated projections property as a
consequence. In Section V, we establish the form of forward D, -projection on an a-linear family
and identify the a-exponential family as an extension of the exponential family. In Section VI,
we establish an orthogonality relationship between the a-linear and «-exponential families, and
in Section VII we use this orthogonality property to convert the reverse projection on an o-
exponential family into a forward projection on an a-linear family. Finally, Section VIII briefly
summarizes this paper and provides some concluding remarks.

II. PRELIMINARIES

In this section, we set the notation and formally define terms which are used in this paper.

Let (A,.#) be a measurable space, and let M denote the space of all probability measures
defined on A.

Definition 1: For P,Q € M, the total variation distance between P and () is defined as

[P — Q| :=2 sup |P(F) — Q(F)|. (7)
FeF

If P and @ are absolutely continuous with respect to a common o-finite measure y (denoted by
P,Q < p),letp:= f‘i—i, q:= % denote their respective densities (Radon-Nikodym derivatives)
with respect to p (called p-densities). Then,

P—Q|:=p—dll Z/p—qdu, ®)

Tt should be noted that the Rényi divergence does not necessarily satisfy a Pythagorean inequality on convex sets.
For a counter example, see [19, Appendix A on p. 19].
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and M together with the total variation distance forms a metric space. Throughout the paper,
the Lebesgue integrals are over the set A.

Pinsker’s inequality [31] states that
1P - QI*loge < D(P||Q). ©)

Eq. (9) was proved by Csiszar [10] and Kullback [23], with Kemperman [22] independently a
bit later. From Pinsker’s inequality (9), it follows that convergence in relative entropy also yields
convergence in total variation distance (i.e., if D(P,||P) — 0 as n — oo, then |P, — P| — 0).

Definition 2 (Rényi divergence): Let o € (0,1) U (1, 00). The Rényi divergence [32] of order
«a from P to @ is given by

1
Da(P||Q) := —— log </paq1a du) : (10)

If « = 1, then
Dy (P||Q) == D(P||Q), (11)

which is the continuous extension of D, (P||Q) at o = 1.
Definition 3: The Hellinger divergence [26, Definition 2.10] of order o € (0,1)U (1, 00) from
P to @ is given by

a—1

1
Ho(P|Q) = —— (/p“qla dp — 1) : (12)
The continuous extension of .7, (P||Q) at a = 1 yields
A1 (P||Q) loge = D(P||Q). (13)

Note that |P — Q|, D(P||Q) and .72, (P||Q) are non-negative, and are equal to zero if and
only if P = (). These measures can be expressed in terms of f-divergences [1], [9], [10], and
they do not depend on the choice of the reference measure p. Note that, from (10) and (12),

Do (P||Q) =

showing that the Rényi divergence is monotonically increasing with the Hellinger divergence.
Definition 4 ((cv, A)-mixture [18]): Let Py, P < pu, let a € (0,00), and let A € (0,1). The
(cv, X)-mixture of (P, Py) is the probability measure Sy ; with p-density

— log(1+ (e = )7(PIQ)), (14)

1

1 (67 (oI
so = | (1= N + M|, (15)

where Z is a normalizing constant such that [ so1 du =1, i.e.,

7= /[(1 — S+ Apﬂ " du. (16)

Here, for simplicity, we suppress the dependence of Sp1 and Z on «, \. Note that sg1 is
well-defined as Z is always positive and finite. Indeed, for o € (0,00) and A € [0, 1],

1

0< [(1 - A)py + Apﬂ T < max{po,p1} < po + p1 (17)

which implies that 0 < Z < 2. From (15), for A € [0, 1], the (o, A)-mixture of (P, P;) is the
same as the (a, 1 — \)-mixture of (Pp, P).

Definition 5 (a-convex set): Let o € (0,00). A set of probability measures P is said to be
a-convex if, for every Py, P € P and A € (0, 1), the (o, A\)-mixture Sp; € P.



III. EXISTENCE OF FORWARD D,-PROJECTIONS ON a-CONVEX SETS

In this section, we define what we mean by a forward D,-projection, and then provide a
sufficient condition for the existence of forward D,-projections on a-convex sets.

Definition 6 (Forward D,-projection): Let Q € M, P C M, and « € (0,00). If there exists
P* € P which attains the global minimum of D, (P||Q) over all P € P and D, (P*||Q) < oo,
then P* is said to be a forward D,-projection of () on P.

We next proceed to show the existence of a forward D,-projection on an a-convex set. It has
been shown in [18, Theorem 14] that if P is an a-convex set and P* exists, then the Pythagorean
inequality holds, i.e.,

Do(P||Q) = Da(P[|P*) + Da(P*(|Q), VP eP. (18)

However, the existence of the forward D,-projection was not addressed in [18]. We show that
if the a-convex set P is closed with respect to the total variation distance, then the forward
D-projection exists. The proof is inspired by the proof of the existence of a forward projection
for the relative a-entropy on a convex set [24, Theorem 8]. Before getting to the main result of
this section, we prove the following inequality for the Hellinger divergence.

