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Abstract

During the last two decades, concentration inequalities have been the
subject of exciting developments in various areas, including convex ge-
ometry, functional analysis, statistical physics, high-dimensional statis-
tics, pure and applied probability theory (e.g., concentration of mea-
sure phenomena in random graphs, random matrices, and percolation),
information theory, theoretical computer science, and learning theory.
This monograph focuses on some of the key modern mathematical tools
that are used for the derivation of concentration inequalities, on their
links to information theory, and on their various applications to com-
munications and coding. In addition to being a survey, this monograph
also includes various new recent results derived by the authors.

The first part of the monograph introduces classical concentration
inequalities for martingales, as well as some recent refinements and
extensions. The power and versatility of the martingale approach is
exemplified in the context of codes defined on graphs and iterative
decoding algorithms, as well as codes for wireless communication.

The second part of the monograph introduces the entropy method,
an information-theoretic technique for deriving concentration inequali-
ties. The basic ingredients of the entropy method are discussed first
in the context of logarithmic Sobolev inequalities, which underlie
the so-called functional approach to concentration of measure, and
then from a complementary information-theoretic viewpoint based on
transportation-cost inequalities and probability in metric spaces. Some
representative results on concentration for dependent random vari-
ables are briefly summarized, with emphasis on their connections to
the entropy method. Finally, we discuss several applications of the en-
tropy method to problems in communications and coding, including
strong converses, empirical distributions of good channel codes, and an
information-theoretic converse for concentration of measure.

M. Raginsky and I. Sason. Concentration of Measure Inequalities in Information
Theory, Communications, and Coding. Foundations and Trends® in
Communications and Information Theory, vol. 10, no. 1-2, pp. 1-246, 2013.

DOI: 10.1561/0100000064.
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Introduction

1.1 An overview and a brief history

Concentration-of-measure inequalities provide bounds on the proba-
bility that a random variable X deviates from its mean, median or
other typical value T by a given amount. These inequalities have been
studied for several decades, with some fundamental and substantial
contributions during the last two decades. Very roughly speaking, the
concentration of measure phenomenon can be stated in the following
simple way: “A random variable that depends in a smooth way on many
independent random variables (but not too much on any of them) is es-
sentially constant” [1]. The exact meaning of such a statement clearly
needs to be clarified rigorously, but it often means that such a ran-
dom variable X concentrates around T in a way that the probability
of the event {|X — Z| > t}, for a given t > 0, decays exponentially in
t. Detailed treatments of the concentration of measure phenomenon,
including historical accounts, can be found, e.g., in [2], [3], [4], [5], [6]
and [7].

In recent years, concentration inequalities have been intensively
studied and used as a powerful tool in various areas. These include con-
vex geometry, functional analysis, statistical physics, statistics, dynam-
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4 Introduction

ical systems, pure and applied probability (random matrices, Markov
processes, random graphs, percolation), information theory, coding the-
ory, learning theory, and theoretical computer science. Several tech-
niques have been developed so far to establish concentration of mea-
sure. These include:

e The martingale approach (see, e.g., [6, 8, 9], [10, Chapter 7],
[11, 12]), and its information-theoretic applications (see, e.g.,
[13] and references therein, [14]). This methodology will be cov-
ered in Chapter 2, which is focused on concentration inequalities
for discrete-time martingales with bounded jumps, as well as on
some of their potential applications in information theory, cod-
ing and communications. A recent interesting avenue that follows
from the martingale-based inequalities that are introduced in this
chapter is their generalization to random matrices (see, e.g., [15]
and [16]).

e The entropy method and logarithmic Sobolev inequalities (see,
e.g., [3, Chapter 5], [4] and references therein). This methodol-
ogy and its many remarkable links to information theory will be
considered in Chapter 3.

e Transportation-cost inequalities that originated from information
theory (see, e.g., [3, Chapter 6], [17], and references therein). This
methodology, which is closely related to the entropy method and
log-Sobolev inequalities, will be considered in Chapter 3.

e Talagrand’s inequalities for product measures (see, e.g., [1], [6,
Chapter 4], [7] and [18, Chapter 6]) and their links to informa-
tion theory [19]. These inequalities proved to be very useful in
combinatorial applications (such as the study of common and/or
increasing subsequences), in statistical physics, and in functional
analysis. We do not discuss Talagrand’s inequalities in detail.

e Stein’s method (or the method of exchangeable pairs) was re-
cently used to prove concentration inequalities (see, e.g., [20],
[21], [22] and [23]).
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e Concentration inequalities that follow from rigorous methods in
statistical physics (see, e.g., [24, 25, 26, 27, 28, 29, 30, 31]).

e The so-called reverse Lyapunov inequalities were recently used
to derive concentration inequalities for multi-dimensional log-
concave distributions [32] (see also a related work in [33]).
The concentration inequalities in [32] imply an extension of the
Shannon—McMillan—Breiman strong ergodic theorem to the class
of discrete-time processes with log-concave marginals.

We do not address the last three items in this tutorial.

We now give a synopsis of some of the main ideas underlying the
martingale approach (Chapter 2) and the entropy method (Chapter 3).
Let f: R® — R be a function that has bounded differences, i.e., the
value of f changes at most by a bounded amount whenever any of
its n input variables is changed arbitrarily while others are held fixed.
A common method for proving concentration of such a function of
n independent RVs around its expected value E[f] revolves around so-
called McDiarmid’s inequality or the “independent bounded-differences
inequality” [6]. This inequality was originally proved via the martingale
approach. Although the proof of this inequality has some similarity to
the proof of the well-known Azuma—Hoeffding inequality, the bounded-
difference assumption on f yields an improvement by a factor of 4
in the exponent. Some of its nice applications to algorithmic discrete
mathematics were discussed in, e.g., [6, Section 3].

The Azuma—Hoeffding inequality is by now a well-known tool that
has been often used to establish concentration results for discrete-time
martingales whose jumps are bounded almost surely. It is due to Ho-
effding [9], who proved this inequality for a sum of independent and
bounded random variables, and to Azuma [8], who later extended it
to bounded-difference martingales. This inequality was introduced to
the computer science literature by Shamir and Spencer [34], who used
it to prove concentration of the chromatic number for random graphs
around its expected value. The chromatic number of a graph is defined
as the minimal number of colors required to color all the vertices of this
graph, so that no two adjacent vertices have the same color. Shamir
and Spencer [34] established concentration of the chromatic number for
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the so-called Erdis—Rényi ensemble of random graphs, where any pair
of vertices is connected by an edge with probability p € (0,1), inde-
pendently of all other edges. It is worth noting that the concentration
result in [34] was established without knowing the expected value of
the chromatic number over this ensemble. This technique was later im-
ported into coding theory in [35], [36] and [37], especially for exploring
concentration phenomena pertaining to codes defined on graphs and it-
erative message-passing decoding algorithms. The last decade has seen
an ever-expanding use of Azuma—Hoeffding inequality for proving con-
centration of measure in coding theory (see, e.g., [13] and references
therein). In general, all these concentration inequalities serve to justify
theoretically the ensemble approach to codes defined on graphs. How-
ever, much stronger concentration phenomena are observed in practice.
The Azuma—Hoeffding inequality was also recently used in [38] for the
analysis of probability estimation in the rare-events regime, where it
was assumed that an observed string is drawn i.i.d. from an unknown
distribution, but both the alphabet size and the source distribution vary
the block length (so the empirical distribution does not converge to the
true distribution as the block length tends to infinity). We also note
that the Azuma—Hoeffding inequality was extended from martingales to
“centering sequences” with bounded differences [39]; this extension pro-
vides sharper concentration results for, e.g., sequences that are related
to sampling without replacement. In [40], [41] and [42], the martingale
approach was also used to derive achievable rates and random coding
error exponents for linear and nonlinear additive white Gaussian noise
channels (with or without memory).

However, as pointed out by Talagrand [1], “for all its qualities, the
martingale method has a great drawback: it does not seem to yield re-
sults of optimal order in several key situations. In particular, it seems
unable to obtain even a weak version of concentration of measure phe-
nomenon in Gaussian space.” In Chapter 3 of this tutorial, we focus on
another set of techniques, fundamentally rooted in information theory,
that provide very strong concentration inequalities. These techniques,
commonly referred to as the entropy method, have originated in the
work of Michel Ledoux [43], who found an alternative route to a class
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of concentration inequalities for product measures originally derived
by Talagrand [7] using an ingenious inductive technique. Specifically,
Ledoux noticed that the well-known Chernoff bounding trick, which is
discussed in detail in Section 2.2.1 and which expresses the deviation
probability of the form P(|X — z| > t), for an arbitrary ¢ > 0, in terms
of the moment-generating function (MGF) E[exp(AX)], can be com-
bined with the so-called logarithmic Sobolev inequalities, which can be
used to control the MGF in terms of the relative entropy.

Perhaps the best-known log-Sobolev inequality, first explicitly re-
ferred to as such by Leonard Gross [44], pertains to the standard
Gaussian distribution in Euclidean space R"™, and bounds the rela-
tive entropy D(P||G,) between an arbitrary probability distribution
P on R"™ and the standard Gaussian measure GG,, by an “energy-like”
quantity related to the squared norm of the gradient of the density
of P w.r.t. Gy. By a clever analytic argument which he attributed to
an unpublished note by Ira Herbst, Gross has used his log-Sobolev
inequality to show that the logarithmic MGF A()\) = InE[exp(AU)]
of U = f(X"), where X" ~ G,, and f: R" — R is any sufficiently
smooth function with ||[Vf|| < 1, can be bounded as A()\) < \2/2.
This bound then yields the optimal Gaussian concentration inequality
P(|f(X™) —E[f(X™)]| > t) < 2exp (—t?/2) for X" ~ G,. (It should
be pointed out that the Gaussian log-Sobolev inequality has a curious
history, and seems to have been discovered independently in various
equivalent forms by several people, e.g., by Stam [45] in the context of
information theory, and by Federbush [46] in the context of mathemati-
cal quantum field theory. Through the work of Stam [45], the Gaussian
log-Sobolev inequality has been linked to several other information-
theoretic notions, such as concavity of entropy power [47, 48, 49].)

In a nutshell, the entropy method takes this idea and applies it
beyond the Gaussian case. In abstract terms, log-Sobolev inequali-
ties are functional inequalities that relate the relative entropy be-
tween an arbitrary distribution ) w.r.t. the distribution P of inter-
est to some “energy functional” of the density f = d@Q/dP. If one
is interested in studying concentration properties of some function
U = f(Z) with Z ~ P, the core of the entropy method consists in
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applying an appropriate log-Sobolev inequality to the tilted distribu-
tions PN with dPM) /AP o exp(\f). Provided the function f is
well-behaved in the sense of having bounded “energy,” one can use the
Herbst argument to pass from the log-Sobolev inequality to the bound
In Efexp(AU)] < eA?/(2C), where ¢ > 0 depends only on the distribu-
tion P, while C' > 0 is determined by the energy content of f. While
there is no general technique for deriving log-Sobolev inequalities, there
are nevertheless some underlying principles that can be exploited for
that purpose. We discuss some of these principles in Chapter 3. More
information on log-Sobolev inequalities can be found in several excel-
lent monographs and lecture notes [3, 5, 50, 51, 52|, as well as in recent
papers [53, 54, 55, 56, 57] and references therein.

Around the same time that Ledoux first introduced the entropy
method in [43], Katalin Marton showed in a breakthrough paper [58]
that one can bypass functional inequalities and work directly on the
level of probability measures. More specifically, Marton has shown
that Gaussian concentration bounds can be deduced from so-called
transportation-cost inequalities. These inequalities, discussed in detail
in Section 3.4, relate information-theoretic quantities, such as the rel-
ative entropy, to a certain class of distances between probability mea-
sures on the metric space where the random variables of interest are
defined. These so-called Wasserstein distances have been the subject
of intense research activity that touches upon probability theory, func-
tional analysis, dynamical systems, partial differential equations, sta-
tistical physics, and differential geometry. A great deal of information
on this field of optimal transportation can be found in two books by Cé-
dric Villani — [59] offers a concise and fairly elementary introduction,
while a more recent monograph [60] is a lot more detailed and ency-
clopedic. Multiple connections between optimal transportation, con-
centration of measure, and information theory are also explored in
[17, 19, 61, 62, 63, 64, 65]. We also note that Wasserstein distances
have been used in information theory in the context of lossy source
coding [66, 67, 68].

The first explicit invocation of concentration inequalities in an
information-theoretic context appears in the work of Ahlswede et
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al. [69, 70]. These authors have shown that a certain delicate probabilis-
tic inequality, which was referred to as the “blowing up lemma,” and
which we now (thanks to the contributions by Marton [58, 71]) recog-
nize as a Gaussian concentration bound in Hamming space, can be used
to derive strong converses for a wide variety of information-theoretic
problems, including some multiterminal scenarios. The importance of
sharp concentration inequalities for characterizing fundamental limits
of coding schemes in information theory is evident from the recent
flurry of activity on finite-blocklength analysis of source and channel
codes (see, e.g., [72, 73, 74, 75, 76, 77, 78, 79]). Thus, it is timely to
revisit the use of concentration-of-measure ideas in information theory
from a modern perspective. We hope that our treatment, which, above
all, aims to distill the core information-theoretic ideas underlying the
study of concentration of measure, will be helpful to researchers in
information theory and related fields.

1.2 A reader’s guide

This tutorial is mainly focused on the interplay between concentration
of measure and information theory, as well as applications to prob-
lems related to information theory, communications and coding. For
this reason, it is primarily aimed at researchers and graduate students
working in these fields. The necessary mathematical background is real
analysis, elementary functional analysis, and a first graduate course in
probability theory and stochastic processes. As a refresher textbook for
this mathematical background, the reader is referred, e.g., to [80].
Chapter 2 on the martingale approach is structured as follows: Sec-
tion 2.1 lists key definitions pertaining to discrete-time martingales,
while Section 2.2 presents several basic inequalities (including the cel-
ebrated Azuma-Hoeffding and McDiarmid inequalities) that form the
basis of the martingale approach to concentration of measure. Sec-
tion 2.3 focuses on several refined versions of the Azuma—Hoeffding in-
equality under additional moment conditions. Section 2.4 discusses the
connections of the concentration inequalities introduced in Section 2.3
to classical limit theorems of probability theory, including central limit
theorem for martingales and moderate deviations principle for i.i.d.
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real-valued random variables. Section 2.5 forms the second part of the
chapter, applying the concentration inequalities from Section 2.3 to
information theory and some related topics. Section 2.6 gives a brief
summary of the chapter.

Several very nice surveys on concentration inequalities via the mar-
tingale approach are available, including [6], [10, Chapter 11], [11,
Chapter 2] and [12]. The main focus of Chapter 2 is on the presen-
tation of some old and new concentration inequalities that form the
basis of the martingale approach, with an emphasis on some of their
potential applications in information and communication-theoretic as-
pects. This makes the presentation in this chapter different from the
aforementioned surveys.

Chapter 3 on the entropy method is structured as follows: Sec-
tion 3.1 introduces the main ingredients of the entropy method and sets
up the major themes that recur throughout the chapter. Section 3.2 fo-
cuses on the logarithmic Sobolev inequality for Gaussian measures, as
well as on its numerous links to information-theoretic ideas. The gen-
eral scheme of logarithmic Sobolev inequalities is introduced in Sec-
tion 3.3, and then applied to a variety of continuous and discrete ex-
amples, including an alternative derivation of McDiarmid’s inequality
that does not rely on martingale methods and recovers the correct con-
stant in the exponent. Thus, Sections 3.2 and 3.3 present an approach
to deriving concentration bounds based on functional inequalities. In
Section 3.4, concentration is examined through the lens of geometry
in probability spaces equipped with a metric. This viewpoint centers
around intrinsic properties of probability measures, and has received
a great deal of attention since the pioneering work of Marton [71, 58]
on transportation-cost inequalities. Although the focus in Chapter 3
is mainly on concentration for product measures, Section 3.5 contains
a brief summary of a few results on concentration for functions of de-
pendent random variables, and discusses the connection between these
results and the information-theoretic machinery that has been the sub-
ject of the chapter. Several applications of concentration to problems
in information theory are surveyed in Section 3.6. Section 3.7 concludes
with a brief summary.



2

Concentration Inequalities via the Martingale
Approach

This chapter introduces concentration inequalities for discrete-time
martingales with bounded increments, and shows several of their poten-
tial applications to information theory and related topics. We start by
introducing the basic concentration inequalities of Azuma—Hoeffding
and McDiarmid, as well as various refinements under additional mo-
ment conditions. We then move to applications, which include concen-
tration for codes defined on graphs, concentration for OFDM signals,
and the derivation of achievable rates and lower bounds on the error
exponents for random codes with ML decoding over linear or non-linear
communication channels.

2.1 Discrete-time martingales

We start with a brief review of martingales to set definitions and no-
tation.

Definition 2.1 (Discrete-time martingales). Let (€2, F,P) be a probabil-
ity space. A sequence {X;, F;}" o, n € N, where the X;’s are random
variables and the F;’s are o-algebras, is a martingale if the following
conditions are satisfied:

11



12 The Martingale Approach

1. The F;’s form a filtration, i.e., Fo C F1 C ... C Fyp; usually, Fy
is the trivial o-algebra {0, Q} and F,, is the full o-algebra F.

2. X; € LYQ, F;,P) for every i € {0,...,n}; this means that each
X, is defined on the same sample space 2, it is F;-measurable,
and E[|X;|] = [ | Xi(w)|P(dw) < oo.

3. For all i € {1,...,n}, the equality X;_1 = E[X;|F;_1] holds al-
most surely (a.s.).

Here are some useful facts about martingales.

Fact 1. Since {F;}I" is a filtration, it follows from the tower property
for conditional expectations that, almost surely,

Xj = E[XA]'—]], Yi>j.

Also for every i € N, E[X;] = E[E[X;|F;—1]] = E[X;_1], so the ex-
pectations of every term X; of a martingale sequence are all equal to
E[Xo].

Fact 2. One can generate martingale sequences by the following proce-
dure: Given a RV X € L1(Q, F,P) and an arbitrary filtration {F;}7,
let

X, =E[X|F], Vie{0,1,...n}.

Then, the sequence Xy, X1,...,X, forms a martingale (with respect
to the above filtration) since

1. The RV X; = E[X|F;] is Fi;-measurable, and E[|X;|] < E[|X]|] <
0.
2. By construction {F;}7, is a filtration.
3. For every i € {1,...,n}
E[Xi| Fi1] = E[E[X|Fi]| Fia]
= E[X|F;—1] (since F;_1 C F;)

= A;—1 a.s.
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In the particular case where Fy = {0,Q} and F,, = F, we see that
Xo,X1,...,X,, is a martingale sequence with

Xo =E[X|F] =E[X], X,=E[X|F]=X as.

That is, we get a martingale sequence where the first element is the
expected value of X and the last element is X itself (a.s.). This has
the following interpretation: at the beginning, we don’t know anything
about X, so we estimate it by its expected value. At each step, more
and more information about the random variable X is revealed, until
its value is known almost surely.

Example 2.1. Let {Uy}}_, be independent random variables on a
common probability space (2, F,P), and assume that E[Ux] = 0 and
E[|Ug|] < oo for every k. Let us define

k
X, => Uj, Vke{l,....n}
j=1

with Xy = 0. Define the natural filtration where Fy = {0, Q}, and

Fk :O'(Xl,...,Xk)
=o(Uy,...,Uy), Yke{l,...,n}

Note that Fp = o(Xy,...,X) denotes the minimal o-algebra that
includes all the sets of the form {w € Q: (Xj(w) < ay,..., Xk(w) <
ag)} where a; € RU{—o00,+o00} for j € {1,...,k}. It is easy to verify
that { Xy, Fi}}_, is a martingale sequence; this implies that all the
concentration inequalities that apply to discrete-time martingales (like
those introduced in this chapter) can be particularized to concentration
inequalities for sums of independent random variables.

If we relax the equality in the definition of a martingale to an in-
equality, we obtain sub- and super-martingales. More precisely, to de-
fine sub- and super-martingales, we keep the first two conditions in
Definition 2.1, but replace the equality in the third condition by one of
the following:

o E[X;|Fi—1] > Xi_1 holds a.s. for sub-martingales.
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e E[X;|F;—1] < X;_1 holds a.s. for super-martingales.

Clearly, every random process that is both a sub- and super-martingale
is a martingale, and vice versa. Furthermore, {X;, F;} is a sub-
martingale if and only if {—X;, F;} is a super-martingale. The following
properties are direct consequences of Jensen’s inequality for conditional
expectations:

o If {X;, F;} is a martingale, h is a convex (concave) function and
E[|h(X;)|] < oo, then {h(X;),F;} is a sub- (super-) martingale.

o If {X;, F;} is a super-martingale, h is monotonic increasing
and concave, and E[|h(X;)|]] < oo, then {h(X;),F} is a
super-martingale. Similarly, if {X;, F;} is a sub-martingale, h
is monotonic increasing and convex, and E[|h(X;)|] < oo, then
{h(X;),Fi} is a sub-martingale.

Example 2.2. if {X;, F;} is a martingale, then {|X;|, F;} is a sub-
martingale. Furthermore, if X; € L?(Q,F;,P) then also {X?2, F;} is
a sub-martingale. Finally, if {X;, 7;} is a non-negative sub-martingale
and X; € L%(Q, F;,P) then also {X?, F;} is a sub-martingale.

2.2 Basic concentration inequalities via the martingale ap-
proach

We now turn to the main topic of the chapter, namely the martingale
approach to proving concentration inequalities, i.e., sharp bounds on
the deviation probabilities P (|U — EU| > r) for all » > 0, where U € R
is a random variable with some additional “structure" — for instance,
U may be a function of a large number n of independent or weakly
dependent random variables Xi,...,X,,. In a nutshell, the martingale
approach has two basic ingredients:

1. The martingale decomposition — we first construct a suit-
able filtration {F;}!", on the probability space (€2, F,P) that car-
ries U, where Fy is the trivial o-algebra {0, 2} and F,, = F. Then
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we decompose the difference U — EU as

U — EU = E[U|F,] — E[U|F]

(E[U]Fi] = E[U]Fi])- (2.2.1)
1

(2

The idea is to choose the o-algebras F; in such a way that the
increments §; = E[U|F;] — E[U|F;_1] are bounded in some sense,
e.g., almost surely.

2. The Chernoff bounding technique — using Markov’s in-
equality, the problem of bounding the deviation probability
P([U — EU| > r) is reduced to the analysis of the logarithmic
moment-generating function A(t) = InElexp(tU)], t € R. More-
over, exploiting the martingale decomposition (2.2.1), we may
write

n
A(t) =InE lH exp(t&i)] ,

i=1
which allows us to focus on the behavior of individual terms
exp(t&;), i = 1,...,n. Now, the logarithmic moment-generating
function plays a key role in the theory of large deviations [81],
which can be thought of as a (mainly) asymptotic analysis of
the concentration of measure phenomenon. Thus, its prominent
appearance here is not entirely unexpected.

There are more sophisticated variants of the martingale approach, some
of which we will have occasion to see later on, but the above two ingre-
dients are a good starting point. In the remainder of this section, we
will elaborate on these ideas and examine their basic consequences.

2.2.1 The Chernoff bounding technique and the Hoeffding lemma

The first ingredient of the martingale method is the well-known Cher-
noff bounding technique!: Using Markov’s inequality, for any ¢t > 0 we

!The name of H. Chernoff is associated with this technique because of his 1952
paper [82]; however, its roots go back to S.N. Bernstein’s 1927 textbook on the
theory of probability [83].



16 The Martingale Approach

have
P(U > r) =P(exp(tU) > exp(tr))
< exp(—tr)Elexp(tU)].
Equivalently, if we define the logarithmic moment generating function
A(t) = InElexp(tU)], t € R, we can write
P(U > r) < exp (A(t) —rt), Vit > 0. (2.2.2)

To bound the probability of the lower tail, P(U < —r), we follow the
same steps, but with —U instead of U. Now the success of the whole
enterprize hinges on our ability to obtain tight upper bounds on A(¢).
One of the basic tools available for that purpose is the following lemma
due to Hoeffding [9]:

Lemma 2.2.1 (Hoeffding). Let U € R be a random variable, such that
U € [a,b] a.s. for some finite a < b. Then, for any ¢ > 0,

E [exp (t({U — EU))] < exp <M> ) (2.2.3)

Proof. For any p € [0,1] and any A € R, let us define the function
Hy(A) 2 In (peXP) 4 (1= p)e 7). (2.2.4)

Let £ = U — EU, where £ € [a — EU,b — EUJ. Using the convexity of
the exponential function, we can write

U-a b—U
-~ .t(b—EU)+m.t(a—EU)>

< <%> exp (t(b— EU)) + (%) exp (t(a — EU)).