Lemma 1 (Apollonius theorem for the Hellinger divergence): If a € (1,00), A € (0,1), and
Py, P1, Q are probability measures where Fy, P, Q) < p, then

(1— M) (A0 (Pol|Q) — #4(Pol|So,1))
+ M A (PL|Q) — 0 (Pil|So,1)) = Ha(S0,]Q), (19)

and the inequality in (19) is reversed for « € (0, 1).
Proof: The left side of (19) simplifies to

(1= N (Ha(Po||Q) — #a(Po||S0.1)) + A Aa(PL|Q) — Ha(Pr]|So,0))
:;:i/po( _801 d“—i'/ _301)d”

1

= O4_1/((1—A)1?8‘+/\p(f“)(q —55.%) du
1

= /Zo‘ 38"1 (qlfo‘ sé 10‘) du

a—1

VA _
= — </58‘,1q1 adu—l)

— 2% #(S01]|Q). (20)
The result follows since, by invoking Jensen’s inequality to (16) (see [18, Lemma 3]), Z > 1 if
€ (l,00),and 0 < Z < 1if a € (0,1). [ |

Remark 1: Lemma 1 is analogous to the Apollonius theorem for the relative a-entropy [24,
Proposition 6] where Sy ; is replaced by a convex combination of Py and Pj. In view of (13)
and since Z = 1 when a = 1 (see (16)), it follows that (20) reduces to the parallelogram law
for the relative entropy [12, (2.2)] when o =1 and \ = %

We are now ready to state our first main result.

Theorem 1 (Existence of forward D,-projection): Let a € (0,00), and let ) be an arbitrary
probability measure defined on a set .A. Let P be an a-convex set of probability measures
defined on A, and assume that P is closed with respect to the total variation distance. If there
exists P € P such that D, (P||Q) < oo, then there exists a forward D,-projection of @) on P.
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Proof: We first consider the case where o € (1,00). Let { P,,} be a sequence in P such that
Dy (P,]|Q) < oo and Dy (P,||Q) — infpep Do(P||Q) =: Do(P||Q). Then, in view of (14),
Ho(PallQ) < o0 and Ho(Pa|Q) = inf pex 44 (PI|Q) = A4 (PI|Q).
Let m,n € N, and let S, , be the (o, A)-mixture of (P, P,), i.e., Sp n is the probability
measure with p-density

1/

S = 7— (L= g+ 2] e

m,n

where Z,, ,, is the normalizing constant such that [ s,,,, du = 1. Applying Lemma 1, we have

0 S(l - /\)t%ﬂoz(PmHSm,n) + )\%(PnHSm,n) (22)
<(1 = N (Pr|Q) + AH(Pol|Q) — H6(Smnl| Q) (23)

Since J%,(P,||Q) — 4, (P||Q) as we let n — oo, and J5,(Sm n||Q) > 4 (P||Q) (note that
Smn € P due to the a-convexity of the set P), the limit supremum of the right side of (23)
is non-positive as n,m — oco. From the left side of (22), the limit infimum of the right side
of (23) is also non-negative. This implies that the limit of the right side of (23) is zero, which
also implies that the right side of (22) converges to zero as we let m,n — co; consequently,
H(Pp||Smn) — 0 and J4,(Pp||Smn) — 0 as m,n — oo. Since the Hellinger divergence,
#4(+||-), is monotonically increasing in « [26, Proposition 2.7]%, it follows from (13) that
D(P,||Sm,n) — 0 and D(Ppy,||Sm,n) — 0 as m,n — oo, which, in turn implies (via Pinsker’s
inequality (9)) that |P,, — Sy, ,| — 0 and | P, — Sp,.n| — 0 as m, n — oo. The triangle inequality
for the total variation distance yields that | P, — P,,| — 0 as m,n — oo, i.e., { P,} is a Cauchy
sequence in P, which therefore converges to some P* € P due to the completeness of P with
respect to the total variation distance. Subsequently, the corresponding sequence of p-densities
{pn} converges to the p-density p* in L'; this implies that there exists a sub-sequence {py, }
which converges p-almost everywhere (a.e.) to p*. By Fatou’s lemma and (12), it follows that
for o € (1,00)

Hao(PlQ) = lim (P, [Q)
n—oo
= lim %(PnkHQ)
k—o0
> Ao (P|Q) (24)
which implies that P* is a forward .7, -projection of ) on P. In view of (14), this is equivalent
to saying that P* is a forward D,-projection of ) on P.
We next consider the case where o € (0, 1). Abusing notation a little, we use the same letter

‘P to denote a set of probability measures as well as the set of their corresponding p-densities.
Since o < 1,

1
inf D, (P|Q) = 1 gt d 25
nf Da(P|Q) a_log<;t€17g/pq u) (25)

1
= log (sup/gh d,u) , (26)

a—1 geP
where ¢ := sp®, h:= ¢~ and

73::{sp°‘:p€77,0§s§1}. (27)

%A simple proof of the monotonicity of the Hellinger divergence in « appears in [35, Theorem 33].
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Notice that the multiplication of p® by the scalar s € [0,1] in the right side of (27) does not
affect the supremum in (26). This supremum, if attained, is obtained by some g = sp® with
s =1 and p € P. The purpose of introducing s € [0, 1] is to make the optimization in (26) over
a convex set (as it is shown in the sequel).

Let 8 = é and ' = ﬁ; note that 3 and ' are Holder conjugates (i.e., % + % = 1).
Then, [h* du = [q du = 1, so h € L? (u). By invoking Hélder’s inequality, it follows
that F,(g) :== [ gh du is a continuous linear functional on L”(u). Thus, the supremum is of
a continuous linear functional on the reflexive Banach space L?(1). We claim that P is closed
and convex in L?(y). For the moment, we assume that the claim holds, and later prove it. A
convex set which is closed with respect to the norm topology is also closed with respect to the
weak topology [33, Ch. 10, Cor. 23]. Note that the weak topology on L7 (u) is the smallest
topology on LA(y) for which the continuity of the linear functionals on LB () is preserved.
Moreover, for any g = sp® € P, ||g|][g = s < 1. Hence, P is a subset of the unit sphere
of LA (). By the Banach-Alaoglu theorem [33, Ch. 10, Th. 17] and the fact that L%(p) is a
reflexive Banach space, it follows that the unit sphere {g: ||g||3 < 1} is compact with respect
to the weak topology of LP. Hence, P is a closed subset of a compact set with respect to the
weak topology of L”(u), so P is also compact in the weak topology. Thus, the supremum in
(26) is of a continuous linear functional over a compact set in L”(u), which yields that this
supremum is attained. R

To complete the proof for « € (0, 1), we prove the claim that P is convex and closed. To verify
that P is convex, let s1p%, s2p5 € P and A € (0,1). We can write As1p{ + (1 — X)s2p§ = sp®

with
_ 1 (Asipf £+ (1 = N)sop He (28)
Z As1 4+ (1= N)so ’

where Z is the normalizing constant, and s = (As; + (1 — \)s2) Z*. For a € (O 1),0<Z<1
by [18, Lemma 3] which implies that s € [0, 1]. This proves the convexity of P.

Next, to prove that 73 is closed, let g, := spp& € P be such that g, — g in L?(n). We
need to show that g € P. Since s, = llgnlls — ||g||5, we have ||g||s < 1. If [|g||s = O, then
g =0 p-ace., and hence obviously g € P. Since 3 = = > 1, it follows that if ||g|[g > 0, then
¢ = gn/llgnlls — 9/llgllp in LP(1), and therefore pn (g/Hg/H\g)ﬁ in L'(u).3 Since P is
closed in L!(u1), we have g/||g|ls = p* € P, and g = ||g|5 - p* € P.

]

Remark 2: The fact underlying the above proof is that the maximum or minimum of a

continuous function over a compact set is always attained. Although the actual set P in (25),

over which we wish to optimize the functional, is not compact, it was possible to modify it into

the set P in (27) without affecting the optimal value in (26); the modified set P was compact
in an appropriate topology where the functional also remains to be continuous.

1 B> 1 and {fn} converges to f in LP, then an application of the mean-value theorem and Hélder’s inequality
yields [[[fol” = £1°|| < BUIfalls+1£118)" " 1 fn— fll1; hence, {| fa|”} converges to |£|” in L'. Since non-negative
functions are considered in our case, we can ignore the absolute values so { fn} converges to f? in L'.



IV. THE PYTHAGOREAN PROPERTY AND ITERATED PROJECTIONS

In this section we first revisit the Pythagorean property for a finite alphabet and use it to
prove a convergence theorem for iterative projections. Throughout this section, we assume that
the probability measures are defined on a finite set A. For a probability measure P, let its support
be given by Supp(P) := {a € A: P(a) > 0}; for a set of probability measures P, let

Supp(P) := | J Supp(P). (29)
PeP

Let us first recall the Pythagorean property for a Rényi divergence on an a-convex set. As it
is in the cases of relative entropy [16] and relative a-entropy [25], the Pythagorean property is
crucial in establishing orthogonality properties. In the sequel, we assume that () is a probability
measure with Supp(Q) = A.

Proposition 1 (The Pythagorean property): Let a € (0,1)U(1, 00), let P C M be an a-convex
set, and () € M.
a) If P* is a forward D,-projection of ) on P, then

Do(P||Q) = Da(P||P*) + Da(P*(|Q), VP eP. (30)

Furthermore, if o > 1, then Supp(P*) = Supp(P).
b) Conversely, if (30) is satisfied for some P* € P, then P* is a forward D,-projection of ()
on P.

Proof: a) In view of the proof of [18, Theorem 14], for every P € P and ¢ € [0, 1], let
P, € P be the («a, t)-mixture of (P*, P); since D, (P;||@) is minimized at ¢ = 0, then (see [18,
pp- 3806-3807] for detailed calculations)

d
0< 3 DalPQ)|
(B ) w

which is equivalent to (30). To show that Supp(P*) = Supp(P) for « > 1, suppose that there
exist P € P and a € A such that P*(a) = 0 but P(a) > 0. Then (31) is violated since
its right side is equal, in this case, to —oo (recall that by assumption Supp(Q) = A so, if
a>1,5,P)*Q(a)~, >, P (a)*Q(a)!=* € (0,00), and Y, P(a)*P*(a)!=® = +00).
This contradiction proves the last assertion in Proposition 1a).

b) From (30), we have

Do(P|lQ) = Da(P||P) + Da(P*[Q)

>D
> Do(P*||Q) VP e P. (32)

Remark 3: The Pythagorean property (30) holds for probability measures defined on a general
alphabet A, as it is proved in [18, Theorem 14]. The novelty in Proposition 1 is in the last
assertion of a), extending the result for the relative entropy in [16, Theorem 3.1], for which A
needs to be a finite set.