Taking expectations of both sides, we get

exp(t§) = exp (

Elexp(t&)] < (EbU_—aa> exp (t(b— EU)) + (bb__Eg> exp (t(a — EU))
= exp (Hp(N)) (2.2.5)

where we have let
B EU —a
p= b—a
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Using a Taylor’s series expansion, we get the bound H,(\) < %2 for all
p € [0,1] and all A € R. Substituting this bound into (2.2.5) and using
the above definitions of p and A, we get (2.2.3). O

2.2.2 The Azuma—Hoeffding inequality

The Azuma-Hoeffding inequality?, stated in Theorem 2.2.2 below, is
a useful concentration inequality for bounded-difference martingales.
It was proved by Hoeffding [9] for independent bounded random vari-
ables, followed by a discussion on sums of dependent random variables;
and was later generalized by Azuma [8] to the more general setting
of bounded-difference martingales. The proof of the Azuma—Hoeffding
inequality that we present below is a nice concrete illustration of the
general approach outlined in the beginning of this section. Moreover,
we will have many occasions to revisit this proof in order to obtain
various refinements of the original Azuma—Hoeffding bound.

Theorem 2.2.2 (Azuma-Hoeffding inequality). Let {Xj, Fi}7_, be a
real-valued martingale sequence. Suppose that there exist nonnegative
reals di,...,d,, such that | X} — Xj_1| < dj a.s. for all k € {1,...,n}.
Then, for every r > 0,

2

r
P(| X, — Xo| >r) < 2exp | ———— | . 2.2.6

Proof. For an arbitrary r > 0,

P(|X, — Xo| >7) =P(X, — Xo > 1)+ P(X, — Xo < —1).  (2.2.7)

Let & 2 X; — X,;_1 for i =1,...,n denote the jumps of the martingale
sequence. By hypothesis, [£;| < dj and E[{; | Fr—1] = 0 a.s. for every
ke{l,...,n}.

2The Azuma-Hoeffding inequality is also known as Azuma’s inequality. Since we
refer to it numerous times in this chapter, we will just call it Azuma’s inequality for
the sake of brevity.
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We now apply the Chernoff technique:
P(X, — Xo>7r)

<e"E lexp <t n glﬂ , Vt>0. (2.2.8)
=1

2

Furthermore,

ele(r )

- sfefo(356) 7
=E lexp (t g gi) Elexp(t&,) | J—“n_l]] (2.2.9)

where the last equality holds since ¥ £ exp(t ZZ;% &) is Fpo1-
measurable. We now apply the Hoeffding lemma to &, conditioned on
Fn—1. Indeed, we know that E[¢,|F,—1] = 0 and that &, € [—d,,d,]
a.s., so Lemma 2.2.1 gives that a.s.

t2d2
Elexp(t&,) | Fn-1] < exp ( 5 ”) . (2.2.10)

Continuing recursively in a similar manner, we can bound the quantity
in (2.2.9) by

E[exp(té@ﬂ < kli[lexp <@> = exp <§ ;d%) .

Substituting this bound into (2.2.8), we obtain
2 &
P(X, — Xo >r) <exp <—rt + 5 d%) , Vt>0. (2.2.11)
k=1
Finally, choosing t = r (35—, d%)_l to minimize the right-hand side of
(2.2.11), we get

2

T
=1"k
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Since { Xk, Fr} is a martingale with bounded jumps, so is {—X}, Fi}
(with the same bounds on its jumps). This implies that the same bound
is also valid for the probability P(X,, — Xo < —r). Using these bounds
in (2.2.7), we complete the proof of Theorem 2.2.2.

U

Remark 2.1. In [6, Theorem 3.13], Azuma’s inequality is stated as
follows: Let {Y%, Fi }7_, be a martingale difference sequence with Yy =
0 (ie., Yy is Fr-measurable, E[|Y;|] < oo and E[Yj|Fr_1] = 0 as.
for every k € {1,...,n}). Assume that, for every k, there exist some
numbers ag, by € R such that, a.s., ap < Y < bg. Then, for every r > 0,

n 27,2
P ( > Y| > 1") < 2exp <— STy ak)2> : (2.2.13)

k=1
Consider a real-valued martingale sequence { Xy, Fi}}_,, where a; <
X — X1 < by as. for every k. Let V3, & X — Xy for every
k € {1,...,n}. Then it is easy to see that {Yj, Fr}}_, is a martin-
gale difference sequence. Since Y p_; Yy = X,, — X, it follows from
(2.2.13) that

272
P(X, —Xg|>r)<2exp|— , Vr>0.
(1 = Xol 2 7) < Zzzl(bk—ak)2>
Example 2.3. Let {Y;}{°, be i.i.d. binary random variables which take
values +d with equal probability, where d > 0 is some constant. Let
X = Zf:oY; for k € {0,1,...,}, and define the natural filtration
Fo C F1 C Fy... where

Fr=0(Y,....Y2), Ykel{0,1,...,}
is the o-algebra generated by Yp,...,Ys;. Note that {Xj, Fr}72, is a
martingale sequence, and (a.s.) | Xy — Xk_1] = |Yi| = d, Vk € N. It
therefore follows from Azuma’s inequality that

2
P(|X, — Xo| > a/n) < 2exp <—2‘%> (2.2.14)

for every @ > 0 and n € N. Since the RVs {Y;}2, are ii.d. with
zero mean and variance d?, the Central Limit Theorem (CLT) says
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that %(Xn —Xo) = L 327_, Y} converges in distribution to A/(0, d?).

n
Therefore, for every a > 0,

Tim P(|X,, — Xo| > av/n) = 2@(%) (2.2.15)
where . . 2
Qz) 2 i /w exp(—;)dt, VzeR (2.2.16)

is the complementary standard Gaussian CDF (also known as the Q-
function), for which we have the following exponential upper and lower
bounds (see, e.g., [84, Section 3.3]):

2 2
# ﬁ - exp <—%> < Qz) < \/21_7rac - exp <—%> , V>0
(2.2.17)
From (2.2.15) and (2.2.17) it follows that the exponent on the right-
hand side of (2.2.14) is exact.

Example 2.4. Fix some 7y € (0,1]. Let us generalize Example 2.3 above
by considering the case where the i.i.d. binary RVs {Y;}32, have the
probability law

P(Y; = +d) = % P(Y; = —d) = ﬁ .
Therefore, each Y; has zero mean and variance o2 = ~vd?. Define the
martingale sequence {Xj, F,}72, as in Example 2.3. By the CLT,
ﬁ (X, — Xo) = ﬁ S Y% converges weakly to A(0,vd?), so for
every a > 0

Jim P(|X,, — Xo| > ay/n) = 2@(%). (2.2.18)

From the bounds on the @-function given in (2.2.17), it follows that
2

the right-hand side of (2.2.18) scales exponentially like e Hence,
the exponent in this example is improved by a factor % compared to
Azuma’s inequality (which gives the same bound as in Example 2.3
since | Xy — Xg—1| < d for every k € N). This indicates that a refine-
ment of Azuma’s inequality is possible if additional information on the
variance is available. Refinements of this sort were studied extensively
in the probability literature, and they are the focus of Section 2.3.



2.2. Basic concentration inequalities via the martingale approach 21

2.2.3 McDiarmid’s inequality

A prominent application of the martingale approach is the derivation of
a powerful inequality due to McDiarmid (see [39, Theorem 3.1] or [85]),
also known as the bounded difference inequality. Let X be some set,
and let f: X™ — R be a function that satisfies the bounded difference
assumption

sup ‘f(xl,...,a:i,...,xn)
fEl,...,.Tn,IP;-EX
— f( , " )| < d; (2.2.19)
Tlyee s Ti—1, L5 Titly - -, Tn )| = G4 cL.
for every 1 < i < n, where dy,...,d, are some nonnegative real con-

stants. This is equivalent to saying that, for any given ¢, the variation
of the function f with respect to its ith coordinate is upper bounded
by d;. (We assume that each argument of f takes values in the same
set X mainly for simplicity of presentation; an extension to different
domains for each variable is not difficult.)

Theorem 2.2.3 (McDiarmid's inequality). Let {Xj}; be independent
(not necessarily identically distributed) random variables taking values
in some measurable space X'. Consider a random variable U = f(X™),
where f: X" — R is a measurable function satisfying the bounded
difference assumption (2.2.19). Then, for every r > 0,

2
P (‘U — IEU| >r) < 2exp (—%) . (2.2.20)
> k=1 i

Remark 2.2. One can use the Azuma—Hoeffding inequality for a deriva-
tion of a concentration inequality in the considered setting. However,
the following proof provides an improvement by a factor of 4 in the
exponent of the bound.

Proof. Let Fy be the trivial o-algebra, and for k € {1,...,n} let Fp =
o(X1,...,Xy) be the o-algebra generated by Xji,...,Xj. For every
ke {l,...,n}, define

& E2E[f(X1, .., Xo) | Fe] —E[f(X1,..., Xn) | Froa]. (2.2.21)
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Note that Fy C Fi... C F, is a filtration, and

E[f(X1,..., Xn) | Fo] = E[f(X1,..., X,)]

Hence, it follows from the last three equalities that
f(Xla e 7Xn) - ]E[f(Xl, e 7Xn)] = Z é.k’
k=1

In the following, we need a lemma:

Lemma 2.2.4. For every k € {1,...,n}, the following properties hold
a.s.:

1. E[ék | Fr—1] = 0, so {&k, Fr} is a martingale-difference and & is Fi-
measurable.

2. || < dy,

3. & € [Ag, Ar + di] where Aj is some non-positive and Fj_i-
measurable random variable.

Proof. The random variable &, is Fi-measurable since Fr_1 C F, and
& is a difference of two functions where one is Fj-measurable and
the other is Fi_i-measurable. Furthermore, it is easy to verify that
E[¢; | Fk—1] = 0. This proves the first item. The second item follows
from the first and third items. To prove the third item, note that &, =
fr(X1,...,Xy) holds a.s. for some Fj-measurable function f;: X% —
R. Let us define, for every k € {1,...,n},

A & inf fi.(Xq,. .., X
k ;ngk( Lyooos Xpo1,2),

By £ sup fe(X1,..., Xk-1,)
TeX

which are Fj_j-measurable®, and by definition & € [Ax, Bg] holds
almost surely. Furthermore, for every point (z1,...,25_1) € X*71, we

3This is certainly the case if X is countably infinite. For uncountable spaces, one
needs to introduce some regularity conditions to guarantee measurability of infima
and suprema. We choose not to dwell on these technicalities here to keep things
simple; the book by van der Vaart and Wellner [86] contains a thorough treatment
of these issues.
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obtain that a.s.

sup fr(z1,...,2p_1,2) — inf fe(z1,..., 25 1,7")

reX r’'eX

= sup {fk(mla"'axk—17m)_fk(xla"'axk—17m,)}
r,x’'eX

= sup (B[/(X1..... X | X1 = 0o Xy = 3y, X = o
r,x'€X

—E[f(Xl, ,Xn) |X1 =T1y.-- >Xk—1 = a:k_l,Xk = 1‘,]}

= Sup {E[f(l’l, s axk—lvxvxk-i-l)' . aXn)]

r,x'eX
—E[f(x1,. . th1,7 s X1, .- ,Xn)]} (2.2.23)
= Sup {E[f(xla s axk—lvvak-i-l) s >Xn)
r,x'eX
- f(mla cee ,$k_1,$,,Xk+1, .. 7Xn)]}
< dy (2.2.24)

where (2.2.23) follows from the independence of the random variables
{Xk}}_,, and (2.2.24) follows from the condition in (2.2.19). Hence, it
follows that By — A < dj a.s., which then implies that & € [Ag, Ag +
d]. Since E[¢, | Fx—1] = 0 then a.s. the Fj_j-measurable function Ay is
non-positive. Note that the third item of the lemma gives better control
on the range of & than what we had in the proof of the Azuma—
Hoeffding inequality (there we showed that &, was contained in the
interval [—dj, dj], which is twice as long as [Ay, Ar + di].) O

We now proceed in the same manner as in the proof of the Azuma—
Hoeffding inequality. Specifically, for any fixed k € {1,...,n}, & €
[Ak, A + di] a.s., where Ay is Fj_j-measurable, and E[¢;|Fj—1] = 0.
Thus, we may apply the Hoeffding lemma to & conditionally on Fj_;

to get
t2d2
fk—l] < exp (%) .

Similarly to the proof of the Azuma—Hoeffding inequality, by repeatedly

E [etf’“
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using the recursion in (2.2.9), the last inequality implies that
n t2 n
E[exp <t Z {kﬂ < exp <§ Z d%) (2.2.25)
k=1 k=1
which then gives from (2.2.8) that, for every t > 0,
P(f(X17"'> le R )]ZT)

E[f
=P <Z & > r)
<e <— ; XZ: ) (2.2.26)

The choice t = 4r (37—, d%)_l minimizes the expression in (2.2.26), so

B(f(X1, . Xa) — B (X1, X)) 2 7) < 05— on
1y--+5An) — 1y--+5An)| Z = —<n 2 |-
i1 di
(2.2.27)
By replacing f with — f, it follows that this bound is also valid for the

probability
]P)(f(Xh .. 7Xn) - E[f(Xl, . ,Xn)] < —T)7

so by the union bound we get (2.2.20). This completes the proof of
Theorem 2.2.3. O

2.2.4 Hoeffding's inequality and its improved version (the Kearns-
Saul inequality)

The following concentration inequality for sums of independent
bounded random variables, originally due to Hoeffding (see [9, The-
orem 2]), can be viewed as a special case of McDiarmid’s inequality:

Theorem 2.2.5 (Hoeffding's inequality). Let {Ux}}_; be a sequence of
independent and bounded random variables such that, for every k €
{1,...,n}, Uy € [a,bg] holds a.s. for some constants ay,br € R. Let
pn = S0 E[Ug]. Then,

p(lS < 2e 2 Va>0
r xp [ — , > 0.
= ST TS o an?
(2.2.28)

fn| >
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Proof. Apply Theorem 2.2.3 to f(u") £ Y}_jug, where u” €
[Ti=1lax, bi]. 0

Recall that a key step in the proof of McDiarmid’s inequality is
to invoke Hoeffding’s lemma (Lemma 2.2.1). However, a careful look
at the proof of Lemma 2.2.1 reveals a potential source of slack in the
bound ) )

InE [exp(tU)] < tEU + @

— namely, that this bound is the same regardless of the location of the
mean EU relative to the endpoints of the interval [a, b]. As it turns out,
one does indeed obtain an improved version of Hoeffding’s inequality by
making use of this information. This improved version was first stated
by Kearns and Saul [87]. We note that Berend and Kontorovich [88] re-
cently identified a gap in the original proof in [87] and were able to close
this gap with some tedious calculus. A shorter information-theoretic
proof of the basic inequality that underlies the Kearns—Saul inequality
is given in Section 3.4.3 of Chapter 3). Here, we only state this basic
inequality without proof, and then use it to derive the Kearns—Saul
improvement of Hoeffding’s inequality.

As before, consider a random variable U € [a,b] (a.s.) and let £ =
U — EU. Recall the inequality (2.2.5):

Elexp(t¢)] < exp (Hp(X)) ,
where Hp()) is defined in (2.2.4), and
EU —a
P= "4
Earlier, we have used the bound H,(\) < A%/8 valid for all p € [0,1]

and all A € R. However, a more careful analysis of the function H),(\)
[88, Theorem 4] shows that, for any A € R,

and A=tb—a).

(1 —2p)A? ptl
) <{ An(P) ’ 2.2.29
PA) S 9 P . (2.2.29)

8 )
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Note that ) 12 1

im =,

poiln(E) 2
which means that the upper bound in (2.2.29) is continuous in p, and
it also improves upon the earlier bound H,(t) < t?/8. Thus, consider a
real-valued random variable U almost surely bounded between a and

b, and let

a EU —a
P=
Then
InE [exp (t(U — EU))] < ct?(b — a)?, (2.2.30)
where
1—-2p . 1
P 1fp7é§
c = 4111 (T)
1 £ 1
8’ BP9

Thus, we see that the original Hoeffding bound of Lemma 2.2.1 is tight
only when the mean EU of U € [a, ] is located exactly at the midpoint
of the support interval [a, b]; when EU is closer to one of the endpoints,
the new bound (2.2.30) provides a strict improvement.

Applying this improved bound to each &, = Uy — EUi, we get the
Kearns-Saul inequality [87]:

Theorem 2.2.6 (Kearns—Saul inequality). Let {U;}7_, be a sequence
of independent and bounded random variables such that, for every
ke {l,...,n}, Uy € |ag,bx] holds a.s. for some constants ay,b; € R.
Let pn, 2 37, E[Ug]. Then,

n T2
P ( kz::lUk Ln| > r) < 2exp < 37 o n _ak)2> , Vr>0
(2.2.31)
where
1 —2py . 1
; if Pk 7& 5
oo — {4l (152) 2 ithp = SUE T (59 g9
1 if Pr = 1 bk ok
8’ 2
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Moreover, the exponential bound (2.2.31) improves Hoeffding’s inequal-
ity, unless p = % for every k € {1,...,n}.

We also refer the reader to another recent refinement of Hoeffding’s
inequality in [89], followed by some numerical comparisons.

2.3 Refined versions of the Azuma—Hoeffding inequality

Example 2.4 in the preceding section serves to motivate a derivation
of an improved concentration inequality with an additional constraint
on the conditional variance of a martingale sequence. In the following,
assume that | X — X;_1| < d holds a.s. for every k (note that d does not
depend on k, so it is a global bound on the jumps of the martingale).
A new condition is added for the derivation of the next concentration
inequality, where it is assumed that a.s.

var(Xy, | Fro1) = E[(Xy, — Xp_1)? | Fra] < vd?

for some constant v € (0, 1].

2.3.1 Martingales with bounded jumps

One of the disadvantages of Azuma-Hoeffding inequality (Theo-
rem 2.2.2) and McDiarmid’s inequality (Theorem 2.2.3) is their insen-
sitivity to the variance, which leads to suboptimal exponents compared
to the central limit theorem (CLT) and moderate deviation principle
(MDP). The following theorem, which appears in [85] (see also [81,
Corollary 2.4.7]), makes use of the variance:

Theorem 2.3.1. Let {X}, Fi}}_, be a discrete-time real-valued mar-
tingale. Assume that, for some constants d,o > 0, the following two
requirements are satisfied a.s. for every k € {1,...,n}:

| Xk — Xp—1] < d,
var(Xp| Fro1) = E[(Xy, — Xp_1)? | Fra] < 02

Then, for every a > 0,

P(|X,, — Xo| > an) < 2exp (— (iiZHHv)) (2.3.1)
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where

[>
2o

%[ 9
(=%}
>

(2.3.2)

SHNe)

and

d(pllq) épln(g) +(1—p) ln(i :

is the divergence between the Bernoulli(p) and Bernoulli(g) measures.
If § > 1, then the probability on the left-hand side of (2.3.1) is equal
to zero.

Z), Vpgel0,1]  (2.3.3)

Proof. The proof of this bound goes along the same lines as the proof of
the Azuma—Hoeffding inequality, up to (2.2.9). The new ingredient in
this proof is the use of the so-called Bennett’s inequality (see, e.g., [81,
Lemma 2.4.1]), which improves upon Lemma 2.2.1 by incorporating a
bound on the variance: Let X be a real-valued random variable with
7 = E(X) and E[(X —7)?] < 0? for some o > 0. Furthermore, suppose
that X < b a.s. for some b € R. Then, for every A > 0, Bennett’s
inequality states that

2
| (b — E)Qe_;%E + g2eM0-T)
(b—7T)2 + o2
We give the proof of (2.3.4) in Appendix 2.A for completeness.
We now apply Bennett’s inequality (2.3.4) to the conditional law of

& given the o-algebra Fj,_1. Since E[¢]|Fp_1] = 0, var[&|Fr_1] < o2
and & < d a.s. for kK € N, we have

2 2 to?
o exp(td) + d” exp (_T)
d? + o?

From (2.2.9) and (2.3.5) it follows that, for every ¢t > 0,

E[exp (téﬁkﬂ . (02 exp(td)d—;f;cp (-%)) E[exp <t;§£k>:|

Repeating this argument inductively, we conclude that, for every ¢ > 0,

E {exp (tké1 fk)] - <a2 eXp(td)d:_f:;p (_%) ) N |

E[e*] < (2.3.4)

E [exp(t&) | Fie-1] < . as.  (2.3.5)
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Using the definition of « in (2.3.2), we can rewrite this inequality as

E[exp(té&)] < <7eXp(td) +eXp(_7td))n, Vt>0. (2.3.6)

1+7

Let £ td (so * > 0). We can now use (2.3.6) with the Chernoff
bounding technique to get, for every a > 0 (where from the definition
of § in (2.3.2), at = dz),

P(X,, — Xo > an)
< exp(—ant)E [exp <t ; fk)]

- yexp((1—9d)x) + e;p(—(’y +0)x)
= 1+7

) . Ya>0.(237)

Consider first the case where § =1 (i.e., @ = d). Then (2.3.7) becomes

_ 1 n
v +exp(—(y + )a:)) RV

P(X,, — Xg>dn) <
( 0> n)_< 175

and the expression on the right-hand side is minimized in the limit as
x — oo. This gives the inequality

P(X,, — Xo > dn) < (%)n (2.3.8)

Otherwise, if § € [0,1), we minimize the base of the exponent on the
right-hand side of (2.3.7) with respect to the free non-negative param-
eter x, and the optimal choice is

- (1 Jlm) i (%ﬁ%) : (2.3.9)

Substituting (2.3.9) into the right-hand side of (2.3.7) gives
+5 n
<7+5) e . 5)‘51
Y

0+
= — Ya > 0.
e (nd( ) vezo

(2.3.10)

P(X, — Xo >an) <
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Finally, if § > 1 (i.e., if @ > d), the exponent is equal to +00. Applying
inequality (2.3.10) to the martingale {—X}, Fj}72, gives the same up-
per bound to the other tail probability P(X,, — Xy < —an). Overall, we
get the bound (2.3.1), which completes the proof of Theorem 2.3.1. [

Here is an illustration of how one can use Theorem 2.3.1 to get better
bounds compared to Azuma’s inequality:

Example 2.5. Let d > 0 and € € (0, 1] be some constants. Consider
a discrete-time real-valued martingale {Xk,Fk}z"zo where a.s. Xg = 0,
and for every m € N
P(Xy — Xm—1 =d| Fin—1) =€,
ed
1—¢

P(Xm_ m—1 = —

This implies that E[X,,, — X,,—1 | Fm—1] = 0 a.s. for every m € N,
and, since X,,,_1 is F,,—1-measurable, we have E[X,, | Frn—1] = Xm—1
almost surely. Moreover, since € € (0, %],

’fm—l) =1—c¢.

| X — Xin—1] < max{d, 1€d } =d a.s.

so Azuma’s inequality gives

k 2

P(X), > kz) < exp (—%) . Yz>0 (2.3.11)
independently of the value of ¢ (note that Xy = 0 a.s.). However, we
can use Theorem 2.3.1 to get a better bound: Because, for every m € N,
d%e
1—¢’

E[(Xm — Xm-1)? | Fn1] = a.s.

it follows from (2.3.10) that

P(X), > kz) < exp <—kd(¥ te

E)), Ve >0. (2.3.12)

Consider the case where € — 0. Then, for arbitrary x > 0 and k € N,
Azuma’s inequality in (2.3.11) provides an upper bound that is strictly
positive independently of ¢, whereas the one-sided concentration in-
equality of Theorem 2.3.1 implies a bound in (2.3.12) that tends to
ZErOo.
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Remark 2.3. As pointed out by McDiarmid [6, Section 2|, all the
concentration inequalities for martingales that rely on the Chernoff
bounding technique can be converted into analogous inequalities for
maxima. The reason is that {Xj; — Xo, Fr}32, is a martingale, and
h(z) = exp(tx) is a convex function on R for every ¢ > 0. Recall
that a composition of a convex function with a martingale gives a sub-
martingale with respect to the same filtration (see Section 2.1), so it im-
plies that {exp(t(Xx—Xo)), .Fk};O:O is a sub-martingale for every t > 0.
Hence, by applying Doob’s maximal inequality for sub-martingales, it
follows that, for every a > 0 and t > 0,

P(lgll;d%{n X —Xo > om) = ]P(lglfg{n exp (t(Xr — Xo)) > exp(omt))

< exp(—ant) E[exp(t(Xn - XO))}

= exp(—ant) E [exp (tkz:ﬁkﬂ )

which parallels the proof of Theorem 2.3.1 starting from (2.2.8). This
idea applies to all the concentration inequalities derived in this chapter.

Corollary 2.3.2. Let {X}, Fi}7_, be a discrete-time real-valued mar-
tingale, and assume that | X — X;_1| < d holds a.s. for some constant
d > 0 and for every k € {1,...,n}. Then, for every a > 0,

P(|X,, — Xo| > an) < 2exp (—nf(9)) (2.3.13)
where § £ a0
_ 1=
16— { In(2) [1 hs ( . )} 0<s6<1 2.312)
00, o0>1

and ho(r) £ —xlogy(z) — (1 —x)logy(1 —z) for 0 < z < 1 is the binary
entropy function (base 2).

Proof. By substituting v = 1 in Theorem 2.3.1 (since there is no con-
straint on the conditional variance, one can take o2 = d?), the corre-
sponding exponent in (2.3.1) is equal to

a(45°3) =10
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since d(p||3) = In2[1 — ho(p)] for every p € [0,1]. O

Remark 2.4. Corollary 2.3.2, which is a special case of Theorem 2.3.1
with v = 1, is a tightening of the Azuma—Hoeffding inequality in the
case when dj = d. This can be verified by showing that f(§) > %
for every § > 0, which is a direct consequence of Pinsker’s inequality.
Figure 2.1 compares these two exponents, which nearly coincide for
6 < 0.4. Furthermore, the improvement in the exponent of the bound
in Theorem 2.3.1 is shown in this figure as the value of v € (0,1)
is reduced; this makes sense, since the additional constraint on the
conditional variance in this theorem has a growing effect when the

value of 7y is decreased.

151

§COroIIary 14
f®)

Theorem 5:

LOWER BOUNDS ON EXPONENTS

o | , \
06 08 1 12
d=a/d

Figure 2.1: Plot of the lower bounds on the exponents from Azuma’s inequality
and the improved bounds in Theorem 2.3.1 and Corollary 2.3.2 (where f is defined
in (2.3.14)). The pointed line refers to the exponent in Corollary 2.3.2, and the three
solid lines for v = %, 1 and % refer to the exponents in Theorem 2.3.1.

31

Theorem 2.3.1 can also be used to analyze the probabilities of small
deviations, i.e., events of the form {|X,, — Xo| > ay/n} for an arbitrary
a > 0 (this is in contrast to large-deviation events of the form {|X,, —
Xo| > an}):
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Proposition 2.1. Let {Xj, Fi} be a discrete-time real-valued martin-
gale that satisfies the conditions of Theorem 2.3.1. Then, for every

a >0,
P(| X, — Xo| > av/n) < 2exp(—§) (1+0(m72).  (2315)

Remark 2.5. From Proposition 2.1, the upper bound on P(|X,, — Xo| >
ay/n) (for an arbitrary « > 0) improves the exponent of Azuma’s
inequality by a factor of %

Proof. Let { X}, Fi}72, be a discrete-time martingale that satisfies the
conditions in Theorem 2.3.1. From (2.3.1), for every a > 0 and n € N,

on +7] ))
P(lX,, — Xo| > <2 — S —— 2.3.1
(| ol > ayv/n) < exp( nd(l—l—’y‘l—l—’y (2.3.16)
where, following (2.3.2),
2 o
a0 a Vn d
R N 2.3.1
7= i (2.3.17)

With these definitions, we have

d(‘s”JWH v ): v (1+ 0 >ln 140 )
14+~1)14+7v 147 n 7 n

Using the series expansion
L& (wh )

2

n (2.3.18), we see that, for every n > 5—,

(51J-L3H1+7> _—%%Jﬁ.
2
Fal

Substituting this into the exponent on the right-hand side of (2.3.16)
gives (2.3.15). O
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2.3.2 Inequalities for sub- and super-martingales

Upper bounds on the probability P(X, — Xy > r) for r > 0, derived ear-
lier in this section for martingales, can be adapted to super-martingales
(similarly to, e.g., [11, Chapter 2] or [12, Section 2.7]). Alternatively,
by replacing { Xy, Fi}i_o with {—Xj, Fi}}_,, we may obtain upper
bounds on the probability P(X,,— Xy < —r) for sub-martingales. For ex-
ample, the adaptation of Theorem 2.3.1 to sub- and super-martingales
gives the following inequality:

Corollary 2.3.3. Let { X}, F}72, be a discrete-time real-valued super-
martingale. Assume that, for some constants d,o > 0, the following
two requirements are satisfied a.s.:

Xy — E[Xj | Fr—1] < d,
var(X| Fi 1) 2 E[(Xy, — E[Xy | Fia])® | Fia| < 02

for every k € {1,...,n}. Then, for every a > 0,

P(X, — Xo > an) < exp (—nd(ﬁ—i“ﬁ)) (2.3.19)
where v and § are defined as in (2.3.2), and the binary divergence
d(pl|q) is introduced in (2.3.3). Alternatively, if { X, F;}72, is a sub-
martingale, the same upper bound in (2.3.19) holds for the probability
P(X,, — Xo < —an). If § > 1, then these two probabilities are equal to

Zero.

Proof. The proof of this corollary is similar to the proof of Theo-
rem 2.3.1. The only difference is that, for a super-martingale,

n

n
Xn—Xo=Y (Xp —Xp—1) <) _ &
k=1 k=1
a.s., where & 2 Xp — E[X}, | Fx_1] is Fr-measurable (recall the dis-
cussion of the properties of super-martingales in Section 2.1). Hence,
P(X, — Xo > an) < P(X}p_1& > an) where, as., & < d,
E[é | Fr_1] = 0, and var(¢; | Fr_1) < o2. The rest of the proof coin-
cides with the proof of Theorem 2.3.1 (starting from (2.2.8)). The other
inequality for sub-martingales holds due to the fact that if {Xj, Fj} is
a sub-martingale then {—Xj, Fj} is a super-martingale. O
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2.4 Relation of the refined inequalities to classical results

2.4.1 The martingale central limit theorem

In this section, we comment on the relationship between the martingale
small-deviation bound of Proposition 2.1 and the martingale central
limit theorem (CLT).

Let (2, F,P) be a probability space. Given a filtration {Fj}, we say
that {Yy, Fi}72, is a martingale-difference sequence if, for every k,

1. Y; is Fi-measurable,
2. EHYkH < 00,
3. E[Yy | Fr—1] =0.

Let .
Sp=>_Y, VneN
k=1
and Sy = 0; then { Sy, Fi, } 72, is a martingale. Assume that the sequence
of RVs {Y%} is bounded, i.e., there exists a constant d such that |Y;| < d
a.s., and furthermore, assume that the limit

022 lim = > B[V | Fi1]
k=1

n—o00 n

exists in probability and is positive. The martingale CLT asserts that,

under the above conditions, % converges in distribution (or weakly)

to the Gaussian distribution N'(0,0?); we denote this convergence by
% = N(0,0?). (There exist more general versions of this statement
— see, e.g., [90, pp. 475-478]).

Let { X, Fir}32, be a real-valued martingale with bounded jumps,

i.e., there exists a constant d so that a.s. for every k € N
|Xk—Xk_1|§d, VEkeN.
Define, for every k € N,

Vi £ X — Xpq
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and Yy = 0. Then {Y;, Fi}32 is a martingale-difference sequence, and
|Yi| < d as. for every k € NU {0}. Assume also that there exists a
constant o > 0, such that, for all &,

E[Y? | Fro1] = E[(Xp — Xp_1)? | Fro1] < 0%, as.

Let’s first assume that this inequality holds a.s. with equality. Then it
follows from the martingale CLT that

X, — Xo
NG

and therefore, for every a > 0,

= N(0,0?%),

lim P(|X, — Xo| > av/n) = 2@(%)

n—oo

where the Q-function is defined in (2.2.16). In terms of the notation in

(2.3.2), we have & = %, so that

Tim P(|X, — Xo| > av/n) = 2Q<i>. (2.4.1)

2
exp <—%> ) Vo >0

it follows that, for every a > 0,

From the fact that

N

Qx) <

: 62
nll}HgquX” — Xo| > ay/n) < exp <—g> .

This inequality coincides with the large-n limit of the inequality in
Proposition 2.1, except for the additional factor of 2. Note also that
the proof of Proposition 2.1 is applicable for finite n, and not only
in the asymptotic regime n — oo. Furthermore, from the exponential
upper and lower bounds on the Q-function in (2.2.17) and from (2.4.1),
it follows that the exponent % in the concentration inequality (2.3.15)
cannot be improved without additional assumptions.
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2.4.2 The moderate deviations principle

The moderate deviations principle (MDP) on the real line (see, e.g., [81,
Theorem 3.7.1]) states the following: Let {X;} ; be a sequence of real-
valued i.i.d. RVs such that A x (\) = E[e**/] < oo in some neighborhood
of zero, and also assume that E[X;] = 0 and 02 = var(X;) > 0. Let
{an}52, be a non-negative sequence such that a,, — 0 and na,, — 0o
as n — oo, and let

Z, 2\ /30X, WneN (2.4.2)
n =1

Then, for every measurable set I' C R,

| R
~552 :clélffo x* < hnrgl(gf apInP(Z, €T)

1
<limsupa,nP(Z, €l) < —— inf 22 (2.4.3)

n—o00 0% zel

where I'? and T denote, respectively, the interior and the closure of T,
Let 1) € (3,1) be an arbitrary fixed number, and let {a,}32; be the
non-negative sequence

an=n'"%" VneN

so that a, — 0 and na, — oo as n — oo. Let « € RT, and ' &
(—o0, —a] U [a, 00). Note that, from (2.4.2),

P (‘ zn:xi
i=1

> om”) =P(Z,el)
so, by the MDP,
n
; 1-2n .
nh_rggon InP <‘ ; X;
1=

We show in Appendix 2.B that, in contrast to Azuma’s inequality,
Theorem 2.3.1 provides an upper bound on the probability

P <] Xn:XZ-
i=1

2
>0m77>:—a— Va>0  (2.4.4)
= 252’ = .

20(7177), VneN, a>0
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which coincides with the asymptotic limit in (2.4.4). The analysis in
Appendix 2.B provides another interesting link between Theorem 2.3.1
and a classical result in probability theory, and thus emphasizes the
significance of the refinements of Azuma’s inequality.

2.4.3 Functions of discrete-time Markov chains

A striking well-known relation between discrete-time Markov chains
and martingales is the following (see, e.g., [91, p. 473]): Let {X,,}°2,
be a discrete-time Markov chain taking values in a countable state space
S with transition matrix P. Let ¢ : § — R be a harmonic function of
the Markov chain, i.e.,

Y opi(j) =w(i), VieS

JjES
and assume also that E[[¢)(X,,)|] < oo for every n. Let Y, = (X,,)
for every n. Then {Y,, F,}>2, is a martingale where {F,}22, is the
natural filtration. This relation, which follows directly from the Markov
property, allows us to apply the concentration inequalities in Section 2.3
to bounded harmonic functions of Markov chains (the boundedness is
needed to guarantee that the jumps of the resulting martingale se-
quence are uniformly bounded).

Exponential deviation bounds for an important class of Markov
chains, so-called Doeblin chains (they are characterized by an expo-
nentially fast convergence to equilibrium, uniformly in the initial con-
dition) were derived by Kontoyiannis in [92]. Moreover, these bounds

are essentially identical to the Hoeffding inequality in the special case
of i.i.d. RVs (see [92, Remark 1]).

2.5 Applications of the martingale approach in information
theory

2.5.1 Minimum distance of binary linear block codes

Consider the ensemble of binary linear block codes of length n and
rate R, where the codes are chosen uniformly at random (see [93]).
The asymptotic average value of the normalized minimum distance is
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equal to

li Bl (O] hy'(1 - R)

n—oo n
where hy 1 denotes the inverse of the binary entropy function to the
base 2.

Let H denote an n(1 — R) x n parity-check matrix of a linear block
code C from this ensemble. The minimum distance of the code is equal
to the minimal number of columns in H that are linearly dependent.
Note that the minimum distance is a property of the code, and it does
not depend on the choice of the particular parity-check matrix which
represents the code.

Let us construct a sequence Xo,...,X,, where X; (for i =
0,1,...,n) is an integer-valued RV equal to the minimal number of
linearly dependent columns of a parity-check matrix chosen uniformly
at random from the ensemble, given that we already revealed its first 4
columns. Recalling Fact 2 from Section 2.1, we see that this is a mar-
tingale sequence, where the associated filtration Fo C F; C ... C F, is
such that F; (for i = 0,1,...,n) is the o-algebra generated by all sub-
sets of n(1 — R) x n binary parity-check matrices whose first ¢ columns
have been fixed. This martingale sequence satisfies | X; — X;_1| < 1 for
i=1,...,n (indeed, if we observe a new column of H, then the mini-
mal number of linearly dependent columns can change by at most 1).
Note that the RV Xj is the expected minimum Hamming distance of
the ensemble, and X, is the minimum distance of a particular code
from the ensemble (since once we revealed all n columns of H, the code
is known exactly). Hence, by Azuma’s inequality,

042
P(|dmin(0) — Eldmin(C)]| > a\/ﬁ) < 2exp <_7> ,Va>0.

This leads to the following theorem:

Theorem 2.5.1. Let C be chosen uniformly at random from the en-
semble of binary linear block codes of length n and rate R. Then for
every a > 0, with probability at least 1 — 2exp (—%2), the minimum
distance of C lies in the interval

nhy'(1 = R) — av/n, nhy'(1— R)+ ay/n)
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so it concentrates around its expected value.

Note, however, that some well-known capacity-approaching fami-
lies of binary linear block codes have minimum Hamming distance that
grows sublinearly with the block length n. For example, the class of
parallel concatenated convolutional (turbo) codes was proved to have
minimum distance that grows at most as the logarithm of the inter-
leaver length [94].

2.5.2 Concentration of the cardinality of the fundamental system
of cycles for LDPC code ensembles

Low-density parity-check (LDPC) codes are linear block codes that are
represented by sparse parity-check matrices [95]. A sparse parity-check
matrix allows one to represent the corresponding linear block code by
a sparse bipartite graph, and to use this graphical representation for
implementing low-complexity iterative message-passing decoding. The
low-complexity decoding algorithms used for LDPC codes and some
of their variants are remarkable in that they achieve rates close to
the Shannon capacity limit for properly designed code ensembles (see,
e.g., [13]). As a result of their remarkable performance under practical
decoding algorithms, these coding techniques have revolutionized the
field of channel coding, and have been incorporated in various digital
communication standards during the last decade.

In the following, we consider ensembles of binary LDPC codes. The
codes are represented by bipartite graphs, where the variable nodes are
located on the left side of the graph and the parity-check nodes are on
the right. The parity-check equations that define the linear code are rep-
resented by edges connecting each check node with the variable nodes
that are involved in the corresponding parity-check equation. The bi-
partite graphs representing these codes are sparse in the sense that the
number of edges in the graph scales linearly with the block length n of
the code. Following standard notation, let \; and p; denote the fraction
of edges attached, respectively, to variable and parity-check nodes of
degree i. The LDPC code ensemble is denoted by LDPC(n, A, p), where
n is the block length of the codes, and the pair A\(z) = 3, \jz*~! and
p(x) 2 >, pirt~! represents, respectively, the left and right degree dis-
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tributions of the ensemble from the edge perspective. It is well-known
that linear block codes that can be represented by cycle-free bipar-
tite (Tanner) graphs have poor performance even under ML decoding
[96]. The bipartite graphs of capacity-approaching LDPC codes should
therefore have cycles. Thus, we need to examine the cardinality of the
fundamental system of cycles of a bipartite graph. For the required pre-
liminary material, the reader is referred to Sections II-A and II-E of
[97]. In [97], we address the following question:

Consider an LDPC ensemble whose transmission takes
place over a memoryless binary-input output-symmetric
channel, and refer to the bipartite graphs which represent
codes from this ensemble, where every code is chosen uni-
formly at random from the ensemble. How does the average
cardinality of the fundamental system of cycles of these bi-
partite graphs scale as a function of the achievable gap to
capacity?

An information-theoretic lower bound on the average cardinality
of the fundamental system of cycles was derived in [97, Corollary 1].
This bound was expressed in terms of the achievable gap to capacity
(even under ML decoding) when the communication takes place over a
memoryless binary-input output-symmetric channel. More explicitly, it
was shown that the number of fundamental cycles should grow at least
like log é, where € denotes the gap in rate to capacity. This lower bound
diverges as the gap to capacity tends to zero, which is consistent with
the findings in in [96] on cycle-free codes, and expresses quantitatively
the necessity of cycles in bipartite graphs that represent good LDPC
code ensembles. As a continuation of this work, we will now give a
large-deviations analysis of the cardinality of the fundamental system
of cycles for LDPC code ensembles.

Let the triplet (n, A, p) represent an LDPC code ensemble, and let
G be a bipartite graph that corresponds to a code from this ensemble.
Then the cardinality of the fundamental system of cycles of G, denoted
by 8(G), is equal to

B(G) = IE@G)| = V(G| + <(9)
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where E(G) and V(G) are the edge and the vertex sets of G, and ¢(G)
denotes the number of connected components of G, and |A| denotes
the cardinality of a set A. Let Rq € [0, 1) denote the design rate of the
ensemble. Then, in any bipartite graph G drawn from the ensemble,
there are n variable nodes and m = n(1 — Rq) parity-check nodes, for
a total of |V (G)| = n(2 — Rq) nodes. If we let ar designate the average
right degree (i.e., the average degree of the parity-check nodes), then
the number of edges in G is given by |E(G)| = magr. Therefore, for
a code from the (n, A, p) LDPC code ensemble, the cardinality of the
fundamental system of cycles satisfies the equality

B(G) =n[(1 - Ra)ar — (2 = Ra)] + ¢(G) (2.5.1)
where the design rate and the average right degree can be computed
from the degree distributions A and p as

Jo p(x) dz 1

Ry=1—-—"F"—"— ar=—F——"—.
TN T T
Let
E 2 |E(G)| =n(1 — Ry)agr (2.5.2)

denote the number of edges of an arbitrary bipartite graph G from
the ensemble (for a fixed ensemble, we will use the terms “code" and
“bipartite graph" interchangeably). Let us arbitrarily assign numbers
1,...,F to the E edges of G. Based on Fact 2, let us construct a mar-
tingale sequence Xj,...,Xp, where X; (for i = 0,1,...,F) is a RV
that denotes the conditional expected number of components of a bi-
partite graph G chosen uniformly at random from the ensemble, given
that the first ¢ edges of the graph G have been revealed. Note that the
corresponding filtration Fy C F; C ... C Fg in this case is defined so
that F; is the o-algebra generated by all the sets of bipartite graphs
from the considered ensemble whose first ¢ edges are fixed. For this
martingale sequence,

Xo = ErppcmaplB(9)], Xe=pB(9)

and (a.s.) | Xy — Xi_1| < 1for k =1,..., F (since revealing a new edge
of G can change the number of components in the graph by at most 1).
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By Corollary 2.3.2, it follows that for every a > 0
P (|C(g) — Erppemaplc(@)]] > aE) < 2ef(@E
=P (|ﬁ(g) —EvLppcmap [B(9)]] > aE) <2 f@F  (253)

where the implication is a consequence of (2.5.1), and the function f
was defined in (2.3.14). Hence, for o > 1, this probability is zero (since
f(a) = +oo for a > 1). Note that, from (2.5.1), Epppcnap)6(9)]
scales linearly with n. The combination of Egs. (2.3.14), (2.5.2), (2.5.3)
gives the following statement:

Theorem 2.5.2. Let LDPC(n, A, p) be the LDPC code ensemble with
block length n and a pair (), p) of left and right degree distributions
(from the edge perspective). Let G be a bipartite graph chosen uni-
formly at random from this ensemble. Then, for every a > 0, the
cardinality of the fundamental system of cycles of G, denoted by 5(G),
satisfies the following inequality:

P (18(G) — Erppcuap @) > an) < 22717105 (25.4)

where ho designates the binary entropy function to the base 2, n £
m, and R4 and ag are, respectively, the design rate and average
right degree of the ensemble. Consequently, if n > 1, this probability is
ZEro.

Remark 2.6. We can obtain the following weakened version of (2.5.4)
from Azuma’s inequality: for every o > 0,

P (18(6) ~ Evorciuan [36)]) > an) < 2¢~2°

where 7 is defined in Theorem 2.5.2. Note, however, that the exponen-
tial decay of the two bounds is similar for values of « close to zero (see
the exponents in Azuma’s inequality and Corollary 2.3.2 in Figure 2.1).

Remark 2.7. For various capacity-achieving sequences of LDPC code
ensembles on the binary erasure channel, the average right degree scales
like logé where ¢ denotes the fractional gap to capacity under belief-
propagation decoding (i.e., Rq = (1—¢)C') [35]. Therefore, for small val-
ues of «, the exponential decay rate in the inequality of Theorem 2.5.2
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-2
scales like (log %) . This large-deviations result complements the re-
sult in [97, Corollary 1], which provides a lower bound on the average
cardinality of the fundamental system of cycles that scales like log %

Remark 2.8. Consider small deviations from the expected value that
scale like y/n. Note that Corollary 2.3.2 is a special case of Theo-
rem 2.3.1 when v = 1 (i.e., when only an upper bound on the jumps of
the martingale sequence is available, but there is no non-trivial upper
bound on the conditional variance). Hence, it follows from Proposi-
tion 2.1 that, in this case, Corollary 2.3.2 does not provide any improve-
ment in the exponent of the concentration inequality (as compared to
Azuma’s inequality) when small deviations are considered.

2.5.3 Concentration theorems for LDPC code ensembles over ISI
channels

Concentration analysis of the number of erroneous variable-to-check
messages for random ensembles of LDPC codes was introduced in [36]
and [98] for memoryless channels. It was shown that the performance
of an individual code from the ensemble concentrates around the ex-
pected (average) value over this ensemble when the length of the block
length of the code grows, and that this average behavior converges to
the behavior of the cycle-free case. These results were later general-
ized in [99] for the case of intersymbol-interference (ISI) channels. The
proofs of [99, Theorems 1 and 2], which refer to regular LDPC code
ensembles, are revisited in the following in order to derive an explicit
expression for the exponential rate of the concentration inequality. It is
then shown that particularizing the expression for memoryless channels
provides a tightened concentration inequality as compared to [36] and
[98]. The presentation in this subsection is based on [100].

The ISI channel and its message-passing decoding

We start by briefly describing the ISI channel and the graph used for
its message-passing decoding. For a detailed description, the reader is
referred to [99]. Consider a binary discrete-time ISI channel with a
finite memory length, denoted by I. The channel output Y at time
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instant j is given by

T
Y;=> hiX;—i +N;, Vjel
i=0

where {X;} is a sequence of {—1,+1}-valued binary inputs, {h;}/_,
is the input response of the ISI channel, and {N,} ~ N(0,0?) is a
sequence of i.i.d. Gaussian random variables with zero mean. It is as-
sumed that an information block of length k is encoded by using a
regular (n,dy,d.) LDPC code, and the resulting n coded bits are con-
verted into a channel input sequence before its transmission over the
channel. For decoding, we consider the windowed version of the sum-
product algorithm when applied to ISI channels (for specific details
about this decoding algorithm, the reader is referred to [99] and [101];
in general, it is an iterative message-passing decoding algorithm). The
variable-to-check and check-to-variable messages are computed as in
the sum-product algorithm for the memoryless case with the difference
that a variable node’s message from the channel is not only a function
of the channel output that corresponds to the considered symbol, but
also a function of 2W neighboring channel outputs and 2W neighboring
variables nodes as illustrated in Fig. 2.2.

Concentration

In this section, we will prove that, for a large n, a neighborhood of depth
{ of a variable-to-check node message is tree-like with high probability.
Using this result in conjunction with the Azuma—Hoeffding inequality,
we will then show that, for most graphs and channel realizations, if s is
the transmitted codeword, then the probability of a variable-to-check
message being erroneous after ¢ rounds of message-passing decoding
is highly concentrated around its expected value. This expected value
is shown to converge to the value of p® (s) that corresponds to the
cycle-free case.

In the following theorems, we consider an ISI channel and windowed
message-passing decoding algorithm, where the code graph is chosen
uniformly at random from the ensemble of graphs with variable and
check node degrees d, and d., respectively. Let V. g) denote the neigh-



46 The Martingale Approach

2W+I+1
<+—Ssymbols

Figure 2.2: Message flow neighborhood of depth 1. In this figure (I, W,dy = L,d. =
R) =(1,1,2,3)

borhood of depth ¢ of an edge € = (v,c) between a variable-to-check
node. Let Nc(e), N‘Ee) and Ne(z) denote, respectively, the total number
of check nodes, variable nodes and code-related edges in this neighbor-
hood. Similarly, let Ng ) denote the number of variable-to-check node
messages in the directed neighborhood of depth £ of a received symbol
of the channel.

Theorem 2.5.3. Let P{(Z) =Pr {N é(»é) not a tree} denote the probabil-

ity that the sub-graph N. g) is not a tree (i.e., it contains cycles). Then,
there exists some positive constant v = ~v(dy, d, ¢) that does not de-
pend on the block-length n, such that P{(Z) < % More explicitly, one

can choose y(dy,dc,l) = (N‘Se))2 + (g—j ) Nc(é))?