Corollary 1: Let o € (0,00). If a forward D,-projection on an a-convex set exists, then it is
unique.
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Proof: For a = 1, since an a-convex set is particularized to a convex set, this result is

known in view of [16, p. 23]. Next, consider the case where o € (0,1) U (1,00). Let P; and
Py be forward D,-projections of () on an a-convex set P. Applying Proposition 1, we have

Do(P3]|Q) = Da(Py[|PY) + Da(Pr|Q).

Since Dy (Py||Q) = Do(P5||Q), we must have D, (Ps||P}) = 0 which yields P; = Py. [
The last assertion in Proposition 1a) shows that Supp(P*) = Supp(P) if a € (1,00). The

following counterexample illustrates that this equality does not necessarily hold for « € (0, 1).
Example 1: Let A= {1,2,3,4}, a= %, f: A— R be given by

1

and let Q(a) = ; for all a € A. Consider the following a-convex set:*

P = {P €M: Y Pla)*f(a) = 0}. (34)
acA

Let

P*(1) = &, P*(2) = 15, P*(3) =0, P*(4) = 0. (35)
It is easy to check that P* € P. Furthermore, setting 6* = % and Z = % yields

PH(@)'™ = 27 Q@) + (1 - a) f(a) "], (36)
for all a € {1,2,3}, and

Pr(4)l—o > zo-1 [Q(4)1’°‘ +(1—a)f4) 9*] 37)
From (34), (36) and (37), it follows that for every P € P

> Pa)*P*(a)' ™ = 2°71 ) " P(a)*Q(a) . (38)

acA acA

Furthermore, it can be also verified that
Z°71y " P (a)*Q(a)' T = 1. (39)
acA
Assembling (38) and (39) yields

eperia s Saea P)°Q@) 0
2 PP = S @

which is equivalent to (30). Hence, Proposition 1b) implies that P* is the forward D,-projection
of @ on P. Note, however, that Supp(P*) # Supp(P); to this end, from (34), it can be verified
numerically that

(40)

P = (0.984688, 0.005683, 0.004180, 0.005449) € P (41)
which implies that Supp(P*) = {1, 2} whereas Supp(P) = {1,2,3,4}.

“This set is characterized in (43) as an o-linear family.
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Definition 7 (a-linear family): Let a € (0,00), and f1, ..., fx be real-valued functions defined

on A. The a-linear family determined by f1,..., fi is defined to be the following parametric
family of probability measures defined on A:

Ly = PeM:Pla [ZGfZ ] . (01,...,0,) RV Y. (42)

For typographical convenience, we have suppressed the dependence of %, in fi,..., f.
It is easy to see that .Z, is an a-convex set. Without loss of generality, we shall assume that
fi,.-., fx, as |A|-dimensional vectors, are mutually orthogonal (otherwise, by the Gram-Schmidt
procedure, these vectors can be orthogonalized without affecting the corresponding a-linear
family in (42)). Let F be the subspace of RMI spanned by fi,..., fi, and let F* denote

the orthogonal complement of F. Hence, there exist fi1,..., fl.4) such that fi,..., f4 are
mutually orthogonal as |.4|-dimensional vectors, and F* = Span{ fy,1, .. ., fj4/}- Consequently,
from (42),
Lo = {P € M: Y P(a)*fia) =0, Vie{k+1,..., |A|}} . (43)
a

From (43), the set .%Z, is closed. We shall now focus our attention on forward D,,-projections
on a-linear families.

Theorem 2 (Pythagorean equality): Let o > 1, and let P* be the forward D,-projection of
Q@ on .Z,. Then, P* satisfies (30) with equality, i.e.,

Da(P||Q) = Da(PHP*) + Da(P*HQ)7 VP e, (44)
Proof: For t € [0,1] and P € .Z,, let P, be the («,t)-mixture of (P, P*), i.e

Pi(a) = th [(1—t)P*( ) +tP(a)a]3‘, (45)
where
Zy =3 [(1 - t)P*(a)* +tP(a)"] . (46)
Since P; € P,
Do (P]|Q) > Do(P*||Q) = Du(Pol|@Q), (47)

which yields

i Da(PQ) = Da(RIQ)

4
tl0 t (48)

By Proposition 1a), if o € (1,00), Supp(P*) = Supp(-Z.). Hence, if a > 1, for every
P € %, there exists t' < 0 such that

(1—t)P*(a)® + tP(a)* > 0

for all a € Supp(%,) and t € (¢,0). Since A is finite, the derivative of D, (P||Q) exists at
t = 0. In view of (42) and since P, P* € .Z,, for every t € (¢',0), there exist 9% ), e ,9,2) eR
such that

k
(1—t)P*(a)* +tP(a)* = Y 6" fi(a)
i=1
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which yields that P, € £, for t € (¢,0) (see (45)). Consequently, since (47) also holds for all
t € (t,0), then

i Pa(PIQ) = Da(P]|Q)
10 t

From (48), (49), and the existence of the derivative of D, (F%||@) at ¢t = 0, it follows that this
derivative should be equal to zero; since this derivative is equal to the right side of (31), it
follows that (31) holds with equality. Hence, for every P € P,

(49)

2., Pla )
P(a (50)
Taking logarithms on both sides of (50), and d1V1d1ng by o — 1, yields (44). |

The following theorem suggests an iterative algorithm to find the forward D, -projection when
the underlying a-convex set is an intersection of a finite number of a-linear families.