Proof. This proof is a straightforward generalization of the proof in [36]
(for binary-input output-symmetric memoryless channels) to binary-
input ISI channels. A detailed proof is available in [100]. O

The following concentration inequalities follow from Theorem 2.5.3
and the Azuma—-Hoeffding inequality:
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Theorem 2.5.4. Let s be the transmitted codeword, and let Z®)(s) be
the number of erroneous variable-to-check messages after ¢ rounds of
the windowed message-passing decoding algorithm. Let p(®) (s) be the
expected fraction of incorrect messages passed through an edge with
a tree-like directed neighborhood of depth ¢. Then there exist some
positive constants 5 and + that do not depend on the block-length n,
such that the following statements hold:

Concentration around the expected value. For any ¢ > 0,

P (’ Z0(s)  E[Z0(s)]

nd, nd,

> e/2> < 2e P, (2.5.5)

Convergence of the expected value to the cycle-free case. For
any € > 0 and n > 2%, we have a.s.

’%;@] G

(8)| <e/2. (2.5.6)

Concentration around the cycle-free case. For any ¢ > 0 and

Z(f)(s)
P S
<‘ ndv

—pO(s)

> 5) < e Pn, (2.5.7)

More explicitly, the above statements hold for
d2
8 (4dy (N)2 + (N{)2)

B = /B(dw dc;@ =

)

and )
¥ &y (dy, de, 0) = (NS)? + (% 'N§£)> :

Proof. See Appendix 2.C. O

The concentration results in Theorem 2.5.4 extend the results in [36]
from binary-input output-symmetric memoryless channels to ISI chan-
nels. One can particularize the above expression for 5 to memoryless
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channels by setting W = 0 and I = 0. Since the proof of Theorem 2.5.4
uses exact expressions for e(g) and Ng ), one would expect a tighter
bound as compared to ﬁ = 544421 d?* given in [36]. As an example,
for (dy,d.,?) = (3,4,10), one gets an improvement by a factor of about
1 million. However, even with this improvement, the required size of n
according to our proof can be absurdly large. This is because the proof
is very pessimistic in the sense that it assumes that any change in an
edge or the decoder’s input introduces an error in every message it af-
fects. This is especially pessimistic if a large ¢ is considered, because
the neighborhood grows with ¢, so each message is a function of many
edges and received output symbols from the channel.

The same concentration phenomena that are established above for
regular LDPC code ensembles can be extended to irregular LDPC
code ensembles as well. In the special case of memoryless binary-
input output-symmetric (MBIOS) channels, the following theorem was
proved by Richardson and Urbanke in [13, pp. 487-490], based on the
Azuma-Hoeffding inequality (we use here the same notation for LDPC
code ensembles as in the preceding subsection):

Theorem 2.5.5. Let C, a code chosen uniformly at random from the en-
semble LDPC(n, A, p), be used for transmission over an MBIOS channel
characterized by its L-density aypios. Assume that the decoder per-
forms [ iterations of message-passing decoding, and let P, (C, amBros, ()
denote the resulting bit error probability. Then, for every § > 0, there
exists an a = a(\, p,0,1) > 0 where a = a(\, p,9,1) is independent of
the block length n, such that

P (|Pb(C, amB10s, 1) — ELppc () [P (C, ambios, )] > 5) < exp(—an).

This theorem asserts that the performance of all codes, except for a
fraction which is exponentially small in the block length n, is, with high
probability, arbitrarily close to the ensemble average. Therefore, as-
suming a sufficiently large block length, the ensemble average is a good
indicator for the performance of individual codes, and it is therefore
reasonable to focus on the design and analysis of capacity-approaching
ensembles (via the density evolution technique). This forms a central
result in the theory of codes defined on graphs and iterative decoding
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algorithms.

2.5.4 On the concentration of the conditional entropy for LDPC
code ensembles

A large-deviation analysis of the conditional entropy for random en-
sembles of LDPC codes was introduced by Méasson, Montanari and
Urbanke in [102, Theorem 4] and [30, Theorem 1]. The following the-
orem is proved in [102, Appendix I] based on the Azuma—Hoeffding
inequality (although here we rephrase it to consider small deviations of
order y/n instead of large deviations of order n):

Theorem 2.5.6. Let C be chosen uniformly at random from the ensem-
ble LDPC(n, A, p). Assume that the transmission of the code C takes
place over an MBIOS channel. Let H(X|Y) denote the conditional en-
tropy of the transmitted codeword X given the received sequence Y
from the channel. Then, for any & > 0,

P(|H(X|Y) — Erppogp) [H(XIY)]| 2 € v/n) < 2exp(~BE?)

where B £ 2(dmax+11)2(1_ Ra)’ d®* is the maximal check-node degree,

and Ry is the design rate of the ensemble.

In this section, we revisit the proof of Theorem 2.5.6, originally
given in [102, Appendix I}, in order to derive a tightened version of this
bound. To that end, let G be a bipartite graph that represents a code
chosen uniformly at random from the ensemble LDPC(n, A, p). Define
the RV

7 = Hg(X|Y),

i.e., the conditional entropy when the transmission takes place
over an MBIOS channel with transition probabilities Pyx(y[x) =
[Ii1 Py x (yilwi), where (by output symmetry) pyx(y[l) =
py|x(—¥[0). Fix an arbitrary order for the m = n(l — Rq) parity-
check nodes, where Ry is the design rate of the LDPC code ensemble.
Let {Ft}t€{0’17...7m} form a filtration of o-algebras o C F; C ... C Fp,
where F; (for t =0,1,...,m) is the o-algebra generated by all the sub-
sets of m X n parity-check matrices that are characterized by the pair
of degree distributions (, p), and whose first ¢ parity-check equations
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are fixed (for ¢ = 0 nothing is fixed, and therefore Fy = {), 2} where
() denotes the empty set, and Q is the whole sample space of m x n bi-
nary parity-check matrices that are characterized by the pair of degree
distributions (}, p)). Accordingly, based on Fact 2 in Section 2.1, let us
define the following martingale sequence:

Zt:E[Z|.Ft] tE{O,l,...,m}.

By construction, Zy = E[Hg(X]|Y)] is the expected value of the con-
ditional entropy with respect to the LDPC code ensemble, and Z,, is
the RV that is equal a.s. to the conditional entropy of the particular
code from the ensemble. Similarly to [102, Appendix I], we obtain up-
per bounds on the differences |Z;11 — Z;| and then rely on Azuma’s
inequality in Theorem 2.2.2.

Without loss of generality, we can order the parity-check nodes by
increasing degree, as done in [102, Appendix I|. Let r = (r1,72,...) be
the set of parity-check degrees in ascending order, and I'; be the fraction
of parity-check nodes of degree i. Hence, the first m; = n(1 — Rq)I'),
parity-check nodes are of degree ri, the successive mg = n(1 — Rq)T'y,
parity-check nodes are of degree ry, and so on. The (¢ + 1)th parity-
check will therefore have a well-defined degree, which we denote by r.
From the proof in [102, Appendix I,

| Zer1 = Zi| < (r+1) Hg(X[Y) (2.5.8)

where Hg(X|Y) is a RV equal to the conditional entropy of a parity-
bit X = X;, ®...® X;, (ie, X is equal to the modulo-2 sum of
some 7 bits in the codeword X) given the received sequence Y at the
channel output. The proof in [102, Appendix I] was then completed by
upper-bounding the parity-check degree r by the maximal parity-check
degree d?'**, and also by upper-bounding the conditional entropy of
the parity-bit X by 1. This gives

Zyp1 — Zy| <d™ +1 t=0,1,....,m—1 (2.5.9)

which, together with Azuma’s inequality, completes the proof of The-
orem 2.5.6. Note that the d;’s in Theorem 2.2.2 are equal to dZ** + 1,
and n in Theorem 2.2.2 is replaced with the length m = n(1 — Ry)
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of the martingale sequence {Z;} (that is equal to the number of the
parity-check nodes in the graph).

We will now present a refined proof that departs from the one in
[102, Appendix I] in two respects:

e The first difference is related to the upper bound on the condi-
tional entropy Hg(X|Y) in (2.5.8), where X is the modulo-2 sum
of some r bits of the transmitted codeword X given the channel
output Y. Instead of taking the most trivial upper bound that is
equal to 1, as was done in [102, Appendix I], we derive a simple
upper bound that depends on the parity-check degree r and the
channel capacity C' (see Proposition 2.2).

e The second difference is minor, but it proves to be helpful for
tightening the concentration inequality for LDPC code ensem-
bles that are not right-regular (i.e., the case where the degrees
of the parity-check nodes are not fixed to a certain value). In-
stead of upper-bounding the term r + 1 on the right-hand side of
(2.5.8) with d*®* + 1, we propose to leave it as is, since Azuma’s
inequality applies to the case when the bounded differences of
the martingale sequence are not fixed (see Theorem 2.2.2), and
since the number of the parity-check nodes of degree r is equal to
n(l — Rq)T';. The effect of this simple modification will be shown
in Example 2.7.

The following upper bound is related to the first item above:

Proposition 2.2. Let G be a bipartite graph which corresponds to a
binary linear block code used for transmission over an MBIOS channel.
Let X and Y designate the transmitted codeword and received sequence
at the channel output. Let X = X;, @...® X;, be a parity-bit of some
r code bits of X. Then, the conditional entropy of X given Y satisfies

H(X[Y) < hs <1 _20%> . (2.5.10)

Furthermore, for a binary symmetric channel (BSC) or a binary erasure



52 The Martingale Approach

channel (BEC), this bound can be improved to

H(X[Y) < hs (1_ [1_2h§1(1_0)r> (2.5.11)
and
Hg(X|Y)<1-C" (2.5.12)

respectively, where hy Lin (2.5.11) denotes the inverse of the binary
entropy function to base 2.

Note that if the MBIOS channel is perfect (i.e., its capacity is C' = 1
bit per channel use), then (2.5.10) holds with equality (where both sides
of (2.5.10) are zero), whereas the trivial upper bound is 1.

Proof. Since conditioning reduces entropy, we have H (X Y) <
H(X|Y;,...,Y;). Note that Y;,, ..., Y;, are the channel outputs corre-
sponding to the channel inputs Xj,, ... X;, , where these r bits are used
to calculate the parity-bit X. Hence, by combining the last inequality
with [97, Eq. (17) and Appendix I], we can show that

HX[Y)<1- 2112 kz::l k(éi"{l) (2.5.13)
where (see [97, Eq. (19)])
gp 2 /OOO a()(1 + %) tanh?* (é) dl, VkeN (2.5.14)

and a(-) denotes the symmetric pdf of the log-likelihood ratio at the
output of the MBIOS channel, given that the channel input is equal to
zero. From [97, Lemmas 4 and 5], it follows that

g >CF VEkeN.

Substituting this inequality in (2.5.13) gives

HX|Y) < 1- f:

— Iy <1 ok (2.5.15)

|
)
—
=
)
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where the last equality follows from the power series expansion of the
binary entropy function:

1 & (1—2x)%
=1- <z<l1. 2.5.1
ha(@) 21112;1 Rok—1) V=TS (25.16)

This proves the result in (2.5.10).
The tightened bound on the conditional entropy for the BSC is
obtained from (2.5.13) and the equality

gr = (1— 205 (1 —C)*, VEkeN
that holds for the BSC (see [97, Eq. (97)]). This replaces C' on the
right-hand side of (2.5.15) with (1 —2h; (1 — C’))z, thus leading to the
tightened bound in (2.5.11).
The tightened result for the BEC follows from (2.5.13) where, from
(2.5.14),

g.=C, VkeN

(see [97, Appendix II]). Substituting gi into the right-hand side of

(2.5.13) gives (2.5.11) (note that > =, m = 21In 2). This completes

the proof of Proposition 2.2. O

From Proposition 2.2 and (2.5.8), we get

1-C3
|Zt+1—Zt|§(r—|—1)h2< 5 ) (2.5.17)

where the two improvements for the BSC and BEC are obtained by
replacing the second term, ha(-), on the right-hand side of (2.5.17)
by (2.5.11) and (2.5.12), respectively. This improves upon the earlier
bound of (df** 4 1) in [102, Appendix I]. From (2.5.17) and Theo-
rem 2.2.2, we obtain the following tightened version of the concentra-
tion inequality in Theorem 2.5.6:

Theorem 2.5.7. Let C be chosen uniformly at random from the ensem-
ble LDPC(n, A, p). Assume that the transmission of the code C takes
place over a memoryless binary-input output-symmetric (MBIOS)
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channel. Let H(X]|Y) designate the conditional entropy of the transmit-
ted codeword X given the received sequence Y at the channel output.
Then, for every £ > 0,

P(|H(X|Y) — ELppc( [H(X[Y)]| > &v/n) < 2exp(—BE?),

(2.5.18)
where
B2 . L o (2.5.19)
21— Ra) Y {(z’+1)2n~ [hz (1_202>} }
=1

d®* is the maximal check-node degree, R4 is the design rate of the
ensemble, and C' is the channel capacity (in bits per channel use).
Furthermore, for a binary symmetric channel (BSC) or a binary erasure
channel (BEC), the parameter B on the right-hand side of (2.5.18) can
be improved (i.e., increased), respectively, to

Bgsc £ dmax 1 ; . 2h_l 1— OV 2
2(1_Rd);{(i+1)2ri {h2< —- > (1-0) )} }
and
A 1
Bepe = dmex . (2.5.20)
21— Ra) Y- {(i+ 1?1 (1-C)?}

i=1

Remark 2.9. By inspection of (2.5.19), we see that Theorem 2.5.7 in-
deed yields a stronger concentration inequality than the one in Theo-
rem 2.5.6.

Remark 2.10. In the limit where C' — 1 bit per channel use, it follows
from (2.5.19) that, if d™* < oo, then B — oo. This is in contrast
to the value of B in Theorem 2.5.6, which does not depend on the
channel capacity and is finite. Note that B should indeed be infinity
for a perfect channel, and therefore Theorem 2.5.7 is tight in this case.
Moreover, in the case where d'** is not finite, we prove the following:
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Lemma 2.5.8. If d* = oo and p'(1) < oo, then B — oo in the limit
where C' — 1.

Proof. See Appendix 2.D. O

This is in contrast to the value of B in Theorem 2.5.6, which van-
ishes when d'** = oo, and therefore Theorem 2.5.6 is not informative
in this case (see Example 2.7).

Example 2.6 (Comparison of Theorems 2.5.6 and 2.5.7 for right-regular
LDPC code ensembles). Let us examine the improvement resulting from
the tighter bounds in Theorem 2.5.7 for right-regular LDPC code en-
sembles. Consider the case where the communication takes place over
a binary-input additive white Gaussian noise channel (BIAWGNC) or
a BEC. Let us consider the (2,20) regular LDPC code ensemble whose
design rate is equal to 0.900 bits per channel use. For a BEC, the thresh-
old of the channel bit erasure probability under belief-propagation (BP)
decoding is given by
x

I(lof:H T 12 A=a)o 0.0531,

which corresponds to a channel capacity of C' = 0.9469 bits per channel
use. For the BIAWGNC, the threshold under BP decoding is equal to
opp = 0.4156590. From [13, Example 4.38] that expresses the capacity
of the BIAWGNC in terms of the standard deviation o of the Gaussian
noise, the minimum capacity of a BIAWGNC over which it is possible

pBp = 1
Te

to communicate with vanishing bit error probability under BP decoding
is C' = 0.9685 bits per channel use. Accordingly, let us assume that, for
reliable communications over both channels, the capacity of the BEC
and BIAWGNC is set to 0.98 bits per channel use.

Since the considered code ensemble is right-regular (i.e., the parity-
check degree is fixed to d. = 20), the value of B in Theorem 2.5.7 is
improved by a factor of

1

(]

This implies that the inequality in Theorem 2.5.7 is satisfied with a
block length that is 5.134 times shorter than the block length which

= 5.134.
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corresponds to Theorem 2.5.6. For the BEC, the result is improved by
a factor of 1

—— =9.051

(1 — Cde)
due to the tightened value of B in (2.5.20) as compared to Theo-
rem 2.5.6.

Example 2.7 (Comparison of Theorems 2.5.6 and 2.5.7 for a heavy-tail
Poisson distribution (Tornado codes)). In this example, we compare The-
orems 2.5.6 and 2.5.7 for Tornado codes. This capacity-achieving se-
quence for the BEC refers to the heavy-tail Poisson distribution, and it
was introduced in [35, Section IV], [103] (see also [13, Problem 3.20]).
We rely in the following on the analysis in [97, Appendix VI].

Suppose that we wish to design Tornado code ensembles that
achieve a fraction 1—¢ of the capacity of a BEC under iterative message-
passing decoding (where € can be set arbitrarily small). Let p denote
the bit erasure probability of the channel. The parity-check degree is
Poisson-distributed, and therefore the maximal degree of the parity-
check nodes is infinity. Hence, B = 0 according to Theorem 2.5.6,
which renders this theorem useless for the considered code ensemble.
On the other hand, from Theorem 2.5.7,

iNT2
Z(z’ +1)°T; [hz <1 _ZOQN (g) Z(i +1)%1;
() i pili +2)
- 1
/ p(x) dx
0
)+3)davg +1

) dan + 1

+1

<o

(
(L )davm

PA2
O o <1og (é))

(1
X (

(e)
<

where:
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e inequality (a) holds since the binary entropy function to base 2
is bounded between zero and one;

e equality (b) holds since

L
Fi: 1 ! 5
/p(x)da:
0

where I'; and p; denote the fraction of parity-check nodes and
the fraction of edges that are connected to parity-check nodes of
degree i respectively (and also since >, I'; = 1);

e equality (c) holds since

1
de’® = —4—,
/ p(z)dx
0
where d2V8 denotes the average parity-check node degree;
e equality (d) holds since X' (0) = \y;

e inequality (e) is due to the stability condition for the BEC (where
pN'(0)p'(1) < 1 is a necessary condition for reliable communica-
tion on the BEC under BP decoding); and finally

e cquality (f) follows from the analysis in [97, Appendix VI] (an
upper bound on )\, is derived in [97, Eq. (120)], and the average
parity-check node degree scales like log %)

Hence, from the above chain of inequalities and (2.5.19), it follows
that, for a small gap to capacity, the parameter B in Theorem 2.5.7

scales (at least) like
1
O—-<|-
(10g2(%)>

Theorem 2.5.7 is therefore useful for the analysis of this LDPC code
ensemble. As is shown above, the parameter B in (2.5.19) tends to zero
rather slowly as we let the fractional gap € tend to zero (which therefore
demonstrates a rather fast concentration in Theorem 2.5.7).
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Example 2.8. Here, we continue with the setting of Example 2.6 on
the (n,dy, d.) regular LDPC code ensemble, where d, = 2 and d, = 20.
With the setting of this example, Theorem 2.5.6 gives

P([H(X[Y) = ELppc(nag HX[Y)]| > €vn)
< 2exp(—0.0113€%), V&> 0. (2.5.21)

As was mentioned already in Example 2.6, the exponential inequalities
in Theorem 2.5.7 achieve an improvement in the exponent of Theo-
rem 2.5.6 by factors 5.134 and 9.051 for the BIAWGNC and BEC,
respectively. One therefore obtains from the concentration inequalities
in Theorem 2.5.7 that, for every & > 0,

P(|H(X|Y) = ELppcmap) [H(X[Y)]| > &vn)
) { 2exp(—0.0580¢2),  (BIAWGNC)

(2.5.22)
2exp(—0.1023¢2),  (BEQ)

2.5.5 Expansion in random regular bipartite graphs

Azuma’s inequality is useful for analyzing the expansion properties of
random bipartite graphs. The following theorem was originally proved
by Sipser and Spielman [37, Theorem 25], but we state it here in a more
precise form that captures the relation between the deviation from the
expected value and the exponential convergence rate of the resulting
probability:

Theorem 2.5.9. Let G be chosen uniformly at random from the regular
ensemble LDPC(n, z'~1, 2"1). Let a € (0,1) and § > 0 be fixed. Then,
with probability at least 1 —exp(—dn), all sets of an variables in G have
a number of neighbors that is at least

n lw — /2l (h(a) +6)

where h is the binary entropy function to the natural base (i.e., h(z) =
—zIn(z) — (1 —2)In(1 — z) for z € [0, 1]).

(2.5.23)

Proof. The proof starts by looking at the expected number of neigh-
bors, and then exposing one neighbor at a time to bound the probability
that the number of neighbors deviates significantly from this mean.
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Note that the expected number of neighbors of an variable nodes

is equal to
nl(l—(1-a)")
r

since, for each of the ”71 check nodes, the probability that it has at least
one edge in the subset of na chosen variable nodes is 1 — (1 — «)". Let
us form a martingale sequence to estimate, via Azuma’s inequality, the
probability that the actual number of neighbors deviates by a certain

amount from this expected value.

Let V denote the set of na nodes. This set has nal outgoing edges.
Let us reveal the destination of each of these edges one at a time. More
precisely, let S; be the RV denoting the check-node socket which the i-th
edge is connected to, where i € {1,...,nal}. Let X(G) be a RV which
denotes the number of neighbors of a chosen set of na variable nodes in
a bipartite graph G from the ensemble, and define for i € {0,...,nal}

X; = E[X(G)|S1,...,Si_1].

Note that it is a martingale sequence where Xy = E[X (G)] and X,,o; =
X(G). Also, for every i € {1,...,nal}, we have | X; — X;_1] < 1 since
every time only one check-node socket is revealed, so the number of
neighbors of the chosen set of variable nodes cannot change by more
than 1 at every single time. Thus, by the one-sided Azuma’s inequality
in Section 2.2.2,

2

P(E[X(g)] - X(9) > A\/M) < exp (-%) , YA>o0.

Since there are (nrjl) choices for the set V, the event that there exists
a set of size na whose number of neighbors is less than E[X(G)] —
AVlan occurs with probability at most (") exp(—)‘;), by the union
bound. Since (n"a) < ") we get the loosened bound that is equal to

exp(nh(a)— ’\72) Finally, choosing A = y/2n(h(a) 4 §) gives the bound

in (2.5.23). O

2.5.6 Concentration of the crest factor for OFDM signals

Orthogonal-frequency-division-multiplexing (OFDM) is a modulation
scheme that converts a high-rate data stream into a number of steams
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that are transmitted over parallel narrow-band channels. OFDM is
widely used in several international standards for digital audio and
video broadcasting, and for wireless local area networks. For a textbook
treatment of OFDM, see, e.g., [104, Chapter 19]. One of the problems
of OFDM signals is that the peak amplitude of the signal can be signif-
icantly higher than the average amplitude; for a recent comprehensive
tutorial that considers the problem of the high peak-to-average power
ratio (PAPR) of OFDM signals and some related issues, the reader is
referred to [105]. The high PAPR of OFDM signals makes their trans-
mission sensitive to non-linear devices in the communication path, such
as digital-to-analog converters, mixers and high-power amplifiers. As a
result of this drawback, the symbol error rate the power efficiency of
OFDM signals are reduced as compared to single-carrier systems.

Given an n-length codeword {X; ;’:_01, a single OFDM baseband
symbol is described by

1l j 2mit
H=—Y X, , 0<t<T. 2.5.24
s(t) ﬁg exp(*75—), 0 (2.5.24)

Let’s assume that Xy, ..., X,,_; are complex RVs, and that a.s. | X;| =
1 (these RVs should not be necessarily independent). Since the sub-
carriers are orthonormal over [0, 7], the signal power over the interval
[0,T]is 1 a.s.:

%/OT |s(t)dt = 1. (2.5.25)

The crest factor (CF) of the signal s, composed of n sub-carriers, is
defined as

A

CF,(s) = ax, |s(t)]. (2.5.26)
Commonly, the impact of nonlinearities is described by the distribution
of the CF of the transmitted signal [106], but its calculation involves
time-consuming simulations even for a small number of sub-carriers.
From [107, Section 4] and [108], it follows that the CF scales with high
probability like v/Inn for large n. In [106, Theorem 3 and Corollary 5],
a concentration inequality was derived for the CF of OFDM signals. It
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states that, for an arbitrary ¢ > 2.5,

clnlnn 1
IP’(‘CFH(S) —Vinn| < ﬁ) —1- o(W)

Remark 2.11. The analysis used to derive this rather strong concentra-
tion inequality (see [106, Appendix C]) requires some assumptions on
the distribution of the X;’s (see the two conditions in [106, Theorem 3]
followed by [106, Corollary 5]). These requirements are not needed in
the following analysis, and the derivation of concentration inequalities
that are introduced in this subsection is much simpler and provides
some insight into the problem, although the resulting concentration
result is weaker than the one in [106, Theorem 3].