Theorem 3 (Iterative projections): Let o € (1, 00). Suppose that ,,2”051), . ,.,%Sm) are a-linear
families, and let

m
Po= ()£ (51)
n=1
where P is assumed to be a non-empty set. Let ) = (), and let P, be the forward D, -projection
of P,_1 on 369") with 4,, = nmod (m) for n € N. Then, P,, — P* (a pointwise convergence
by letting n — o0).
Proof: Since (by definition) P,, is a forward D,-projection of P,_; on an «-linear set
which includes P (see (51)), it follows from Theorem 2 that for every P € P and N € N

Do(P||Py—1) = Do(P||Py) + Do (Py|| Pa—1), Vne{l,...,N}. (52)
Hence, since Py = @, (52) yields

Da(P||Q) = Do(P||PN) +

N
(P1Px) + Y (Da(PlPa-1) = Da(P|P2)
n;l
(PlIPy) + Y )
n=1

o(PIPN) + > Da(Pol Pr-1). (53)
Note that P in (51), being a non-empty intersection of a finite number of compact sets, is a
compact set. Let { Py, } be a subsequence of {P,} in P which pointwise converges to some P’

on the finite set A (hence, P’ € P). Letting N, — oo in (53) implies that, for every P € P,

oo
Da(P||Q) = Da(P[[P') + > Da(Pal|Po-1) (54)

n=1
where, to obtain (54), D,(P||Pn,) — Dq(P||P’) since A is finite and Py, — P’. Since (54)
yields > 0% | Do(Pp||Po—1) < oo then Dyo(Py||[Pr—1) — 0 as n — oo; consequently, since
D, (+]|-) is monotonically non-decreasing in « (see, e.g., [18, Theorem 3]) and o > 1 then
D(P,||P,—1) — 0, and by Pinsker’s inequality |P,, — P,,_1| — 0 as n — oo. From the periodic
construction of {3, } (with period m), the subsequences { Py, }, {Pn,+1}; - - -, {PN,+m—1} have
their limits in .,%El) - ,,,%Em), respectively. Since |P, — P,—1| — 0 as n — oo, all these
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subsequences have the same limit P’, which therefore implies that P’ € P. Substituting P = P’
in (54) yields

Da(P'|Q) = ZD (Pol| Pa-1) (55)

and assembling (54) and (55) yields
Do(P|Q) = Du(P||P') + Da(P'||Q), VP eTP. (56)

Hence, (56) implies that P’ is the forward D,,-projection of @ on P. Since { Py, } is an arbitrary
convergent subsequence of {P,}, and the forward D,-projection is unique, every convergent
subsequence of {P,} has the same limit P*. This proves that P, — P* as n — oo. [

V. FORWARD PROJECTION ON AN a-LINEAR FAMILY

We identify in this section a parametric form of the forward D,-projection on an «-linear
family, which turns out to be a generalization of the well-known exponential family.

Theorem 4 (Forward projection on an a-linear family): Let o € (0,1)U (1, 00), and let P* be
the forward D,-projection of () on an a-linear family %, (as defined in (42) where fi,..., fx,
as |.A|-dimensional vectors, are mutually orthogonal). The following hold:

a) If Supp(P*) = Supp(-%,), then P* satisfies (44).

b) If
Supp(P”) = Supp(La) = A, (57)
then there exist fiy1, ..., fl4 such that fi,.. ., f| 4 are mutually orthogonal as |.A|-dimensional
vectors, and 0* = (0} ,..., 0\*A\) € RMI=* such that for all a € A
Al 1
P =20 Q@+ (1-a) 3 dih)] (58)
i=k+1

where Z(6*) is a normalizing constant in (58).

Proof: The proof of Item a) follows from the proof of Theorem 2 which yields that P*
satisfies the Pythagorean equality (44).
We next prove Item b). Eq. (44) is equivalent to (50), which can be re-written as

ZP [cP*(a)'™® = Q(a)'™*] =0, VPe.Z, (59)

with ¢ = 3, P*(a)*Q(a)'~®. Recall that if a subspace of the Euclidean space R contains a
vector whose all components are strictly positive, then this subspace is spanned by the vectors
whose all components are nonnegative. In view of (42), the subspace F which is spanned by
fis---, fr (recall that these functions are regarded as |.A|-dimensional vectors) contains (P*)*
whose support is A (see (57)). Consequently, it follows from (42) that {P*: P € 4,} spans
the subspace F of R|. From (59), it also follows that ¢ (P*)'=* — Q'~® € F1, which yields
the existence of 67 € R for i € {k+1,...,|A|} such that for all a € A

|A|
cP*(a)' ™" = Q(a)' " = (1—a) Y 6;fi(a) (60)
i=k+1
with a scaling of {6} by 1 — « # 0 in the right side of (60). Hence, P* satisfies (58) where ¢
in the left side of (60) is the normalizing constant Z(6*) in (58). [ |
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Remark 4: In view of Example 1, the condition Supp(P*) = Supp(-Z,) is not necessarily

satisfied for a € (0,1). However, due to Proposition 1 a), this condition is necessarily satisfied
for all o € (1, 00).