In the following, Azuma’s inequality and a refined version of this
inequality are considered under the assumption that {X; ;L:_& are inde-
pendent complex-valued random variables with magnitude 1, attaining
the M points of an M-ary PSK constellation with equal probability.
The following comparison of concentration inequalities for the crest
factor of OFDM signals is based on the work in [109].

Concentration of the crest factor via Azuma’s inequality
Let us define the RVs
Y;' :E[CFH(SHX(),...,XZ'_l], 2:0,,TL (2527)

Based on a standard construction of martingales, {Y;, F;}i is a mar-
tingale, where F; is the o-algebra generated by the first ¢ symbols
(Xo0,...,Xi—1) in (2.5.24). Hence, Fy C F; C ... C F, is a filtration.
This martingale also has bounded jumps:
¥~ Vil < % ie{l,....n}

since revealing the additional ith coordinate X; affects the CF, as de-
fined in (2.5.26), by at most % (see the first part of Appendix 2.E).
It therefore follows from Azuma’s inequality that, for every a > 0,

a2
P(|CF,(s) — E[CF,(s)]] > a) < 2exp <—§> , (2.5.28)
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which demonstrates concentration around the expected value.

Concentration of the crest-factor via Proposition 2.1

We will now use Proposition 2.1 to derive an improved concentration
result. For the martingale sequence {Y;}7 in (2.5.27), Appendix 2.E
gives that a.s.

2
[¥i = Yin| < == E[(Yi = Yi 1) Fia] <
for every ¢ € {1,...,n}. Note that the conditioning on the o-algebra
Fi_1 is equivalent to conditioning on the symbols Xg,..., X; o, and
there is no conditioning for ¢ = 1. Further, let Z; = \/nY; for 0 <i < n.
Proposition 2.1 therefore implies that, for an arbitrary a > 0,

(2.5.29)

S

P(|CFy(s) — E[CFp(s)]] = @) = P(|Yn — Yo| > @)
=P(|Zy — Zo| = av/n)

< 2exp <—O‘£ (1+ O(%)) (2.5.30)

(since § = ¢ and v = 3 in the setting of Proposition 2.1). Note that the
exponent in the last inequality is doubled as compared to the bound
that was obtained in (2.5.28) via Azuma’s inequality, and the term

that scales like O(ﬁ) on the right-hand side of (2.5.30) is expressed

explicitly for finite n (see the proof of Proposition 2.1.

A concentration inequality via Talagrand’s method

In his seminal paper [7], Talagrand introduced another approach
for proving concentration inequalities in product spaces. It forms a
powerful probabilistic tool for establishing concentration results for
coordinate-wise Lipschitz functions of independent random variables
(see, e.g., [81, Section 2.4.2], [6, Section 4] and [7]). We will now demon-
strate the use of this approach by deriving a concentration result for
the crest factor around its median and an upper bound on the distance
between the median and the expected value. We start by listing the



2.5. Applications of the martingale approach in information theory 63

definitions needed to introduce a special form of Talagrand’s inequali-
ties:

Definition 2.2 (Hamming distance). Let x,y be two n-length vectors.
The Hamming distance between x and y is the number of coordinates
where x and y disagree, i.e.,

n
i=1
where 1{.} stands for the indicator function.

Definition 2.3 (Weighted Hamming distance). Let a = (ai,...,a,) €
R% (i.e., a is a non-negative vector) satisfy the normalization condition
lla||?> = 3>%_;(a;)? = 1. Then, define

da(%,y) £ ailgy, 2y
=1

Hence, dy(x,y) = v/ndy(x,y) for a = (ﬁ, e ﬁ)
The following is a special form of Talagrand’s inequalities ([1], [6,
Chapter 4] and [7]):

Theorem 2.5.10 (Talagrand’s inequality). Let X = (X1,...,X,) be a
vector of independent random variables, where, for each k € {1,...,n},
X, takes values in a set Ay, and let A £ [Ti-q Ak. Let f: A - R
satisfy the condition that, for every x € A, there exists a non-negative,
normalized n-length vector a = a(x), such that

f(x) < f(y) +oda(x,y), VyeA (2.5.31)

for some fixed value o > 0. Then, for every a > 0,
2
P(|f(X) —m| > a) < dexp <-§7> (2.5.32)

where m is any median® of f(X) (i.e., P(f(X) <m) > 5 and P(f(X) >
m) > 1). The same conclusion in (2.5.32) holds if the condition in
(2.5.31) is replaced by

fly) < f(x)+ody(x,y), Vye€A. (2.5.33)

4Unlike the mean, a median is not necessarily unique.
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We are now in a position to use Talagrand’s inequality to prove
a concentration inequality for the crest factor of OFDM signals. As
before, let us assume that Xg,Yp,...,X,_1,Y,_1 are ii.d. bounded
complex RVs, and also assume for simplicity that |X;| = |Y;| = 1. Note
that

OgtaSXT\ s(t; Xo, ..., Xn-1)| — Olgtag);l s(t; Y0, ..., Yoo1)]
< £ X0, Xno1) — s(t: Yo, ..., Yo
_01%1%}%|8(7 0, s An l) S(a 0, y4dn 1)|

1 nd jomit
= Va o | LK Ye ()

1 n—1
<— > |Xi—Y

n -

i=0

9 n—1
<—= ) Iix,2v,

\/HZ:O { 7é }
=2d,(X,Y)

where

a® (% s %) (2.5.34)

is a nonnegative unit vector in R™ (note that a in this case is indepen-

dent of x). Hence, Talagrand’s inequality in Theorem 2.5.10 implies
that, for every a > 0,

2
P(|CFp(s) — mn| > @) < dexp <—C1“—6> , (2.5.35)
where m,, is the median of the crest factor for OFDM signals that
are composed of n sub-carriers. This inequality demonstrates the con-
centration of the CF around its median. As a simple consequence of
(2.5.35), we obtain the following result:

Corollary 2.5.11. The median and expected value of the crest factor
differ by at most a constant, independently of the number of sub-
carriers n.
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Proof. By the concentration inequality in (2.5.35),
[E[CFn(s)] — mp| < E|CFy(s) — my]
= / P(|CF,,(s) — my| > @) da
0

< /Ooo4exp(—i[—2) da
— 87
O

Remark 2.12. This result applies in general to an arbitrary function f
satisfying the condition in (2.5.31), where Talagrand’s inequality in
(2.5.32) implies that (see, e.g., [6, Lemma 4.6])

E[f(X)] —m| < 40\/7.

Establishing concentration via McDiarmid’s inequality

Finally, we use McDiarmid’s inequality (Theorem 2.2.3) in order to
prove a concentration inequality for the crest factor of OFDM signals.
To this end, let us define

U = Hla<XT}S(t;X0, e 7Xi—17Xz'7 ce ,Xn_1)|

7= ma<XT|3(t; X0,y Xi_ 1, Xy, X))

where  the two  vectors (Xp,...,X;-1,Xi,...,Xp—1) and
(Xo,..., X! 1, Xi,...,Xp—1) may only differ in their i-th coordi-
nate. This then implies that

— < X0, o, X1, Xy oo, X
|U V|_Or£ta§XT‘S(t7 05 s AAg—15 g, s AAn 1)

—S(t;Xo, ey 7{—17X7L7 N ,Xn_1)|
_ 1 4 , j2mit
= iy | (s = X e (P
_ |X2—1 Xz{—1| < l
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where the last inequality holds since |X;_1| = |X/_;| = 1. Hence, Mc-
Diarmid’s inequality in Theorem 2.2.3 implies that, for every a > 0,

C¥2
P(|CF,(s) — E[CF,(s)]] > ) < 2exp(—7) (2.5.36)

which demonstrates concentration of the CF around its expected value.
By comparing (2.5.35) with (2.5.36), it follows that McDiarmid’s in-
equality provides an improvement in the exponent. The improvement
of McDiarmid’s inequality is by a factor of 4 in the exponent as com-
pared to Azuma’s inequality, and by a factor of 2 as compared to the
refined version of Azuma’s inequality in Proposition 2.1. As we will see
later in Chapter 3, there are deep connections between McDiarmid’s
inequality and the concentration of Lipschitz functions of many inde-
pendent random variables around their means (or medians), where the
Lipschitz property is with respect to a weighted Hamming distance of
the type introduced earlier in Definition 2.3.

To conclude, four concentration inequalities for the crest factor
(CF) of OFDM signals have been derived above under the assumption
that the symbols are independent. The first two concentration inequal-
ities rely on variants of Azuma’s inequality, while the last two bounds
are based on Talagrand’s and McDiarmid’s inequalities. Although these
concentration results are weaker than some existing results from the lit-
erature (see [106] and [108]), they establish concentration in a rather
simple way and provide some additional insight to the problem. Mc-
Diarmid’s inequality improves the exponent of Azuma’s inequality by
a factor of 4, and the exponent of the refined version of Azuma’s in-
equality from Proposition 2.1 by a factor of 2. Note, however, that
Proposition 2.1 may, in general, be tighter than McDiarmid’s inequal-
ity (if v < % in the setting of Proposition 2.1). It also follows from
Talagrand’s method that the median and expected value of the CF dif-
fer by at most a constant, independently of the number of sub-carriers.

2.5.7 Random coding theorems via martingale inequalities

In the following section, we establish new error exponents and achiev-
able rates of random coding, for channels with and without memory,
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under maximum-likelihood (ML) decoding. The analysis relies on ex-
ponential inequalities for martingales with bounded jumps. The char-
acteristics of these coding theorems are exemplified in special cases of
interest that include non-linear channels. The material in this section
is based on [40], [41] and [42].

Random coding theorems are concerned with the average error
probability of an ensemble of codebooks as a function of the code rate
R, the block length N, and the channel statistics. It is assumed that the
codewords are chosen randomly, possibly subject to some constraints,
and the codebook is known to the encoder and decoder.

Nonlinear effects, which degrade the quality of the information
transmission, are typically encountered in wireless communication sys-
tems and optical fibers. In satellite communication systems, the am-
plifiers located onboard satellites typically operate at or near the sat-
uration region in order to conserve energy. Saturation nonlinearities
of amplifiers introduce nonlinear distortion in the transmitted signals.
Similarly, power amplifiers in mobile terminals are designed to operate
in a nonlinear region in order to obtain high power efficiency in mobile
cellular communications. Gigabit optical-fiber communication channels
typically exhibit linear and nonlinear distortion as a result of non-ideal
transmitter, fiber, receiver and optical amplifier components. Nonlinear
communication channels can be represented by Volterra models [110,
Chapter 14]. Significant degradation in performance may result in the
mismatched regime. However, in the following, it is assumed that both
the transmitter and the receiver know the exact probability law of the
channel.

Channel Model

Before we proceed to the performance analysis, the channel model is
presented in the following (see Figure 2.3). We refer in the following
to a discrete-time channel model of nonlinear Volterra channels where
the input-output channel model is given by

yi = [Du]; + v; (2.5.37)
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where ¢ is the time index. Volterra’s operator D of order L and memory
q is given by

L q q
[DU]Z = ho + Z Z . Z hj(’il, . ,ij)ui_il o Ui (2538)
j=lii=0  i;=0

and v is an additive Gaussian noise vector with i.i.d. components
v; ~ N(0,02). The real-valued functions h; in (2.5.38) form the kernels
of the system. Such system models are used in the baseband represen-
tation of nonlinear narrowband communication channels. Note that a
linear time-invariant (LTT) channel is a special case of (2.5.37) and
(2.5.38) with L = 1 and ¢ = 0, and in this case, the kernel is the
impulse response of the channel.

Gaussian noise
v

|

Volterra
" Operator D @ Y

Figure 2.3: The discrete-time Volterra non-linear channel model in Egs. (2.5.37)
and (2.5.38) where the channel input and output are {U;} and {Y;}, respectively,
and the additive noise samples {v;}, which are added to the distorted signal, are
i.i.d. with zero mean and variance o2.

Martingale inequalities

We start by writing down explicitly some martingale inequalities that
will be needed later on:

The first martingale inequality that will be used in the following
is given in (2.3.6). It was used earlier in this chapter to prove the
refinement of the Azuma—Hoeffding inequality in Theorem 2.3.1; here,
we state it as a standalone theorem:

Theorem 2.5.12. Let {X, F;}}_,, for some n € N, be a real-valued
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martingale with bounded jumps. Let
&2 Xy — X1, VEe{l,...,n}

designate the jumps of the martingale. Assume that, for some constants
d,o > 0, the conditions

& <d, var(&|Fp_1) < o?

2

hold almost surely (a.s.) for every k € {1,...,n}. Let v £ %. Then,

for every t > 0,
n e—'ytd_i_,yetd n
E|ex (t )] < (et
oS —

The second martingale inequality that we will need is similar to
[111, Theorem 3|, except for removing the assumption that the mar-
tingale is conditionally symmetric. It leads to the following theorem:

Theorem 2.5.13. Let { X}, Fi.}}_, for some n € N, be a discrete-time,
real-valued martingale with bounded jumps. Let

gkéXk_Xk—lv VkE{l,,n}

and let m € N be an even number, d > 0 be a positive number, and
{1} 5 be a sequence of numbers such that

gk < d7
E[(&) | Froa] <, VI€{2,...,m}
holds a.s. for every k € {1,...,n}. Furthermore, let

v
wéjf, Vie{2,...,m).

Then, for every t > 0,
E[exp (t Z fkﬂ
m— 1
t
( + Z ’Yl
=2

d) + (! —1— td)) .
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Achievable rates under ML decoding

The goal of this subsection is to derive achievable rates in the random
coding setting under ML decoding. We first review briefly the analysis
in [41] for the derivation of the upper bound on the ML decoding error
probability. After the first stage of this analysis, we proceed by improv-
ing the resulting error exponents and their corresponding achievable
rates via the application of the martingale inequalities in the previous
subsection.

Consider an ensemble of block codes C of length N and rate R.
Let C € C be a codebook in the ensemble. The number of codewords
in Cis M = [exp(NR)]. The codewords of a codebook C are assumed
to be independent, and the symbols in each codeword are assumed to
be i.i.d. with an arbitrary probability distribution P. An ML decoding
error occurs if, given the transmitted message m and the received vector
y, there exists another message m’ # m such that

[y = Duy|l2 < [[y = Dug]fs.
The union bound for an AWGN channel with noise variance o2 gives

Pani@)= 5 12 D)

i 20,

where @) is the complementary Gaussian cdf (see (2.2.16)). Using the
inequality Q(z) < % exp(—%g) for z > 0 and also ignoring the factor
of one-half in the bound of @), we obtain the loosened bound

_ 12
o) 3 1D~ D)

2
v, 8oz

Let us introduce a new parameter p € [0,1], and write
p|[Du,,, — Du,y||3
Pe|m(c) < Z eXp <_ H m8 2 = H2> '
m Ty

Note that, at this stage, the introduction of the additional parameter
p is useless as its optimal value is popt = 1. The average ML decoding
error probability over the code ensemble therefore satisfies

5 p|[Dun — Duyy|f3
Py, <E —
elm = |: Z exp ( 80’3 )

m'#m
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and the average ML decoding error probability over the code ensemble
and the transmitted message satisfies

_ Du — Du 2
P.<(M—-1)E lexp (—Wﬂ , (2.5.39)

where the expectation is taken over two randomly chosen codewords
u and u that are independent and whose symbols are i.i.d. with a
probability distribution P.

Consider a filtration Fog C F; C ... C Fy where the o-algebra F;
is given by

Fi 20Uy, Un,...,U,U;), Vie{l,...,N} (2.5.40)
for two randomly selected codewords u = (uj,...,uy), and U =
(t1,...,uy) from the codebook; in other words, F; is the minimal

o-algebra generated by the first i coordinates of these two codewords,
and let Fy 2 {0, Q} be the trivial o-algebra. Consequently, let us define
a discrete-time martingale { Xy, Fj 1, by

Xy, =E[||Du - Da|f} | 7| (2.5.41)

which designates the conditional expectation of the squared Euclidean
distance between the distorted codewords Du and Du given the first
1 coordinates of the two codewords u and u. The first and last entries
of this martingale sequence are, respectively, equal to

Xo =E||[Du-Dil[3], Xy =||Du- Dil}3. (2.5.42)

Following earlier notation, let &, £ X — X;_; be the jumps of the
martingale. Then, we have

N
> & = X — Xo = || Du— Dil}} - E[|[ Du - D}
k=1

and the substitution of the last equality into (2.5.39) gives that

B pE[||Du — Du|f3] Py
P, < exp(NR) exp (— = ) E [exp <—@ .kglﬁk )
(2.5.43)
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Since the codewords are independent and their symbols are i.i.d., it
follows that

E||Du - D3 =

hWE

E[([Dul) — [Diiy)’]

B
Il

1

var ([Du]k — [Dﬁ]k)

-

N
=2 var ([Du])
k=1
qg—1 N
=2 > var([Duly) + > var ([Du]k)) .
k=1 k=q

Due to the channel model (see Eq. (2.5.38)) and the assumption that
the symbols {u;} are i.i.d., it follows that var ([Du]y) is fixed for k =
q,...,N.If we let Dy(P) designate this common value of the variance
(i.e., Dy(P) = var ([Du]y) for k > q), then

q—1
E||Du — Di|f3 = 2 (Z var ([Duli) + (N — g+ I)DV(P)) )
k=1

Furthermore, define the quantity

which is a bounded constant under the assumption that ||u||. < K <
400 holds a.s. for some K > 0, and it is independent of the block
length N. This therefore implies that the ML decoding error probability
satisfies

P, < C,(P) exp {—N(%E%P) - R)}

N
x E lexp <8%g : k; Z,f)] . Vpelo1] (2.5.44)

where Z, £ —&, so {Zy,, F} is a martingale difference sequence that
corresponds to the jumps of the martingale {—Xp, Fi}. From (2.5.41),
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it follows that the martingale difference sequence {Zy, Fj} is given by

Z = X1 — Xy,
= E[||Du — Dul|3| Fe—1] — E[[|Du — Da|f3 | Fi]. (2.5.45)

We will now improve upon the bounds on achievable rates and error
exponents from [41] by appealing to the two martingale inequalities
presented earlier. More specifically, we obtain two exponential upper
bounds (in terms of N) on the last term on the right-hand side of
(2.5.44).

Let us assume that the essential supremum of the channel input is
finite a.s. (i.e., ||u||oo is bounded a.s.). Based on the upper bound on
the ML decoding error probability in (2.5.44), combined with Theo-
rems 2.5.12 and 2.5.13, we obtain the following bounds:

1. First Bounding Technique: From Theorem 2.5.12, if the inequal-
ities
Z, <d, var(Zy|Fi_1) < o?

hold a.s. for every k > 1, and v £ ‘;—;, then it follows from
(2.5.44) that, for every p € [0, 1],

P, < C,(P) exp {—N(M R)}

402
et
1472

Therefore, the maximal achievable rate that follows from this
bound is given by

Dy(P)
R 2 2 P Ly
) g e { 25
pvzd pd
exp + y2exp (£
—In () (&) (2.5.46)
1+

where the double maximization is performed over the input distri-
bution P and the parameter p € [0,1]. The inner maximization in
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(2.5.46) can be expressed in closed form, leading to the following
simplified expression:
72 )
T4z )7

2D, (P)
( (25 + )

it Dy(P) < et G o )

i) =g (25}
Dy(P) exp (—%) + 9 exp (%)
—1In
402 I o ,
otherwise
(2.5.47)
where

Dllg) 2 pin (§)+(1—p) In G;_Z) . Vpge(0,1) (2548)

denotes the relative entropy (or information divergence) between
Bernoulli(p) and Bernoulli(g) measures.

. Second Bounding Technique: Based on the combination of Theo-
rem 2.5.13 and Eq. (2.5.44), we can derive another bound on the
achievable rate for random coding under ML decoding. Referring
to the martingale-difference sequence {Zj, Fi. }&_, in Egs. (2.5.40)
and (2.5.45), we can see from Eq. (2.5.44) that, if for some even
number m € N, the inequalities

Z <d, E[(Zk)l |]:I<:—1] < i, Vie {2,. .. ,m}

hold a.s. for some positive constant d > 0 and a sequence {1 };",,
and

’Ylég VZE{Z,...,m},
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75

then the average error probability satisfies, for every p € [0, 1],

P, < C,(P) exp {—N(%ép) = R)}

X

=2

LSS am (! pdy | _ pd
L \ge) Tom exp(8a§)_ T 802

i

This gives the following achievable rate, for an arbitrary even

number m € N,

m—1
Rz(ag) £ max max {M —In <1+ Z w < pd
=2

P pel0,1] 402 I!

2
80z

:

pd d
seZ 1L ) 2.5.4
+’ym(e = )} (2.5.49)

where, similarly to (2.5.46), the double maximization in (2.5.49)

is performed over the input distribution P and the parameter

p€[0,1].

Achievable rates for random coding under ML decoding

In the following, we particularize the above results on the achievable

rates for random coding to various linear and non-linear channels (with

and without memory). In order to assess the tightness of the bounds,
we start with a simple example where the mutual information for the

given input distribution is known, so that its gap can be estimated
(since we use the union bound, it would have been worth comparing

the achievable rate with the cutoff rate).

1. Binary-Input AWGN Channel: Consider the case of a binary-

input AWGN channel

Yy = U + v,

where U; = £ A for some constant A > 0 is a binary input, and
v; ~ N(0,02%) is an additive Gaussian noise with zero mean and
variance o2. Since the codewords U = (Uy,...,Uy) and U =
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(U1, ...,Uy) are independent and their symbols are i.i.d., let
P(U, = A)=P(U, = A) = o,
PU,=-A)=PU,=-A)=1—a

for some « € [0,1]. Since the channel is memoryless and the all
the symbols are i.i.d., from (2.5.40) and (2.5.45) one gets

Z, = E[|[U = U} | Fi_1] — E[|U — U | ]

k—1 _ N _
= | > (U; = U;)* + Y _E[U; - Uj)?]
j=1 =k
k _ N _
- DU -U)*+ > E[U; - Uj)?
Jj=1 j=k+1

= E[(Us - Uy)?] = (Us - Uy)?
= a1 — a)(—24)% + a1 — a)(24) — (U, — Up,)?
= 8a(1l — ) A% — (U, — Up)2
Hence, for every k,
7 < 8a(l —a)A* 2 d. (2.5.50)
Furthermore, for every k,l € N, due to the above properties
E[(Z)' | Fi-1]
=E((Z)']
= E[(Sa(l —a)A? — (U, - ﬁk)Q)l}
= [1—20(1 — )] (8a(l — @) A%)’
+20(1 — a) (8a(1 — a) A2 — 442)’
2 (2.5.51)
and therefore, from (2.5.50) and (2.5.51), for every [ € N

14 (1) (Lﬂ_a))l_ll .

21— 20(1 - a)] 20(1 — @)
(2.5.52)

=7
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Let us now apply the two bounds on the achievable rates for
random coding in Egs. (2.5.47) and (2.5.49) to the binary-input
AWGN channel. Due to the channel symmetry, the considered
input distribution is symmetric (i.e., « = 3 and P = (3,1)). In
this case, we obtain from (2.5.50) and (2.5.52) that
Dy(P) =var(Uy) = A%, d=24A%  ~ = %‘1)1 VieN.

(2.5.53)
We start with the first bounding technique that leads to
Eq. (2.5.47). Since the first condition in this equation cannot
hold for the set of parameters in (2.5.53), the achievable rate in
this equation is equal to

2 2
Ri(0?) = ng - lncosh(%)
in units of nats per channel use. Let SNR £ %2 designate the
signal-to-noise ratio; then the first achievable rate takes the form
SNR L (SN_R)

R{(SNR) = Ve In cos (2.5.54)

It should be pointed out that the optimal value of p in (2.5.47)
is equal to 1 (i.e., p* =1).

Now let us compare it with the achievable rate that follows from
(2.5.49). Let m € N be an even number. Since, from (2.5.53),
~; = 1 for all even values of [ € N and ~; = 0 for all odd values of
[ € N, it follows that
m—1 l
Y= Ym [ pd pd pd )
1 — — ) —-1-
* g 1 (8012,) + I <eXp(8al2,) 802

v

m_q
2 1 d 2041
=12 @i (&)
=1 ! O'V
pd pd
+ <exp(803) —1- 803) . (2.5.55)

. . . m_q 204+1 .
Since the infinite sum 72 m (é;"—dg) is monotonically

increasing with m (where m is even and p € [0,1]), from (2.5.49)
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we see that the best achievable rate within this form is obtained
in the limit where m is even and m — oco. In this asymptotic
case, one gets

!
Y= Ym [ pd
ggg3<1+-§: (&)
pd pd
+ Ym (eXp(8—03) —1- 803))

[e's) 2[+1
(a) pd pd pd)
= = PRy o2
2 G 2l+1 <Sag> * (eXp(Sag) 802

E pd pd pd
B (Smhga2 8(;3)*(“"(@)—1‘8—03)

< cosh pd ) (2.5.56)

where equality (a) follows from (2.5.55), equality (b) holds since
sinh(z) = >°72, 212:1) for x € R, and equality (c) holds since
sinh(z) + cosh(x ) = exp(x). Therefore, the achievable rate in

(2.5.49) gives (from (2.5.53) = A—Q)

’ 802 402

2y _ pA® pA*
Ry(o;) = plél[%ﬁ} ( 102 —1In cosh(4 3)

Since the function f(x) £ z — Incosh(z) for x € R is mono-
tonically increasing (note that f’(z) = 1 — tanh(xz) > 0), the
optimal value of p € [0,1] is equal to 1, and therefore the best
achievable rate that follows from the second bounding technique
in Eq. (2.5.49) is equal to

A? A?
2y
Rs(0;) = 102 lncosh(402)
in units of nats per channel use, and it is obtained in the asymp-
totic case where we let the even number m tend to infinity. Fi-
nally, setting SNR = 2 , gives the achievable rate in (2.5.54), s
the first and second achievable rates for the binary-input AWGN
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channel coincide, i.e.,
SNR SNR
R} (SNR) = R,(SNR) = " In cosh <T) . (2.5.57)

Note that this common rate tends to zero as we let the SNR tend
to zero, and it tends to In2 nats per channel use (i.e., 1 bit per
channel use) as we let the SNR tend to infinity.

In order to exemplify the tightness of the achievable random-
coding rate in (2.5.57), we compare it with the symmetric i.i.d.
mutual information of the binary-input AWGN channel. The mu-
tual information for this channel (in units of nats per channel use)
is given by (see, e.g., [13, Example 4.38 on p. 194])

C(SNR)

=1In2+ (2SNR — 1) Q(vVSNR) —

2SNR exp(—?)

s

-3

=1

{Z((Z_i)l) ~exp(2i(i + 1) SNR) Q((1 + 2i) VSNR)}

(2.5.58)

where Q(-) is, again, the complementary Gaussian cdf, see
Eq. (2.2.16). Furthermore, this infinite series exhibits fast con-
vergence — the absolute value of its nth remainder is bounded
by the (n + 1)st term of the series which scales like n% (due to a
basic theorem on infinite series of the form »°, cn(—1)" a,, where
{a,} is a positive and monotonically decreasing sequence; the the-
orem states that the nth remainder of the series is upper bounded
in absolute value by a;41).

The comparison between the mutual information of the binary-
input AWGN channel with a symmetric i.i.d. input distribution
and the common achievable rate in (2.5.57) that follows from the
martingale approach is shown in Figure 2.4.

From this discussion, we see that the first and second bounding
techniques in Section 2.5.7 lead to the same achievable rate (see
(2.5.57)) in the setting of random coding and ML decoding where
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0.7

o o N o o
N w > 2l o
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~
N
N
\
L L L L L

Achievable rates (nats per channel use)

o
[
T
I

SNR = A% ¢

Figure 2.4: A comparison between the symmetric i.i.d. mutual information of the
binary-input AWGN channel (solid line) and the common achievable rate in (2.5.57)
(dashed line) that follows from the martingale approach in this subsection.

we assume a symmetric input distribution (i.e., P(+A) = ). But
this is due to the fact that, from (2.5.53), the sequence {7;};>2 is
equal to zero for odd values of [ and it is equal to 1 for even values
of [ (see the derivation of (2.5.55) and (2.5.56)). Note, however,
that the second bounding technique may provide tighter bounds
than the first one (which follows from Bennett’s inequality) due
to the knowledge of {~;} for I > 2.

. Nonlinear Channels with Memory — Third-Order Volterra Chan-

nels: Consider the following input-output channel model shown in
Figure 2.3: Consider the channel model in (2.5.37) and (2.5.38),
and let us assume that the transmission of information takes place
over a Volterra system D; of order L = 3 and memory ¢ = 2,
whose kernels are depicted in Table 2.1. Due to complexity of the
channel model, the calculation of the achievable rates provided
earlier in this subsection requires numerical calculation of the pa-
rameters d and o2, and thus of o, for the martingale {Z;, F; }I¥.,.
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Table 2.1: Kernels of the 3rd order Volterra system D; with memory 2

| kernel || hl(O) | hl(l) | h1(2) || hg(0,0) | hg(l,l) | hQ(O,l) |
[ value || 10 | 05 | -08 [ 10 [ -03 | 06 |

[ kernel [[ h3(0,0,0) [ hs(1,1,1) | h3(0,0,1) | hs(0,1,1) ]
| value || 1.0 | —0.5 | 1.2 | 0.8 |

[ kernel [[ h3(0,1,2) |
[ value || 0.6 |

In order to achieve this goal, we have to calculate |Z; — Z;_1|
and var(Z;|F;—1) for all possible combinations of the input sam-
ples which contribute to the aforementioned expressions. Thus,
the complexity of calculating d and ~; increases as the system’s
memory ¢ increases. Numerical results are provided in Figure 2.5
for the case where 02 = 1. The new achievable rates Ry (D1, A, 02)
and Rg) (D1, A, 03), which depend on the channel input parame-
ter A, are compared to the achievable rate provided in [41, Fig. 2]
and are shown to be larger than the latter.

02 ‘ o

0.15¢

Achievablerates in nats per channel use

0.1}
Rp(Dl,A,a"z,) —_
0.05} , RP(D1,A,02) oo
Ra(D1,A,02) oo

0 02 04 06 08 1 12 14 16 18 2

Figure 2.5: Comparison of the achievable rates in this subsection Ri(D1, A, o2)
and RéQ)(Dl,A,U,%) (where m = 2) with the bound R, (D1, A,02) of [41, Fig.2] for
the nonlinear channel with kernels depicted in Table 2.1 and noise variance o, = 1.
Rates are expressed in nats per channel use.

To conclude, improvements of the achievable rates in the low SNR
regime are expected to be obtained via existing refinements of Bennett’s
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inequality (see [112] and [113]), combined with a possible tightening of
the union bound under ML decoding (see, e.g., [114]).

2.6 Summary

This chapter deals with several classical concentration inequalities for
discrete-parameter martingales with uniformly bounded jumps, and it
considers some of their applications in information theory and related
topics. The first part was focused on the derivation of these inequali-
ties, followed by a short discussion of their relations to some selected
classical results in probability theory. The second part of this work fo-
cused on applications of these martingale inequalities in the context
of information theory, communication, and coding theory. A recent in-
teresting avenue that follows from the martingale-based inequalities
that are introduced in this chapter is their generalization to random
matrices (see, e.g., [15] and [16]).

2.A Proof of Bennett’s inequality

The inequality is trivial if A = 0, so we only prove it for A > 0. Let
Y £ A(X —7) for A > 0. Then, by assumption, Y < A\(b — T) £ by
a.s. and var(Y) < \202 £ g2, Tt is therefore required to show that, if
E[Y] =0, Y < by, and var(Y) < 0%, then

E[e¥] < <i> e‘:_% + <i> e (2.A.1)

b2 + 0¥ b2 + o}

~

2
Let Yy be a random variable that takes two possible values —% and
by with probabilities

Plyvy— V) % ]P>(Y—b)—i (2.A.2)
7 Ty ) T B 402 CT TR e

Then inequality (2.A.1) is equivalent to
E[e¥] < E[e¥?], (2.A.3)

which is what we will prove.
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To that end, let ¢ be the unique parabola so that the function
fly) £ oly) —¢’, VyeR

2
is zero at y = by, and has f(y) = f'(y) =0 at y = —Z—){. Since ¢ is
constant, f”(y) = 0 at exactly one value of y, say, yo. Furthermore, since
2
f(=7) = f(by) (both are equal to zero), we must have f'(y) = 0 for

by

some y; € (—%, by ). By the same argument applied to f’ on [—%, y1],
it follows that yy € (—%,yl). The function f is convex on (—oo,yo]
(since, on this interval, f”(y) = ¢"(y) —e¥ > ¢"(y) — ¥ = ¢"(yo) —
e’ = f’(yp) = 0), and its minimal value on this interval is attained
at y = —% (since at this point f’ is zero). Furthermore, f is concave
on [yg,00) and it attains its maximal value on this interval at y = y;.
This implies that f > 0 on the interval (—oo,by], so E[f(Y)] > 0 for
any random variable Y such that Y < by a.s., which therefore gives

E[e"] <E[g(Y)],

with equality if P(Y € {—%,by}) = 1. Since f"(y) > 0 for y < yo, it
must be the case that ¢”(y) —e¥ = f"(y) > 0, so ¢"(0) = ¢"(y) > 0
(recall that ¢” is constant since ¢ is a parabola). Hence, for any random
variable Y of zero mean, E[f(Y)], which only depends on E[Y?], is a
non-decreasing function of E[Y?]. The random variable Y; that takes

2
values in {—Z—;’, by }, and whose distribution is given in (2.A.2), is of

zero mean and variance E[Y§#] = 0%, so

Elp(Y)] < E[p(Y0)].

Note also that
E[$(Y0)] = E[e™?]

2
since f(y) =0 (ie., ¢(y) = eY) if y = —% or by, and Yj only takes
these two values. Combining the last two inequalities with the last
equality gives inequality (2.A.3), which therefore completes the proof
of Bennett’s inequality.
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2.B On the moderate deviations principle in Section 2.4.2

Here we show that, in contrast to Azuma’s inequality, Theorem 2.3.1
provides an upper bound on

P <‘ ixi
=1

which coincides with the exact asymptotic limit in (2.4.4) under an
extra assumption that there exists some constant d > 0 such that
| Xk| < d a.s. for every k € N. Let us define the martingale sequence
{Sk, Fi}1—, where

zom”), Va>0

k
SkEY Xi, Fp2o(Xi,...,Xp)
i=1
for every k € {1,...,n} with Sy = 0 and Fy = {0, F}. This martingale
sequence has uniformly bounded jumps: |S; — Sk_1| = |Xk| < d a.s. for
every k € {1,...,n}. Hence it follows from Azuma’s inequality that,
for every a > 0,

2. 2n—1
P (|Sn] > an”) < 2exp (—%)

and therefore
. 1-2 o?
lim " InP(|S,] > an”) < 5 (2.B.1)
This differs from the limit in (2.4.4) where o2 is replaced by d2, so
Azuma’s inequality does not provide the asymptotic limit in (2.4.4)

(unless 02 = d?, i.e., | X;| = d a.s. for every k).

2.C Proof of Theorem 2.5.4

From the triangle inequality, we have

P<|Z(f)(§) _p(l)(§) >€> g]P)(

nd,
+P (’E[Zn(;)(ﬁ)] _p(é)(ﬁ)

Z9(s)  E[Z9(s)]

>5/2>

> s/2> . (2.C.1)

ndy ndy
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If inequality (2.5.6) holds a.s., then P (‘%‘@ —p(e)(§)‘ > 5/2) = 0;
therefore, using (2.C.1), we deduce that (2.5.7) follows from (2.5.5) and
(2.5.6) for any € > 0 and n > 2?7 We start by proving (2.5.5). For an
arbitrary sequence s, the random variable Z®) (s) denotes the number
of incorrect variable-to-check node messages among all nd, variable-to-
check node messages passed in the fth iteration for a particular graph
G and decoder-input Y. Let us form a martingale by first exposing the
nd, edges of the graph one by one, and then exposing the n received
symbols Y; one by one. Let a denote the sequence of the nd, variable-
to-check node edges of the graph, followed by the sequence of the n
received symbols at the channel output. For i = 0,...n(dy + 1), let the
RV Z; 2 E[ZY(s)|ay, ...a;] be defined as the conditional expectation of
ZO)(s) given the first i elements of the sequence a. Note that it forms a
martingale sequence (see Fact 2 in Section 2.1), where Zy = E[Z)(s)]
and Zn(dv—i-l) =2z (s). Hence, getting an upper bound on the sequence
of differences |Z-+1 — Z\ will enable us to apply the Azuma—Hoeffding
inequality to prove concentration around the expected value 20. To this
end, let’s consider the effect of exposing an edge of the graph. Consider
two graphs G and G whose edges are identical except for an exchange
of an endpoint of two edges. A variable-to-check message is affected
by this change if at least one of these edges is included in its directed
neighborhood of depth /.

Consider a neighborhood of depth ¢ of a variable-to-check node
message. Since at each level the graph expands by a factor a = (dy, —
1+ 2Wd,)(d. — 1), then there are a total of

(-1

N =1+de(dy — 1+ 2Wd,) Y o

i=0
edges related to the code structure (variable-to-check node edges or vice
versa) in the neighborhood /\/f. By symmetry, the two edges can affect
at most ZNg) neighborhoods (alternatively, we could directly sum the
number of variable-to-check node edges in a neighborhood of a variable-
to-check node edge and in a neighborhood of a check-to-variable node
edge). The change in the number of incorrect variable-to-check node
messages is bounded by the extreme case, where each change in the
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neighborhood of a message introduces an error. In a similar manner,
when we reveal a received output symbol, the variable-to-check node
messages whose directed neighborhood includes that channel input can
be affected. We consider a neighborhood of depth £ of a received output
symbol. By counting, it can be shown that this neighborhood includes

/-1
N =W +1)d, Yo
1=0

variable-to-check node edges. Therefore, a change of a received out-
put symbol can affect up to Ng ) variable-to-check node messages. We
conclude that |Z¢+1 — Z| < QNE(E) for the first nd, exposures, and
|Z-+1 — Z| < Ng) for the last n exposures. Applying the Azuma—
Hoeffding inequality, we get

p< 70(s) E[z%ﬂ‘ . )

2

ndy ndy

(ndye/2)*
(e o)

< 2exp

and a comparison of this concentration inequality with (2.5.5) gives
that

1 8 (4d (N2 4 (N2
5= ( > Y ) (2.C.2)

Next, proving inequality (2.5.6) relies on concepts from [36] and [99].
Let E[ZZ-(Z) (s)] (i € {1,...,ndy}) be the expected number of incorrect
messages passed along edge el after ¢ rounds, where the average is with

respect to all realizations of graphs and all output symbols from the
channel. Then, by symmetry in the graph construction and by linearity
of expectation, it follows that
E[ZO0(s)]) = > E[Z(s)] = ndE[Z]" (s)]. (2.0.3)
1€[ndy]
By the law of total probability,
E[Z;"(s)]

= E[Z{é) (s) |/\/’e££) is a tree] Pt(é) + E[Z{é) (s) |/\/’e££) not a tree] Pz(z).
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As shown in Theorem 2.5.3, PEM) < %, where v is a pos-
itive constant independent of n. Furthermore, we have
E[ng) (s) | neighborhood is a tree] = p)(s), so

=
N
—_—~
=
—
|
=
AN

(1— Pz(f))p(é)@) n Pz(z) < pO(s) + Pz(z)

E[z{"(s) > (1-RP)pO(s)>pO(s) - PO (2.C.4)

Using (2.C.3), (2.C.4) and wa) < I gives that

E[ZY)(s)]

— () < PO < T
ndy pHs)| < t T n

Hence, if n > 2—;—, then (2.5.6) holds.

Analysis related to Theorem 2.3.1

The analysis here is a slight modification of the analysis in the proof
of Proposition 2.1, with the required adaptation of the calculations for
n e (%, 1). It follows from Theorem 2.3.1 that, for every o > 0,

P(|Sn| > an') < 2exp (—"D((Sfjmﬁﬂ

where 7 is introduced in (2.3.2), and §,, in (2.3.17) is replaced with

6 2 %” = on~(=m (2.C.5)

due to the definition of ¢ in (2.3.2). Following the same analysis as in
the proof of Proposition 2.1, it follows that for every n € N

2,,2n—1 _
]P)(‘Sn‘ > anﬁ) < 2exp <—5 T;’)/ |:]. + % . n_(l—n) + .. :|>

and therefore (since, from (2.3.2), % = g‘—;)

2
. 1-2 a
Jim " InP(|S,| > an") < ~5.9" (2.C.6)
Hence, this upper bound coincides with the exact asymptotic result in
(2.4.4).
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2.D Proof of Lemma 2.5.8

In order to prove Lemma 2.5.8, one needs to show that, if p/(1) < oo,
then

0o i 2
Jim ;(z’ +1)%1; [hg (1 _202 )] =0 (2.D.1)

which then yields from (2.5.19) that B — oo in the limit where C' — 1.
By the assumption in Lemma 2.5.8, if p/(1) < oo, then > 72, ip; <
0o, and therefore it follows from the Cauchy—Schwarz inequality that

> 1
> 0.
; Zz 1 Zpl

Hence, the average degree of the parity-check nodes is finite:

1
lel.

davg

< 0.

The infinite sum 372, (i + 1)2T'; converges under the above assumption
since

Zz—i—l I —Zﬂr +2er +Zr
i=1 .
= 28 <Zz’pi+2> +1 < o0,

i=1

where the last equality holds since

£i i
fe b (#), vien
/ p(x)dz !
0
The infinite series in (2.D.1) therefore converges uniformly for C' €
[0,1], so the order of the limit and the infinite sum can be exchanged.
Every term of the infinite series in (2.D.1) converges to zero in the limit

C — 1, hence the limit in (2.D.1) is zero. This completes the proof of
Lemma 2.5.8.
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2.E Proof of the properties in (2.5.29) for OFDM signals

Consider an OFDM signal from Section 2.5.6. The sequence in (2.5.27)
is a martingale. From (2.5.26), for every i € {0,...,n},

Y = E{Ongatag)%IS(t; Xoy .- - ,Xn_1)\‘ Xoy - - aXz'—l}-

The conditional expectation for the RV Y;_; refers to the case where
only Xo,...,X;—o are revealed. Let X/ ; and X;_; be indepen-
dent copies, which are also independent of Xg, ..., X; o, X;, ..., X5_1.
Then, for every 1 <i <n,

Yi1= E{01<n?<T|8(ta X07 SRR 7{—17Xi7 s >Xn—1)‘ ’ X07 s aXi—Q}

= E{Oréltaé}%}s(ta XOa cee 7X7{—17X2'7 cee aXn—l)} ‘ XOa cee 7Xi—27Xi—1} .

Since |[E(Z)| < E(]Z]), then for i € {1,...,n}
Yi =Yia| <Ex; | xi.x. “U -V ‘ Xo, ... aXi—l} (2.E.1)
where
A . . .
U= 01%1%><T|3(t, X0y oy Xic1, Xy oo, Xpm1)|

Ve Olg%yS(t;Xo, X XL X )]

From (2.5.24)
|U - V| < OI<H?<)§W|S(2€, X07 s aXi—lyXb s aXn—l)

— S(t;Xo,. .. ,XZ{_I,XZ',. .. ,Xn_1)|

B 1 ‘ , j2mit
T osier v ‘(Xz_l - &) eXp( )
_ [Xiz1 = Xi 4| (2.E.2)

By assumption, | X;_1| = |X]_;| = 1, and therefore a.s.

2
Xi1—X <2 Y, - Y| < —.
| 1 z—l|— :>‘ l‘_\/ﬁ
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We now obtain an upper bound on the conditional variance
var(Y; | Fio1) = E[(Y; — Yi_1)?| Fi_1]. Since (E(2))° < E(Z?) for a
real-valued RV Z, from (2.E.1), (2.E.2) and the tower property for
conditional expectations it follows that

1
E[(Y; = Yi1)® [Fia] < — Exy_ [1Xio1 = X | Fid]

where F;_1 is the o-algebra generated by Xj,...,X; 2. Due to sym-
metry in the PSK constellation, and also due to the independence of
Xi—1, X/ in Xo,..., X;_2, we have

1
E[(Y: = Vi) | Fia] < ~E[1 X = X[ [ Xo, -, Xio]
1
= CE[1Xi - Xi 41
1 in
= EE“Xz'—l - X[ P X = 6“}
M—1
1 im o j@inm |2
- M — M
i ;) e e
4 M I 2
= — sz(w_) = —.
nM = M n
The last equality holds since
- M—1
(L) _1 2l
; sin (M) =3 2 (1—COS(M))
M1 M—1
_ =z j2lm /M
5 5 Re{ g e }
M1 1—e¥™ \ M
T T\ it T o
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The Entropy Method, Logarithmic Sobolev
Inequalities, and Transportation-Cost Inequalities

This chapter introduces the entropy method for deriving concentra-
tion inequalities for functions of a large number of independent ran-
dom variables, and exhibits its multiple connections to information
theory. The chapter is divided into four parts. Sections 3.1-3.3 intro-
duce the basic ingredients of the entropy method and closely related
topics, such as logarithmic Sobolev inequalities. These topics underlie
the so-called functional approach to deriving concentration inequali-
ties. Section 3.4 is devoted to a related viewpoint based on proba-
bility in metric spaces. This viewpoint centers around the so-called
transportation-cost inequalities, which have been introduced into the
study of concentration by Marton. Section 3.5 gives a brief summary
of some results on concentration for dependent random variables, em-
phasizing the connections to information-theoretic ideas. Section 3.6
lists several applications of concentration inequalities and the entropy
method to problems in information theory, including strong converses
for several source and channel coding problems, empirical distributions
of good channel codes with non-vanishing error probability, and an
information-theoretic converse for concentration of measure.
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3.1 The main ingredients of the entropy method

As a reminder, we are interested in the following question. Let
Xi1,...,X,, be n independent random variables, each taking values
in a set X. Given a function f: X" — R, we would like to find
tight upper bounds on the deviation probabilities for the random vari-
able U = f(X™"), i.e., we wish to bound from above the probability
P([U — EU| > r) for each r > 0. Of course, if U has finite variance,
then Chebyshev’s inequality already gives

var(U)
2

P(U-EU|>r) < , Vr>0. (3.1.1)

However, in many instances a bound like (3.1.1) is not nearly as tight
as one would like, so ideally we aim for Gaussian-type bounds

P(JU —EU| >r) < Kexp (—m“z) , Vr>0 (3.1.2)

for some constants K,k > 0. Whenever such a bound is available, K
is typically a small constant (usually, K = 2), while x depends on the
sensitivity of the function f to variations in its arguments.

In the preceding chapter, we have demonstrated the martingale
method for deriving Gaussian concentration bounds of the form (3.1.2),
such as the inequalities of Azuma (Theorem 2.2.2) and McDiarmid
(Theorem 2.2.3). In this chapter, our focus is on the so-called “entropy
method,” an information-theoretic technique that has become increas-
ingly popular starting with the work of Ledoux [43] (see also [3]). In
the following, we will always assume (unless specified otherwise) that
the function f: X™ — R and the probability distribution P of X™ are
such that

o U = f(X") has zero mean: EU = Ef(X™) =0
e U is exponentially integrable:
Elexp(AU)] = E [exp (A\f(X™))] < oo, VAeR  (3.1.3)
[another way of writing this is exp(\f) € L}(P) for all A € R].

In a nutshell, the entropy method has three basic ingredients:
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. The Chernoff bounding technique — using Markov’s in-

equality, the problem of bounding the deviation probability
P([U — EU| > r) is reduced to the analysis of the logarithmic
moment-generating function A(\) £ In E[exp(AU)], A € R. (This
is also the starting point of the martingale approach, see Chap-
ter 2.)

. The Herbst argument — the function A(\) is related through

a simple first-order differential equation to the relative entropy
(information divergence) D(PX)||P), where P = Pxn is the
probability distribution of X™ and PX) is the tilted probability
distribution defined by

AP exp(Af)
AP Elexp(Af)]

=exp (Af — A(N)). (3.1.4)

If the function f and the probability distribution P are such that

A C)\2
D(PY)|P) < - (3.1.5)
for some ¢ > 0, then the Gaussian bound (3.1.2) holds with K = 2
and £ = . The standard way to establish (3.1.5) is through the

so-called logarithmic Sobolev inequalities.

. Tensorization of the entropy — with few exceptions, it is

rather difficult to derive a bound like (3.1.5) directly. Instead,
one typically takes a divide-and-conquer approach: Using the fact
that Pxn is a product distribution (by the assumed independence
of the X;’s), the divergence D(P)||P) is bounded from above by
a sum of “one-dimensional” (or “local”) conditional divergence'
terms

(Af)
D (PXZ_I ).

Px,

P)(-é.f)), i=1,...,n (3.1.6)

'Recall the usual definition of the conditional divergence:

D(Pyy||Qvu|Pv) & /PU(du)D(PV\U:uHQV\U:u)'
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where, for each i, X' € A""! denotes the (n — 1)-tuple ob-
tained from X" by removing the ith coordinate, ie., X' =
(X1,..., X1, Xi41,-..,X,). Despite their formidable appear-
ance, the conditional divergences in (3.1.6) are easier to handle
because, for each given realization X’ = z*, the ith such term
involves a single-variable function fi(-|z!): X — R defined by

fiylz) = f(x1,...,Ti-1,Y, Tiz1, ..., Ty) and the corresponding
tilted distribution P)(()‘f)— .__;, where
i‘XZ—Il
(\f) _;
APy xize  exp (Mfi(|2Y)

vzt e Xm0 (3.1.7)

dPx,  Elexp (Mi(X;]79)]’
In fact, from (3.1.4) and (3.1.7), it is easy to see that the condi-
tional distribution P s nothing but the tilted distribution

. Xil)_(i:fz
P)(g\if i) Thig simple observation translates into the following:
If the function f and the probability distribution P = Pxn are
such that there exist constants ci,...,c, > 0 so that
Ci)\

2 .
,Vie{l,...,n},z* € X" (3.1.8)

(AMfi(l2%)
() <
then (3.1.5) holds with ¢ = >~ ; ¢; (to be shown explicitly later),
which in turn gives the bound

P(If(X") —Ef(X")| > 1) < 2exp oy ) G19)

for all » > 0. Again, one would typically use logarithmic Sobolev
inequalities to verify (3.1.8). Conceptually, the tensorization step
is similar to “single-letter” techniques common in information
theory.