For o € (0, 0), the forward D,-projection on an «-linear family .Z,, motivates the definition
of the following parametric family of probability measures. Let QQ € M, and let

A Frrs
&y = {P e M: Pa)=Z(0)"! [Q(a)l_a +(1—a) Y Qifi(a)] ’

i=k+1
0= (Ops1,....004) € R'“‘”k}. 61)

We shall call the family &, an a-exponential family,> which can be verified to be a (1—a)-convex
set. We next show that &, generalizes the exponential family & defined in [16, p. 24]:

4|
& = {P e M: P(a) = Z(0)'Q(a) exp( > M(a)),

i=k+1
0= (Opst,.-..004)) eRlAl—k}. (62)
To this end, let the a-exponential and a-logarithm functions be, respectively, defined by

exp(z) if =1,

ea(x) := L (63)
(max{l + (1 —a)z, O}) U ifae(0,1)U(1,00),
In(z) ifa=1,

Ing(z) =< . (64)
=1 if e (0,1) U(1,00).

In view of (61), (63) and (64), the a-exponential family &, includes all the probability measures
P defined on A such that for all a € A

Al
P(a) = 2(6) " e. <1na<cz<a>> + 3 eifi<a>>, (65)
i=k-+1
whereas any P € & can be written as
| A|
P(a) = Z(6) " exp (111(@(@)) + ) 9ifz‘(a)>~ (66)
i=k+1

This is an alternative way to notice that the family &, can be regarded as a continuous extension
of the exponential family & when « € (0,1)U(1, 00). It is easy to see that the reference measure
@ in the definition of &, is always a member of &,. As in the case of the exponential family,
the a-exponential family &, also depends on the reference measure () only in a loose manner.
In view of (61), any other member of &, can play the role of () in defining this family. The
proof is very similar to the one for the a-power-law family in [25, Proposition 22]. It should
be also noted that, for « € (1,00), all members of &, have the same support (i.e., the support

of Q).

Note that the a-power-law family in [25, Definition 8] is a different extension of the exponential family &.
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VI. ORTHOGONALITY OF a-LINEAR AND a-EXPONENTIAL FAMILIES

In this section, we first prove an “orthogonality” relationship between an a-exponential family
and its associated a-linear family. We then use it to transform the reverse D,-projection on an
a-exponential family into a forward D,-projection on an a-linear family.

Let us begin by making precise the notion of orthogonality between two sets of probability
measures with respect to D, (o > 0).

Definition 8 (Orthogonality of sets of probability measures): Let a € (0,1) U (1,00), and let
P and Q be sets of probability measures. We say that P is a-orthogonal to Q at P* if the
following hold:

1) PNQ={P*}
2) Dy(P||Q) = Do(P||P*) + Do(P*||Q) for every P € P and Q € Q.

Note that, when o = 1, this refers to the orthogonality between the linear and exponential
families in [16, Corollary 3.1].

We are now ready to state our second main result namely, the orthogonality between ., and
Eq-

Theorem 5 (Orthogonality of £, and &,): Let o € (1,0), let £, and &, be given in (42)
and (61), respectively, and let P* be the forward D,-projection of ) on .%,. The following
hold:

a) %, is a-orthogonal to cl(&,) at P*.
b) If Supp(Z.) = A, then %, is a-orthogonal to &, at P*.

Proof: In view of Proposition 1 a), for a € (1, 00), the condition Supp(P*) = Supp(-Z,)
is satisfied. Consequently, for o € (1, 00), Theorem 4a) implies that P* satisfies (44). We next
prove the following:

i) Every P € £, N cl(&,) satisfies (44) with P in place of P*.

i) %, Ncl(&,) is non-empty.
To prove Item i), since P € cl(&,), there exists a sequence { P, } in &, such that P,, — P. Since
P, € &,, from (61), there exists (") := (9,@1, cel G(n)) e RMI=* such that for all a € A

A
A
Pa(a)' = = Z(0™) 7 Q) + (1= a) Y 60" fila). (67)
i=k+1
Since P, P € %, from (43), for all i € {k+1,...,|A|}
> P(a)*fi(a) =0, (68)
> P(a)*fi(a) = 0. (69)

Since A is finite, assembling (67)—(69) yields (after switching the order of summations over
acAandie{k+1,...,]A}H

Y P(a)*Pu(a)' ™" = Z(8")* 71 Y " P(a)*Q(a)' ™, (70)
> P(a)*Pu(a)'~* = Z(6™)* 1Y P(a)*Q(a)' (71)
and, from (70) and (71),

_ a)®  (a -« B 3
Zp(a)apn(a)l—a _ %ﬁ;i((a))ag((a))la . ZP(Q)QQ(Q)I o (72)
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Since P, — P, letting n — oo in (72) yields

a)® D a)l—e B
e %Z lega;aggagl—a > Pl Qa)' ™, (73)

which is equivalent to (44) when P* is replaced by P.
To prove Item ii), note that if Supp(.Z,,) = A, then Theorem 4b) yields that P* € .Z, N &,,

and we are done. So suppose that Supp(%,) # A, and consider the following sequence of
a-linear families:

a

P = {p eM: 3 P(a)*fila)=0, iefk+1,..., \A\}}, (74)
where
fila) = fila) =1V Qa)'"*, Vae A (75)
with
1 af.
™ = =2 q Q(a)" fia) e {1 Al 76)