In the remainder of this section, we shall elaborate on these three in-
gredients. Logarithimic Sobolev inequalities and their applications to
concentration bounds are described in detail in Sections 3.2 and 3.3.

3.1.1 The Chernoff technique revisited

We start by recalling the Chernoff technique (see Section 2.2.1), which
reduces the problem of bounding the deviation probability P(U > r)
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to the analysis of the logarithmic moment-generating function A(\) =
In E[exp(A\U)]:

P(U > r) < exp (A(A) - )\r), YA > 0.

The following properties of A(A) will be useful later on:

e A(0)=0

e Because of the exponential integrability of U [cf. (3.1.3)], A(\) is

infinitely differentiable, and one can interchange derivative and
expectation. In particular,

1y E[Uexp(AU)]

A= oo

v E[U2exp(\U)]  (E[Uexp(\U)]\?
AN = Fepn0) _( Efexp(A0)] ) (3.1.10)

Since we have assumed that EU = 0, we have A’(0) = 0 and
A"(0) = var(U).

e Since A(0) = A'(0) = 0, we get

lim —~ = 0. (3.1.11)

3.1.2 The Herbst argument

The second ingredient of the entropy method consists in relating the
logarithmic moment-generating function to a certain relative entropy.
The underlying technique is often referred to as the Herbst argument

because its basic idea had been described in an unpublished 1975 letter
from I. Herbst to L. Gross (the first explicit mention of this letter
appears in a paper by Davies and Simon [115]).

Given any function g: X" — R which is exponentially integrable

with respect to P, i.e., Elexp(g(X™))] < oo, let us denote by P the
g-tilting of P:

dP®)  exp(g)
dP  Elexp(g)]’
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Then

dP@ dP@
_/n dP ln( dP )dp

_ Elgexp(g)] InElexp(g)].

Elexp(g)]

In particular, if we let g = tf for some t # 0, then

D(P)|P) = %—Tﬁgﬂ — InEfexp(tf)]

=tN(t) — A(t)

— t?% (@) , (3.1.12)

where in the second line we have used (3.1.10). Integrating from ¢ = 0
to t = X\ and using (3.1.11), we get

A = A/OA ww. (3.1.13)

Combining (3.1.13) with (2.2.2), we have proved the following;:

Proposition 3.1. Let U = f(X™") be a zero-mean random variable that
is exponentially integrable. Then, for any r > 0,

A (tf)
P(U >r) <exp <)\/ Wdt - AT) , VA >0. (3.1.14)
0

Thus, we have reduced the problem of bounding the deviation prob-
abilities P(U > r) to the problem of bounding the relative entropies
D(P)|| P). In particular, we have

Corollary 3.1.1. Suppose that the function f and the probability dis-
tribution P of X" are such that
ct?

D(P®||P) < - V>0 (3.1.15)
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for some constant ¢ > 0. Then

2
P(U > ) < exp <—%> V>0 (3.1.16)

Proof. Using (3.1.15) to upper-bound the integrand on the right-hand
side of (3.1.14), we get

)\2
P(U >r) <exp <07 - Ar) , VA > 0. (3.1.17)

Optimizing over A > 0 to get the tightest bound gives A = %, and its
substitution in (3.1.17) gives the bound in (3.1.16). O

3.1.3 Tensorization of the (relative) entropy

The relative entropy D(P/)||P) involves two probability measures on
the Cartesian product space X", so bounding this quantity directly is
generally very difficult. This is where the third ingredient of the entropy
method, the so-called tensorization step, comes in. The name “ten-
sorization" reflects the fact that this step involves bounding D (P || P)
by a sum of “one-dimensional” relative entropy terms, each involving
a conditional distribution of one of the variables given the rest. The
tensorization step hinges on the following simple bound:

Proposition 3.2. Let P and ) be two probability measures on the
product space X", where P is a product measure. For any ¢ €
{1,...,n}, let X* denote the (n—1)-tuple (X1,...,X;i—1, Xiy1,...,Xp)
obtained by removing X; from X™. Then

Px,

D(QIIP) <) D(Qx, x| Px.|Qx:)- (3.1.18)
i=1

Proof. From the relative entropy chain rule

3

D(Q||P) =) _ D(Qx, xi-1 || Px,xi—1|Qxi-1)
—1

-
Il

D(Qx;, | xi-1 || Px, | Qxi-1) (3.1.19)

|

=1
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where the last equality holds since Xi,...,X,, are independent ran-
dom variables under P (which implies that Py, xi-1 = Px, 3 = Px;).
Furthermore, for every i € {1,...,n},
D(Qy, xilPx:|Q@x:) — D(Qx, xi-1[|Px,|Qxi-1)
dQx;, d@Q x| xi—1
—Eo |In —242° | _m, |Ip 22
Q [n dPy, Q1M T apy,
=Eg |In ——————
N [ d@Qx; xi—1
Hence, by combining (3.1.19) and (3.1.20), we get the inequality in
(3.1.18). O

Remark 3.1. The quantity on the right-hand side of (3.1.18) is actually
the so-called erasure divergence D~ (Q||P) between @ and P (see [116,
Definition 4]), which in the case of arbitrary @) and P is defined by

n

D=(Q|P) £ > D(Qx, x| Px, xilQx). (3.1.21)
i=1
Because in the inequality (3.1.18) P is assumed to be a product mea-
sure, we can replace PXZ-\ i by Px,. For a general (non-product) mea-
sure P, the erasure divergence D™ (Q||P) may be strictly larger or
smaller than the ordinary divergence D(Q||P). For example, if n = 2,
Px, = Qx,, Px, = Qx,, then

dQXl\XQ _ dQXz\Xl _ dQX17X2
dPx,x, dPx,x, dPx;x,’

so, from (3.1.21),

D™ (Qxy,x2 [|1Px1,x5)
= D(Qx,1x: 1 Pxy)x,1Qx2) + D(Qxy1x, |1 Pxo x| Qx4 )
=2D(Qx, x| Px1,x3)-
On the other hand, if X; = X3 under both P and @, then D™ (Q||P) =
0, but D(Q||P) > 0 whenever P # Q, so D(Q||P) > D~ (Q||P) in this

case.
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Applying Proposition 3.2 with Q = P to0 bound the divergence in
the integrand in (3.1.14), we obtain from Corollary 3.1.1 the following:

Proposition 3.3. For any r > 0, we have

Pt

t
n A l)(}D( f) %

P(U > r) <exp (AZ Xl Xt

i=1

Py,
t2

)dt—)\r) , YA > 0.

(3.1.22)

The conditional divergences in the integrand in (3.1.22) may look
formidable, but the remarkable thing is that, for each ¢ and a given
X = 7', the corresponding term involves a tilting of the marginal
distribution Px,. Indeed, let us fix some ¢ € {1,...,n}, and for each
choice of 7' € X"~ ! let us define a function f;(-|z%): X — R by setting

fl(y‘jz) é f(xh ey Lj—15 Yy Lj1y - - - 7xn)7 vy S X. (3123)

Then

dPx, E [exp (fi(Xi|27))]
In other words, P)((f )‘ Si_gi 18 the fi(-|z%)-tilting of Py,, the marginal dis-

tribution of X;. This is the essence of tensorization: we have effectively
decomposed the n-dimensional problem of bounding D(P®/)||P) into
n one-dimensional problems, where the ith problem involves the tilting
of the marginal distribution Py, by functions of the form f;(-|z%), Vz®.
In particular, we get the following;:

Corollary 3.1.2. Suppose that the function f and the probability distri-
bution P of X are such that there exist some constants c1,...,c, > 0,
so that, for any ¢ > 0,

Cit2
2 )

D(P)(gi(~|:fi>>||PXi) < Vie{l,...,n}, ' € X" (3.1.25)

Then

P(f(X") ~Ef(X") > r) < exp <—#ilcz> . Vr>0. (3.1.26)
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Remark 3.2. Note the obvious similarity between the bound (3.1.26)
and McDiarmid’s inequality (2.2.20). Indeed, as we will show later on
in Section 3.3.4, it is possible to derive McDiarmid’s inequality using
the entropy method.

Proof. For any t > 0

D(P||P) < D(P(tf )

| PYD) (3.1.27)

> fou PP
/ ( PR ||PX)P§§f)(d53i) (3.1.29)

Py,) Pz (3.1.28)

Il
NI“ TIM: ||M: ||M:

IN

(3.1.30)

where (3.1.27) follows from the tensorization of the relative entropy,
(3.1.28) holds since P is a product measure (so Px, = Py, 1) and by
the definition of the conditional relative entropy, (3.1.29) follows from

(3.1.23) and (3.1.24) which implies that P)({”BO = P ang
inequality (3.1.30) holds by the assumption in (3.1.25). Fmally, the
inequality in (3.1.26) follows from (3.1.30) and Corollary 3.1.1. O

3.1.4 Preview: logarithmic Sobolev inequalities

Ultimately, the success of the entropy method hinges on demonstrating
that the bounds in (3.1.25) hold for the function f: X" — R and the
probability distribution P = Pxn» of interest. In the next two sections,
we will show how to derive such bounds using the so-called logarithmic
Sobolev inequalities. Here, we give a quick preview of this technique.
Let u be a probability measure on X, and let A be a family of
real-valued functions g: X — R, such that for any ¢ > 0 and g € A,
we also have ag € A. Let E: A — RT be a non-negative functional
that is homogeneous of degree 2, i.e., for any ¢ > 0 and g € A, we
have E(ag) = a®?E(g). We are interested in the case when there exists
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a constant ¢ > 0, such that the inequality

cE(g)
2

holds for any g € A. Now suppose that, for each ¢ € {1,...,n}, in-
equality (3.1.31) holds with y = Py, and some constant ¢; > 0 where
A is a suitable family of functions f such that, for any z° € X"~ ! and
ie{l,...,n},

L fi(lz') € A

D9 ||p) <

(3.1.31)

2. E(fi(-]2") <1

where f; is defined in (3.1.23). Then, the bounds in (3.1.25) hold, since
from (3.1.31) and the above properties of the functional E it follows
that for every ¢t > 0 and z¢ € A1

(tf) ¢ E(t fi(-]7"))
_ at? B(fi(]27))
2
czt2

< 2 Vie{l,...,n}.

Consequently, the Gaussian concentration inequality in (3.1.26) follows
from Corollary 3.1.2.

3.2 The Gaussian logarithmic Sobolev inequality

Before turning to the general scheme of logarithmic Sobolev inequalities
in the next section, we will illustrate the basic ideas in the particular
case when X1,..., X, are i.i.d. standard Gaussian random variables.
The relevant log-Sobolev inequality in this instance comes from a sem-
inal paper of Gross [44], and it connects two key information-theoretic
quantities, namely the relative entropy and the relative Fisher informa-
tion. In addition, there are deep links between Gross’s log-Sobolev in-
equality and other fundamental information-theoretic inequalities, such
as Stam’s inequality and the entropy power inequality. Some of these
fundamental links are considered in this section.
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For any n € N and any positive semidefinite matrix K € R™*",
we will denote by G’ the Gaussian distribution with zero mean and
covariance matrix K. When K = sI,, for some s > 0 (where I,, denotes
the n x n identity matrix), we will write G?. We will also write G™ for
G when n > 2, and G for G}. We will denote by 77, 77, 7s, and v the
corresponding densities.

We first state Gross’s inequality in its (more or less) original form:

Theorem 3.2.1 (Log-Sobolev inequality for the Gaussian measure). For
Z ~ G™ and for any smooth? function ¢: R® — R, we have

E[¢*(Z)In ¢*(2)] - E[¢*(Z)| mE[¢*(2)] < 2E [|[Ve(2)|*], (3.2.1)
where || - || denotes the usual Euclidean norm on R™.

Remark 3.3. As shown by Carlen [117], equality in (3.2.1) holds if and
only if ¢ is of the form ¢(z) = exp (a, z) for some a € R", where (-,-)
denotes the standard Euclidean inner product.

Remark 3.4. There is no loss of generality in assuming that E[¢?(Z)] =
1. Then (3.2.1) can be rewritten as

E[¢*(2)ln ¢*(2)] < 2E[|V(2)|?] it El¢*(2)] =1, Z ~ C™.
(3.2.2)

Moreover, a simple rescaling argument shows that, for Z ~ G7 and an
arbitrary smooth function ¢ with E[¢?(Z)] =1,

E[¢*(2)n¢*(2)] < 25 E [|VO(2)|]. (3.23)

We give an information-theoretic proof of the Gaussian LSI (The-
orem 3.2.1) later in this section; we refer the reader to [118] as an
example of a typical proof using techniques from functional analysis.

From an information-theoretic point of view, the Gaussian LSI
(3.2.1) relates two measures of (dis)similarity between probability mea-

2Here and elsewhere, we will use the term “smooth” somewhat loosely to mean
“satisfying enough regularity conditions to make sure that all relevant quantities are
well-defined.” In the present context, smooth means that both ¢ and V¢ should be
square-integrable with respect to the standard Gaussian measure G™.
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sures — the relative entropy (or divergence) and the relative Fisher in-
formation (or Fisher information distance). The latter is defined as fol-
lows. Let P, and P, be two Borel probability measures on R™ with dif-
ferentiable densities p; and po, and suppose that the Radon—Nikodym
derivative dP;/dPy = p1/ps is differentiable Ps-a.e. Then the relative
Fisher information (or Fisher information distance) between P; and
P, is defined as (see [119, Eq. (6.4.12)])

2
dpP,

p1(2)

Vin
p2(2)

ALSEN

2
],(32@

n

whenever the above integral converges. Under suitable regularity con-
ditions, I(P;||P;) admits the equivalent form (see [120, Eq. (1.108)])

2
I(Py|| P) :4AHP2(2) ]222 ‘ dz

2
dP
V| —t
dp,
Remark 3.5. One condition under which (3.2.5) holds is as follows. Let

¢: R™ — R"™ be the distributional (or weak) gradient of \/dP,/dPy =
\/P1/p2, so that the equality

- pl(Z) W \2)az = — - i\ 2 zZ)az
|\t =~ [ i)

holds for all ¢ = 1,...,n and all test functions ¢ € C*(R™) [121,
Sec. 6.6]. (Here, 0;1) denotes the ith coordinate of V.) Then (3.2.5)
holds, provided ¢ € L?(Py).

\Y

= 4Ep, . (3.2.5)

Now let us fix a smooth function ¢: R™ — R satisfying the normal-
ization condition [g, $?dG™ = 1; we can assume w.l.o.g. that ¢ > 0.
Let Z be a standard m-dimensional Gaussian random variable, i.e.,
P; = G", and let Y € R™ be a random vector with distribution Py
satisfying

dPy  dPy

_ 42
dPZ_dG”_(b'
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Then, on the one hand, we have
B2 me2)] =& |(To2)) u (50D
= D(Py| Pz), (3.2.6)

and on the other, from (3.2.5),

dPy
dpP,

Substituting (3.2.6) and (3.2.7) into (3.2.2), we obtain the inequality

I(Py||Pz). (3.2.7)

E [||Ve(2)]

1
D(Py|Pz) < §I(PYHPZ), Pz =G" (3.2.8)

which holds for any Py < G" with V,/dPy/dG™ € L*(G"). Con-
versely, for any Py < G™ satisfying (3.2.8), we can derive (3.2.2) by
letting ¢ = \/dPy /dG", provided V¢ exists (e.g., in the distributional
sense). Similarly, for any s > 0, (3.2.3) can be written as

S
D(Py||Pz) < SI(Fy||Pz),  Pz=Gy. (3.2.9)

Now let us apply the Gaussian LSI (3.2.1) to functions of the form
¢ = exp(g/2) for all suitably well-behaved g: R™ — R. Then we obtain

exp (9(Z))

E |exp (Q(Z)) ln exp (Q(Z )

| = 3 ma@rres w).
(3.2.10)

where Z ~ G". If we let P = G™ and denote by P the g-
tilting of P, then we can recognize the left-hand side of (3.2.10) as
Elexp (9(Z))] - D(P9||P). Similarly, the right-hand side is equal to
Elexp(g)] - Eggg)[||Vg||2] with Eﬁf) [[] denoting expectation with respect
to P9 . We therefore obtain the so-called modified log-Sobolev inequal-
ity for the standard Gaussian measure:

1 n
D(PY|P) < 3B [IVel’],  P=G (3:211)
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which holds for all smooth functions g: R” — R that are exponentially
integrable with respect to G™. Observe that (3.2.11) implies (3.1.31)
with u = G, c =1, and E(g) = | Vg|%.

In the remainder of this section, we first present a proof of The-
orem 3.2.1, and then discuss several applications of the modified log-
Sobolev inequality (3.2.11) to derivation of Gaussian concentration in-
equalities via the Herbst argument.

3.2.1 An information-theoretic proof of Gross’s log-Sobolev in-
equality

In accordance with our general theme, we will prove Theorem 3.2.1
via tensorization: We first establish the n = 1 case and then scale up
to general n using suitable (sub)additivity properties. Indeed, suppose
that (3.2.1) holds in dimension 1. For n > 2, let X = (X1,...,X,) be
an n-tuple of i.i.d. N(0,1) variables and consider a smooth function
¢: R* — R, such that Ep[¢?(X)] = 1, where P = Px = G" is the
product of n copies of the standard Gaussian distribution G. If we
define a probability measure Q = Qx with dQx/dPx = ¢?, then using
Proposition 3.2 we can write

Ep [¢°(X)In¢*(X)] = Ep | 5 In =
= D(Q|P)
< ZD(QXiIXi
=1

dQ dQ}

Px,

Qzi)- (3.2.12)

Following the same steps as the ones that led to (3.1.23), we can define
for each i = 1,...,n and each ' = (z1,...,2;_1,Tis1,...,Tp) € R*1
the function ¢;(-|z%): R — R via

(;SZ(y‘jZ) é (b(mh ey Lj—1,Y, Ti 1,5 - - - 7xn)7 v‘%z S Rn_l? Yy € R.
Then

Quxica __ B2(17")
dPy,  Bplo?(Xile)]
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for all i € {1,...,n},z° € R""!. With this, we can write

D(Qx, x| Px;|@x:)
—Eg |1 Z
?1" Tdpy,
—@ . dQXHXi
AP dPy,

o L I
=Fp|970)] EPW?(XZ-IXZ‘)IXZ']}

- 2 Vi
—Ep |2(X;| X1 ‘bi(X"p_(.) _.]
P X g X X K]

_ 2 (X,|7)
Ep[g2 (]2

Since each X; ~ G, we can apply the Gaussian LSI (3.2.1) to the
univariate functions ¢;(-|z%) to get
7 (Xi|7°)
Ep(¢7 (Xi|z?)]

Z/]Rn_1 Ep [(b?(XiIa?i)ln ] Pgi(dz?).  (3.2.13)

Ep [¢?(Xi|$i)ln ] <2Ep

(¢2(Xi|xi))1 (3.2.14)

for all i = 1,...,n and all ' € R" !, where the prime denotes the
derivative of ¢;(y|z?) with respect to y:

dei(ylz") _ 0¢(x)

/ —1) —_
¢i(ylz') = y ol I
Since Xj,..., X, are i.i.d. under P, we can express (3.2.14) as
97 (Xi|7')

2(X;|Z) In 2
Ep |¢7(Xilz")In Ep[¢? (X;|z?)]

where 9;¢ denotes the ith coordinate of the gradient V¢. Substituting
this bound into (3.2.13), we have

D(Qx,jx:1Px. |Qx:) < 2Ep [(9i9(X))7] -

In turn, using this to bound each term in the summation on the right-
hand side of (3.2.12) together with the fact that > 7 ; (8@(:1:))2 =

] <2Ep [(Bi0(X))*|X' = 7],
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[9(2)|?, we get
Ep [¢*(X)In¢*(X)] < 2Ep [|IVo(X)]°]. (3:2.15)

which is precisely the Gaussian LSI (3.2.2) in R™. Thus, if the Gaussian
LSI holds for n = 1, then it holds for all n > 2.

Based on the above argument, we will now focus on proving the
Gaussian LSI for n = 1. To that end, it will be convenient to express
it in a different but equivalent form that relates the Fisher informa-
tion and the entropy power of a real-valued random variable with a
sufficiently regular density. In this form, the Gaussian LSI was first
derived by Stam [45], and the equivalence between Stam’s inequality
and (3.2.1) was only noted much later by Carlen [117]. We will first
establish this equivalence following Carlen’s argument, and then give
a new information-theoretic proof of Stam’s inequality that, unlike ex-
isting proofs [122, 47], does not directly rely on de Bruijn’s identity or
on the entropy-power inequality.

First, let us start with some definitions. Let Y be a real-valued
random variable with density py. The differential entropy of Y is given
by

o0

Oopy(y) In py (y)dy, (3.2.16)

provided the integral exists. If it does, then the entropy power of Y is

M) = hoy) 2 - |

given by

a exp(2h(Y))
2re

Moreover, if the density py is differentiable, then the Fisher informa-

tion (with respect to a location parameter) is given by

o0 2
) =) = [ (5 mev®) sy =R 1), (3:215)

—0o0

N(Y) (3.2.17)

where py (y) = (d/dy) Inpy (y) = zggﬁ is known as the score function.

Remark 3.6. In theoretical statistics, an alternative definition of the
Fisher information (with respect to a location parameter) of a real-
valued random variable Y is (see [123, Definition 4.1])

JY) 2 sup { (B/(V))" : v € C B[ (V)] = 1} (3.2.19)
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where the supremum is taken over the set of all continuously differen-
tiable functions 1 with compact support, such that E[1)?(Y)] = 1. Note
that this definition does not involve derivatives of any functions of the
density of Y (nor assumes that such a density even exists). It can be
shown that the quantity defined in (3.2.19) exists and is finite if and
only if Y has an absolutely continuous density py, in which case J(Y")
is equal to (3.2.18) (see [123, Theorem 4.2]).

We will need the following facts:

1. If D(Py||Gs) < oo, then
1.1 1 11,
This is proved by direct calculation: Since D(Py ||Gs) < oo, we
have Py < G and dPy /dGs = py /vs. Then
> py (y)
D(Py||Gs :/ py (y)In dy
(AlG) = [~ prin)m 2L
1
=—h(Y)+ 3
1 1 11,
=5 (2h(Y) — In(27e)) + 5 Ins— 5 + % EY

1 11,
+§1H8—§+%EY,

1
In(2 — EY?
n(2rs) + 55

which is (3.2.20).

2. If J(Y) < o0 and EY? < oo, then for any s > 0

1 2
I(Py||Gs) = J(Y) + 2 EY? - 3 < o0, (3.2.21)

where I(+]|) is the relative Fisher information, cf. (3.2.4). Indeed:

o0 2
116 = [ e (5 v () - 50wy

= /_O:opy(y) <py(y) + g>2 dy

S

= E[p} (V)] + 2 B[V py (V)] + - EY?

=JY)+ % E[Y py (Y)] + éEY? (3.2.22)
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Because EY? < 0o, we have E|Y| < oo, so limy 100 y py (y) = 0.
Furthermore, integration by parts gives

EYpy (V) = [ uov@)pv()dy

2/ ypy(y)dy
= (Jim o) = lim_vor() - [ vt dy
=-1

(see [124, Lemma Al] for another proof). Substituting this into
(3.2.22), we get (3.2.21).

We are now in a position to prove the following result of Carlen [117]:

Proposition 3.4. Let Y be a real-valued random variable with a smooth
density py, such that J(Y) < oo and EY? < oco. Then the following
statements are equivalent:

1. Gaussian log-Sobolev inequality, D(Py||G) < 3 I(Py||G).
2. Stam’s inequality, N(Y)J(Y) > 1.

Remark 3.7. Carlen’s original derivation in [117] requires py to be
in the Schwartz space S(R) of infinitely differentiable functions, all of
whose derivatives vanish sufficiently rapidly at infinity. In comparison,
the regularity conditions of the above proposition are much weaker,
requiring only that Py has a differentiable and absolutely continuous
density, as well as a finite second moment.