T DT P @Q@ e

The f;’s and 772( "5 in (75) and (76) are selected such that the (a, 7)—m1xture of (P*,Q) is a
member of .Z\". This implies that Supp(fog )) = A (recall that we assume that Supp(Q) = A).
Notice also that 771(") — 0 as n — oo. Hence, Zan) asymptotically coincides with %, as n — oo.
Now, let P, be the forward D, -projection of () on .,%E”). Then by Proposition 1, Supp(F,) = A,

and hence by Theorem 4, there exists §(") := (Q(H) G(n)) € RMI=F such that for all a € A

k10 Vg
Al
Po(@)' = = 2(0™)° ! Q@) + (1 =) Y 6" fila)] W
i=k+1
- lA|
= 20" Q@'+ (1=a) Y 0" (filw) —n"Q@)' )] a®)
i=k+1
Al
= 2™ (1= =a) 3 69" )Qa)
i=k+1
lA|
F-a) Y o fi(a)]. (79)
i=k+1

Multiplying the left side of (77) and the right side of (79) by P*(a)®, summing over all a € A,
and using the fact that ) P*(a)“fi(a) =0 forall i € {k+1,...,|A|} yields

3 PH)*Pu(a) " = Z(Q(”))O‘_l( (1-a) Z ! ”’m")) Z P*(a)*Q(a)'~*.  (80)

i=k+1

This implies that the term 1 — (1 — a) Z 9 ) is positive for all n; hence, dividing the left

Z

side of (77) and the right side of (79) by th1s positive term yields that P, € &,. This implies
that the limit of every convergent subsequence of {P,} is a member of cl(&,), as well as of

L.
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In view of Items i) and ii), as listed at the beginning of this proof, it now follows from
Proposition 1 b) and Corollary 1 that %, Ncl(&,) = {P*}. Recall that, for a € (1,00),
Theorem 4a) implies that P* satisfies (44); furthermore, since @ in (61) can be replaced by any
other member of &, the satisfiability of (44) for ) € &, yields its satisfiability with any other
member of &, replacing Q. Since A is finite, (44) is also satisfied with any member of cl(&)
replacing (; this can be justified for any Qe cl(&,) by selecting a sequence {Qn} in &, which
pointwise converges to (), and by letting n — oco. This proves Item a).

We next prove Item b). Since by our assumption Supp(-Z,) = A and o € (1,00) then
Proposition 1 a) implies that condition (57) holds. From Proposition 1 b), Corollary 1 and
Theorem 4, it follows that the forward D,-projection P* is the unique member of .Z, N &,
satisfying (44). Similarly to the previous paragraph, (44) is satisfied not only for for Q) € &,,
but also for any other member of &, replacing (). This proves Item b). [ |

Remark 5: In view of Example 1, if a € (0,1), Supp(P*) is not necessarily equal to
Supp(-%,); this is consistent with Theorem 5 which is stated only for « € (1, 00). Nevertheless,
in view of the proof of Theorem 2, the following holds for v € (0,1): if the condition
Supp(P*) = Supp(Z,) = A is satisfied, then £, is a-orthogonal to &, at P*.

VII. REVERSE PROJECTION ON AN «-EXPONENTIAL FAMILY

In this section, we define reverse D,-projections, and we rely on the orthogonality property in
Theorem 5 (and the note in Remark 5) to convert the reverse D, -projection on an a-exponential
family into a forward projection on an a-linear family.

Definition 9 (Reverse D-projection): Let P € M, Q C M, and « € (0, 00). If there exists
Q* € Q which attains the global minimum of D, (P||@) over all Q € Q and D, (P||Q*) < oo
then QQ* is said to be a reverse D-projection of P on Q.

Theorem 6: Let a € (0,1) U (1,00), and let &, be an a-exponential family determined by

Q; fk+1s-- -5 fla- Let Xq, ..., X, be i.i.d. samples drawn at random according to a probability
measure in &,. Let P, be the empirical probability measure of Xi,..., X, and let P be the
forward D,-projection of () on the a-linear family

P = {P eM: 3 P(a)*fila) =0, ief{k+1,..., yAy}}, 81)

acA
where
fi(a) = fila) =M Q(a)"*, Vae A (82)

with

U ie{k+ 1. AL (83)

The following hold:

a) If Supp(.Z\™) = A for o € (1,00) or Supp(P) = Supp(Z™) = A for a € (0,1), then
Py is the reverse D,- pI‘O_]eCtIOIl of P, on &,.

b) For a € (1, 00), if Supp(Za ) # A, then the reverse D,-projection of P, on &, does not
exist. Nevertheless, P} is the reverse D,-projection of P, on cl(&y).

Proof: To prove Item a), note that fcﬁ’” in (81)—(83) is constructed in such a way that
P, e 2. (84)
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Following (61), let &, = &4 (fk+1,-- -, fla; @) denote the a-exponential family determined by
Jkt1,- -+, fla) and Q. We claim that

Eolfrts - Fap @) = Ealfrvt -, flap Q) (85)

Indeed, if P € & (fry1,---,fla; Q) then there exist 0 = (O41,...,0)4)) € RMI=* and a
normalizing constant Z = Z(6) such that for all a € A

lA|
P(a)'~* = 2°71 Q@) + (1= ) D 6:fia)] (86)
i=k+1
14| E
=227 (1+(1-a) Y 0a)Q@)' ™+ (1-a) X i) @D
i=k+1 i=k+1

where (86) and (87) follow, reAspectively, from (61) and (82). Multiplying the left side of (86)
and the right side of (87) by P,(a)®, summing over all a € A, and using (84) yields

A
ZP = 7o 1<1+ 1-a) Y e,n">>zp e (88)

i=k+1
|A| ()
Eq. (88) yields 1 + (1 —«) ) 6;n, ' > 0. Consequently, by rescaling (87) appropriately, it
= k+1
follows that P € &,(frs1,---, f‘ Al; @) which therefore implies that
goc(fk+17 ey f‘.A‘a Q) g (g)a(fk'+17 ey f|.,4|7 Q) (89)

Similarly, one can show that the reverse relation of (89) also holds, which yields (85). The proof
of a) is completed by considering the following two cases:

e If a € (1,00) and Supp(-Z™) = A, in view of Theorem 5b), 2™ is a-orthogonal to
&y = é"a(f'kJrh R f|A|; Q) at P}; hence, due to (84),

Da(Pal|Q) = Da(PallP) + Da(PilQ), Y Q € & (90)
Since P € &,, the minimum of Dy (P,||Q) subject to Q € &, is uniquely attained at

Q=F;.
e If @ €(0,1) and Supp(P}) = Supp(.iﬂcgn)) = A, then (90) holds in view of Remark 5 and
(84). The minimum of D, (P,||Q) subject to Q € &, is thus uniquely attained at Q = Px.
To prove Item b), for a € (1, 00), note that P € &, if and only if Supp(fogn)) = A. Indeed,
the ’if” part follows from Item a). The only if’ part follows from the fact that all members of
&, have the same support, () is a member of &, which by assumption has full support, and P

is in both &, (by assumption) and Z (by definition).
To prove the first assertion in Item b), note that by Theorem 5a), P € cl(&,) and (90) holds
for every Q € cl(&,). Hence,

Qi Da(PallQ) = Da(Pull ). 1)

Due to the continuity of Do (P,||Q) for Q which is defined on the finite set A, it follows from
(91) that

inf Do (P,||Q) = D, (P,||P*). 92
Jnf (PallQ) (PullPy) (92)

In view of (90), the minimum of Da(anQ) over (Q € &, is not attained. Finally, the last
assertion in b) is due to (90) which, in view of Theorem 5a), holds for all @ € cl(&,). [ ]
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VIII. SUMMARY AND CONCLUDING REMARKS

In [18, Theorem 14], van Erven and Harremoés proved a Pythagorean inequality for Rényi
divergences on a-convex sets under the assumption that the forward projection exists. Motivated
by their result, we study forward and reverse projections for the Rényi divergence of order  on
a-convex sets. The results obtained in this paper, for « € (0, 00), generalize the known results
for o = 1; this special case corresponds to projections of the relative entropy on convex sets,
as studied by Csiszar et al. in [12], [13], [15], [16]. The main contributions of this paper are as
follows:

1) we prove a sufficient condition for the existence of a forward projection in the general
alphabet setting.

2) we prove a projection theorem on an a-linear family in the finite alphabet setting, and the
parametric form of this projection gives rise to an a-exponential family.

3) we prove an orthogonality property between a-linear and a-exponential families; it yields a
duality between forward and reverse projections, respectively, on these families.

4) we prove a convergence result of an iterative algorithm for calculating the forward projection
on an intersection of a finite number of a-linear families.

For o = 0, the notion of an a-convex set is continuously extended to a log-convex set. Since
Dy(P||Q) = —1log Q(Supp(P)) (see, e.g., [18, Theorem 4]), if there exists P € P such that
Supp(P) = Supp(Q) then any such probability measure is a forward Dy-projection of @) on P
for which Dy(P||Q) = 0. Note that, in this case, a forward Dy-projection of ) on P is not
necessarily unique.

For @« = 0 and a finite set A, the notion of an «-linear family is the whole simplex of
probability measures (with the convention that 0° = 1 in (43)), provided that > o fila) =0 for
all i € {k+1,...,]A|}; otherwise, the O-linear family is an empty set. In the former case, the
forward Dy-projection of () on P is any probability measure P with a full support since in this
case Do(P||Q) = 0; the forward Dy-projection is, however, meaningless in the latter case where
P is an empty set.

The Rényi divergence of order oo is well defined (see, e.g., [18, Theorem 6]); furthermore,
a set is defined to be oo-convex if for all Py, P € P, the probability measure Sp; whose
p-density s 1 is equal to the normalized version of max{po,p;}, is also included in P (this
definition follows from (15) by letting o« — o0). In this case, Theorems 1 and 2 continue to
hold for o = oo (recall that Theorem 2 refers to the setting where A is finite).

Consider the case where o = oo and A is a finite set. By continuous extension, the oo-linear
family necessarily includes all the probability measures that are not a point mass (see (43)), and
the co-exponential family only includes the reference measure () (see (61)). Consequently, the
results in Theorems 3—6 become trivial for a = oo.
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