Proof. We first show the implication 1) = 2). If 1) holds, then
D(Py||Gs) < %I(PyﬂGs), Vs > 0. (3.2.23)

Since J(Y) and EY? are finite by assumption, the right-hand side of
(3.2.23) is finite and equal to (3.2.21). Therefore, D(Py||G;) is also
finite, and it is equal to (3.2.20). Hence, we can rewrite (3.2.23) as

1ln 1
2 N(Y)

1 1 1 9
_ - — — <
+21n8 +28EY <

1
Y)+ — EY? —1.
2 J( )+2s

s
2
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Because EY? < 0o, we can cancel the corresponding term from both
sides and, upon rearranging, obtain

In <sJ(Y)—Ins—1.

N(Y)
Importantly, this bound holds for every s > 0. Therefore, using the fact
that

1+ 1Ina = inf(as —Ins), Va >0
>0

we obtain Stam’s inequality N(Y)J(Y) > 1.
To establish the converse implication 2) = 1), we simply run the
above proof backwards. ]

We now turn to the proof of Stam’s inequality. Without loss of
generality, we may assume that EY = 0 and EY? = 1. Our proof will
exploit the formula, due to Verdu [125], that expresses the divergence
between two probability distributions in terms of an integral of the
excess mean squared error (MSE) in a certain estimation problem with
additive Gaussian noise. Specifically, consider the problem of estimating
a real-valued random variable Y on the basis of a noisy observation
V/sY + Z, where s > 0 is the signal-to-noise ratio (SNR) and the
additive standard Gaussian noise Z ~ G is independent of Y. If Y has
distribution P, then the minimum MSE (MMSE) at SNR s is defined
as

mmse(Y, s) £ igfIE[(Y — (VY + 2))3, (3.2.24)

where the infimum is over all measurable functions (estimators) p: R —
R. It is well-known that the infimum in (3.2.24) is achieved by the
conditional expectation u — E[Y|\/sY + Z = u], so

mmse(Y,s) = E {(Y —E[Y|VsY + Z])ﬂ :

On the other hand, suppose we instead assume that Y has distribution
@ and therefore use the mismatched estimator u — Eq[Y|/sY + Z =
u], where the conditional expectation is now computed assuming that
Y ~ Q. Then, the resulting mismatched MSE is given by

mseq(V,5) = E (Y — B[V [v/5Y + 2])°],
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where the outer expectation on the right-hand side is computed using
the correct distribution P of Y. Then, the following relation holds for
the divergence between P and @ (see [125, Theorem 1]):

D(P||Q) = %/OOO [mseg (Y, s) — mmse(Y, s)] ds. (3.2.25)

We will apply the formula (3.2.25) to P = Py and Q = G, where Py
satisfies EY = 0 and EY? = 1. In that case it can be shown that, for
any s > 0,

mseq (Y, s) = mseq (Y, s) = Immse(Y s),

where Immse(Y, s) is the linear MMSE, i.e., the MMSE attainable by
any affine estimator u — au + b, a,b € R:

immse(Y,s) = inf B (Y —a(v/5Y + 2) = b)*]. (3.2.26)

The infimum in (3.2.26) is achieved by a* = /s/(1 + s) and b = 0,
giving

1
1+s
Moreover, mmse(Y, s) can be bounded from below using the so-called
van Trees inequality [126] (see also Appendix 3.A):

1

JY)+s

Immse(Y,s) = (3.2.27)

mmse(Y, s) > (3.2.28)

Then

g

D(Py|G) = (Immse(Y, s) — mmse(Y, s)) ds

°°< I 1 )ds
o \1+s JY)+s

/\h—>ngo/o)\ (1—1Fs - J(Yﬁ +3) ds
JY)(1+N)
Sy

_ %m JY), (3.2.20)

IN
= N~ N~ DN
S— S—

= — lim In
2 A—o0
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where the second step uses (3.2.27) and (3.2.28). On the other hand, us-
ing (3.2.20) with s = EY? = 1, we get D(Py ||G) = 1 In(1/N(Y)). Com-
bining this with (3.2.29), we recover Stam’s inequality N(Y)J(Y) > 1.
Moreover, the van Trees bound (3.2.28) is achieved with equality if and
only if Y is a standard Gaussian random variable.

3.2.2 From Gaussian log-Sobolev inequality to Gaussian concen-
tration inequalities

We are now ready to apply the log-Sobolev machinery to establish
Gaussian concentration for random variables of the form U = f(X™"),
where Xi,...,X, are ii.d. standard normal random variables and
f:R"™ — R is any Lipschitz function. We start by considering the
special case when f is also differentiable.

Proposition 3.5. Let X,..., X, be i.i.d. A/(0,1) random variables.
Then, for every differentiable function f: R™ — R such that
IV f(X™)] <1 almost surely, we have

P(f(X") > Ef(X") +7) < exp (—é) . Vr>0 (3.2.30)

Proof. Let P = G™ denote the distribution of X™. If () is any proba-
bility measure such that P and @) are mutually absolutely continuous
(i.e., @ < P and P < @), then any event that has P-probability 1
will also have Q-probability 1 and vice versa. Since the function f is
differentiable, it is everywhere finite, so P(f) and P are mutually ab-
solutely continuous. Hence, any event that occurs P-a.s. also occurs
Pt)_as. for all t € R. In particular, |[V£(X™)| < 1 P®)-as. for all
t > 0. Therefore, applying the modified log-Sobolev inequality (3.2.11)
to g = tf for some ¢t > 0, we get

(tf) ) w2l
D(PUD|P) < SERD [IVIxMIP] < 5 (3.2.31)

Now for the Herbst argument: using Corollary 3.1.1 with U = f(X") —
Ef(X™), we get (3.2.30). O

Remark 3.8. Corollary 3.1.1 and inequality (3.2.11) with g = ¢f imply
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that, for any smooth function f with |V f(X™)||? < L a.s.,

r2

P(f(X”) ZEf(X")—I-T) < exp <_ﬁ> , Vr>0. (3.2.32)
Thus, the constant x in the corresponding Gaussian concentration
bound (3.1.2) is controlled by the sensitivity of f to modifications of
its coordinates.

Having established concentration for smooth f, we can now proceed
to the general case:

Theorem 3.2.2. Let X" be as before, and let f: R® — R be a 1-
Lipschitz function, i.e.,

[f@™) = fy) < 2™ =", Va",y" e R

Then

P(f(X”) ZEf(X")—I-T) < exp <—%2> , Vr>0. (3.2.33)

Proof. The trick is to slightly perturb f to get a differentiable function
with the norm of its gradient bounded by the Lipschitz constant of f.
Then we can apply Proposition 3.5, and consider the limit of vanishing
perturbation.

We construct the perturbation as follows. Let Z1,..., Z, be nii.d.
N(0,1) random variables, independent of X™. For any § > 0, define
the function

fs@") 2 E (2" +V52")]
n||2
S . f@™ +V62") exp <—@> dz"

(271')"/2 R
= @ro) 2 Jan f(z")exp (— % dz".

It is easy to see that fs is differentiable (in fact, it is in C°°; this is
known as the smoothing property of the Gaussian kernel, see, e.g., [121,



114 The Entropy Method, LSl and TC Inequalities

p. 180]). Using Jensen’s inequality and the fact that f is 1-Lipschitz,
fo@™) = F(@")] = [Blf " +V62™)] — f(=")]
<E|f@"+V62") - f(a")
< VOE|Z".

Therefore, lims_,o f5(z™) = f(a") for every 2™ € R™. Moreover, because
f is 1-Lipschitz, it is differentiable almost everywhere by Rademacher’s
theorem [127, Section 3.1.2], and ||V f|| < 1 almost everywhere. Since
Vfs(x™) = E[Vf(z" +V/32")], Jensen’s inequality gives

|V fs5(z™)|| <E|Vf (=" +Vez")| <1

for every ™ € R™. Therefore, we can apply Proposition 3.5 to get, for
all 9 >0 and r > 0,

.2
]P’(fa(X") > Efs(X™) + 7‘) < exp <—§> :

Using the fact that fs converges to f pointwise as § — 0, we obtain
(3.2.33):

P(f(X™) 2 Ef(X") +1) = E[Lisxnmr(xn) 1)
< M B 115, (xm) >k () )]
= lmP(fs(X") > Efs(X™) + 1)
0—0

<ep< )
<p | ——
- 2

where the first inequality is by Fatou’s lemma. ]

3.2.3 Hypercontractivity, Gaussian log-Sobolev inequality, and
Rényi divergence

We close our treatment of the Gaussian log-Sobolev inequality with
a striking result, proved by Gross in his original paper [44], that this
inequality is equivalent to a very strong contraction property (dubbed
hypercontractivity) of a certain class of stochastic transformations. The
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original motivation behind the work of Gross [44] came from problems
in quantum field theory. However, we will take an information-theoretic
point of view and relate it to data processing inequalities for a certain
class of channels with additive Gaussian noise, as well as to the rate of
convergence in the second law of thermodynamics for Markov processes
[128].

Consider a pair (X,Y’) of real-valued random variables that are
related through the stochastic transformation

Y=e'X+V1l-e2Z7 (3.2.34)

for some ¢t > 0, where the additive noise Z ~ G is independent of X.
For reasons that will become clear shortly, we will refer to the channel
that implements the transformation (3.2.34) for a given ¢t > 0 as the
Ornstein—Uhlenbeck channel with noise parameter t and denote it by
OU(t). Similarly, we will refer to the collection of channels {OU(t)}2,
indexed by all ¢ > 0 as the Ornstein—Uhlenbeck channel family. We
immediately note the following properties:

1. OU(0) is the ideal channel, Y = X.
2. If X ~ @G, then Y ~ G as well, for any ¢.

3. Using the terminology of [13, Chapter 4], the channel family
{OU(t)}2, is ordered by degradation: for any t1,t2 > 0 we have

OU(tl + tg) = OU(tg) o OU(tl) = OU(tl) o OU(tg), (3235)

which is shorthand for the following statement: for any input
random variable X, any standard Gaussian Z independent of X,
and any t1,to > 0, we can always find independent standard
Gaussian random variables Zq, Zo that are also independent of
X, such that

e~(itt2) x 4 (/1 _ e—2titt2) 7
i e—tQ |:€—th + A /1 — 6_2t1 Zl:| + vV1— e—2t2Z2
Set o™X + V- e 2] +V1—e 22, (3236)
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where < denotes equality of distributions. In other words, we
can always define real-valued random variables X,Y7,Ys, 71, Z
on a common probability space (2, F,P), such that Z1,Z5 ~ G,
(X, Z1, Z5) are mutually independent,

Vi Letix 4 /1—e 2z

Yy 4 e—(t1+t2)X+ 1 —e—2titt2) 7,

and X — Y7} — Y5 is a Markov chain. Even more generally,
given any real-valued random variable X, we can construct a
continuous-time Markov process {Y;}32, with Yp X andy, <
e X +v1—e2N(0,1) for all t > 0. One way to do this is to
let {Y;}52, be governed by the Itd stochastic differential equation
(SDE)

dY; = -V, dt +v2dB;, t>0 (3.2.37)

with the initial condition Yy = X, where {B:} denotes the stan-
dard one-dimensional Wiener process (Brownian motion). The
solution of this SDE (which is known as the Langevin equation
[129, p. 75]) is given by the so-called Ornstein—Uhlenbeck process

t
Y, = Xe '+ \/5/ e~ =)4B,,  t>0
0

where, by the It6 isometry, the variance of the (zero-mean) addi-
tive Gaussian noise is indeed

t 2 t
E [(ﬁ/ o (t=9) st) ] — 2/ e~ 2(t=5) 45
0 0

t
= 26_2t/ e?ds
0

=1—-¢2 Vt>0

(see, e.g., [130, p. 358] or [131, p. 127]). This explains our choice
of the name “Ornstein—Uhlenbeck channel" for the random trans-
formation (3.2.34).
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In order to state the main result to be proved in this section, we need
the following definition: the Rényi divergence of order o € RT\{0,1}
between two probability measures, P and @), is defined as

Lo fan () (92) gaay

where p is any o-finite measure that dominates both P and Q. If P <

(@, we have the equivalent form
dP
1 E 3.2.39
wial(5g) ] e

We recall several key properties of the Rényi divergence (see, for ex-
ample, [132]):

Da(PQ) =

Da(PlQ)—

1. The Kullback-Leibler divergence D(P||Q) is the limit of D, (P||Q)
as o tends to 1 from below:

D(PIQ) = lim Da(P[Q)
; in addition,
D(P||Q) = sup Da(P[Q) < inf Do (P|Q).
O<a<l a>1
Moreover, if D(P||Q) = oo or there exists some § > 1 such that
D3(P||Q) < oo, then also
D(PIQ) = lim Da(PIQ). (3.2.40)
2. If we define Di(P|Q) as D(P||@), then the function a
D, (PJ|@) is nondecreasing.

3. For all a > 0, D,(-||-) satisfies the data processing inequality: if
we have two possible distributions P and () for a random variable
U, then for any channel (stochastic transformation) 7" that takes
U as input we have

Do(P||Q) < Da(P||Q),  Va>0 (3.2.41)

where P or Q is the distribution of the output of 7" when the
input has distribution P or (), respectively.
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4. The Rényi divergence is non-negative for any order o > 0.

Now consider the following set-up. Let X be a real-valued random
variable with distribution P, such that P < G. For any t > 0, let P,
denote the output distribution of the OU(¢) channel with input X ~ P.
Then, using the fact that the standard Gaussian distribution G is left
invariant by the Ornstein—Uhlenbeck channel family together with the
data processing inequality (3.2.41), we have

Do(P||G) < Du(P|G),  ¥t>0, a>0. (3.2.42)

In other words, as we increase the noise parameter t, the output dis-
tribution P; starts to resemble the invariant distribution G more and
more, where the measure of resemblance is given by any of the Rényi
divergences. This is, of course, nothing but the second law of thermody-
namics for Markov chains (see, e.g., [133, Section 4.4] or [128]) applied
to the continuous-time Markov process governed by the Langevin equa-
tion (3.2.37). We will now show, however, that the Gaussian log-Sobolev
inequality of Gross (see Theorem 3.2.1) implies a stronger statement:
For any @ > 1 and any ¢ € (0,1), there exists a positive constant
7 = 7(a, &), such that

D, (P||G) < eD,(P|G), Vit > T. (3.2.43)
Here is the precise result:

Theorem 3.2.3. The Gaussian log-Sobolev inequality of Theorem 3.2.1
is equivalent to the following statement: For any 1 < § < o < 00
a—1

a(f-1) ﬁ_1>. (3.2.44)

-1
Bla—1)

Remark 3.9. The original hypercontractivity result of Gross is stated
as an inequality relating suitable norms of ¢, = dP,/dG and g =
dP/dG; we refer the reader to the original paper [44] or to the lecture
notes of Guionnet and Zegarlinski [50] for the traditional treatment of

Du(P|G) < ( ) Dy(P|G), Vi > %m(

hypercontractivity.

Remark 3.10. To see that Theorem 3.2.3 implies (3.2.43), fix o > 1
and € € (0,1). Let



3.2. The Gaussian logarithmic Sobolev inequality 119

It is easy to verify that 1 < 8 < « and ggi :B = ¢. Hence, Theo-
rem 3.2.3 implies that

1 1-—
Da(RIP) < D5(PIG), ¥t = 31n(1+ M) )

Since the Rényi divergence D,(-|-) is non-decreasing in the parameter
a, and 1 < B < «, it follows that Dg(P||G) < Do(P||G). Therefore,
the last inequality implies that

D (F||P) < eDy(P||G), Vt>1(a,¢).

We now turn to the proof of Theorem 3.2.3.

Proof. As a reminder, the L? norm of a real-valued random variable
U is defined by U], £ (E[|UIP])"/? for p > 1. It will be convenient
to work with the following equivalent form of the Rényi divergence in
(3.2.39): For any two random variables U and V such that Py < Py,
we have

dP
Dao(Py|Py) = H U

dPV

a>1. (3.2.45)

o

Let us denote by g the Radon-Nikodym derivative dP/dG. It is easy
to show that P, <« G for all t, so the Radon—Nikodym derivative
gt = dP,/dG exists. Moreover, go = g. Also, let us define the func-
tion a: [0,00) — [B,00) by a(t) = 1+ (8 — 1)e* for some § > 1.
Let Z ~ G. Using (3.2.45), it is easy to verify that the desired bound
(3.2.44) is equivalent to the statement that the function F': [0,00) — R,
defined by

P,
205

=lIn ||gt(Z)||a(t) )

is non-increasing. From now on, we will adhere to the following nota-
tional convention: we will use either the dot or d/dt¢ to denote deriva-
tives with respect to the “time" ¢, and the prime to denote derivatives
with respect to the “space" variable z. We start by computing the
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derivative of F' with respect to t, which gives

P = 5 { s 0B [02)"]}

1 %E [(gt(Z))a(t)}

olt) E[(q(2)""] (240

InE [(9:(2)™"] +

To handle the derivative with respect to ¢ in the second term in (3.2.46),
we need to delve a bit into the theory of the so-called Ornstein—
Uhlenbeck semigroup, which is an alternative representation of the
Ornstein—Uhlenbeck channel (3.2.34).

For any ¢ > 0, let us define a linear operator K; acting on any
sufficiently regular (e.g., L'(G)) function h as

Kih(z) 2E [h (e + V1= e 22)], (3.2.47)
where Z ~ G, as before. The family of operators {K;}72, has the
following properties:

1. Ky is the identity operator, Koh = h for any h.

2. For any t > 0, if we consider the OU(t) channel, given by the ran-
dom transformation (3.2.34), then for any measurable function F
such that E|F(Y)| < co with ¥ in (3.2.34), we can write

K,F(z) =E[F(Y)|X = 2], Vr e R (3.2.48)
and
E[F(Y)] = E[K:F(X)). (3.2.49)

Here, (3.2.48) easily follows from (3.2.34), and (3.2.49) is imme-
diate from (3.2.48).

3. A particularly useful special case of the above is as follows. Let
X have distribution P with P < G, and let P, denote the output
distribution of the OU(¢) channel. Then, as we have seen before,
P, < G, and the corresponding densities satisfy

gt(x) = Kig(). (3.2.50)
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To prove (3.2.50), we can either use (3.2.48) and the fact that
gi(z) = E[g(Y)|X = z], or proceed directly from (3.2.34):

U—etmz
() = s [ ¢ Xp( wZ) g(u)du

)
:E/R e x+\/7_2t exp( %)
=K [g (e_ta;+ V1-— e‘tZ)} (3.2.51)

where in the second line we have made the change of variables

z= ;l__e%”gt, and in the third line Z ~ G.

The family of operators {K;}72, forms a semigroup, i.e., for any
t1,ts > 0 we have

Ky 1, = Ky, o Ky, = Ky, 0 Ky,

which is shorthand for saying that K 44,h = Ky (Kyh) =
Ky, (K, h) for any sufficiently regular h. This follows from (3.2.48)
and (3.2.49) and from the fact that the channel family {OU(¢)}52,
is ordered by degradation. For this reason, {K;}$°, is referred to
as the Ornstein—Uhlenbeck semigroup. In particular, if {Y;}72, is
the Ornstein—Uhlenbeck process, then for any function F € L!(G)
we have

K F(x) =E[F(Y})|Yo = 2], Vz € R.

Two deeper results concerning the Ornstein—Uhlenbeck semigroup,
which we will need, are as follows: Define the second-order differen-

tial operator £ by

Lh(z) 2 1 (z) — zh ()

for all C? functions h: R — R. Then:
1. The Ornstein—Uhlenbeck flow {hs}$2,, where hy = Kih with a C?

initial condition hy = h, satisfies the partial differential equation
(PDE)

hy = Lhy. (3.2.52)
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2. For Z ~ G and all C? functions g,h: R — R we have the
integration-by-parts formula

Elg(Z)Lh(Z)] = E[h(Z)Lg(Z)] = ~Elf (Z)1(Z)].  (3.2.53)

We provide the details in Appendix 3.B.

We are now ready to tackle the second term in (3.2.46). Noting that
the family of densities {g;};2, forms an Ornstein-Uhlenbeck flow with
initial condition gy = g, we have

%E [(a(2)""]
=E [%{(Qt(Z))a(t)}]
= (0 & [0(2)" g (2)] + o) [ (0(2)" 7 S 2)]
= 6(t) E [(0(2))"Y mg(2)]
- a(t)E [(gt(Z_))a(t)_lﬁgt(Z)} (3.2.54)
= &(t) E [(9:(2)" ngi(2)]
~a®E |((@(2)"") 5(2)] (3:2.55)

= a(t) E [(9(2))"" n gu(2)]
—a(t)(a(t) = 1) E[(@(2)™ 7 (6/(2)*]  (3.2.56)

where we use (3.2.52) to get (3.2.54), and (3.2.53) to get (3.2.55). (Re-
ferring back to (3.2.51), we see that the functions g, for all ¢ > 0,
are C'° due to the smoothing property of the Gaussian kernel, so all
interchanges of expectations and derivatives in the above display are
justified.) If we define the function ¢;(z) = (gt(z))a(t)/z, then we can
rewrite (3.2.56) as

d a(t)

B[] =2 E [ met2)]
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Using the definition of ¢; and substituting (3.2.57) into the right-hand
side of (3.2.46), we get

() E[p}(2)) F(t) = a(t) (E[¢}(2)In6}(2)] - E6}(2)] InE[¢} (2)))
— 4(a(t) - VE [(¢/(2))7]. (3.2.58)

If we now apply the Gaussian log-Sobolev inequality (3.2.1) to ¢, then
from (3.2.58) we get

o () E[G(2)] E(t) < 2(a(1) — 2(a(t) ~ ) E [(¢(2))7] . (3.2:50)

Since a(t) = 1+ (8—1)e*, &(t) —2(a(t)—1) = 0, which implies that the
right-hand side of (3.2.59) is equal to zero. Moreover, because «(t) > 0
and ¢?(Z) > 0 a.s. (note that ¢? > 0 if and only if g; > 0, but the
latter follows from (3.2.51) where g is a probability density function),
we conclude that F(t) < 0.

What we have proved so far is that, for any 8 > 1 and any ¢t > 0,

at)(B—1)
D,n(P|G) < (7
where a(t) = 1+ (8 — 1)e*. By the monotonicity property of the
Rényi divergence, the left-hand side of (3.2.60) is greater than or equal

) Ds(P|G) (3.2.60)

to Do(P||G) as soon as o < «(t). By the same token, because the
function u € (1,00) + Y5 is strictly decreasing, the right-hand side of

(3.2.60) can be upper-bounded by (ggijg)Dg(PHG) for all a > a(t).
Putting all these facts together, we conclude that the Gaussian log-
Sobolev inequality (3.2.1) implies (3.2.44).

We now show that (3.2.44) implies the log-Sobolev inequality of
Theorem 3.2.1. To that end, we recall that (3.2.44) is equivalent to the
right-hand side of (3.2.58) being less than or equal to zero for all t > 0

and all 8 > 1. Let us choose t =0 and 8 = 2, in which case
a(0)=a(0) =2,  ¢o=g.
Using this in (3.2.58) for t = 0, we get
2(E[¢%(2)In g*(2)] - Elg*(2)| nElg*(2)]) — 4E [(4/(2))*] <0

which is precisely the log-Sobolev inequality (3.2.1) where E[g(Z)]
Eq [4£| =1
G ldG :

oo
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As a consequence, we can establish a strong version of the data
processing inequality for the ordinary divergence:

Corollary 3.2.4. In the notation of Theorem 3.2.3, we have for any
t>0

D(P||G) < e % D(P||G). (3.2.61)

Proof. Let @« = 1+ €€? and B = 1 + ¢ for some € > 0. Then using
Theorem 3.2.3, we have

e 2t 4 ¢
+¢€

Dy 2 (P||G) < ( ) Di..(P||G), Vt>0. (3.2.62)
Taking the limit of both sides of (3.2.62) as ¢ | 0 and using (3.2.40)
(note that D, (P||G) < oo for a > 1), we get (3.2.61). O

3.3 Logarithmic Sobolev inequalities: the general scheme

Now that we have seen the basic idea behind log-Sobolev inequalities in
the concrete case of i.i.d. Gaussian random variables, we are ready to
take a more general viewpoint. To that end, we adopt the framework
of Bobkov and Gétze [53] and consider a probability space (9, F, u)
together with a pair (A, T") that satisfies the following requirements:

e (LSI-1) A is a family of bounded measurable functions on €2,
such that if f € A, then af +b € A as well for any a > 0 and
beR.

e (LSI-2) I' is an operator that maps functions in A to nonnegative
measurable functions on (2.

o (LSI-3) Forany f € A,a>0,and b e R, I'(af +b) =al'f.

Then we say that p satisfies a logarithmic Sobolev inequality with con-
stant ¢ > 0, or LSI(c) for short, if

D) < SES [(TfP], Ve A (3.3.1)

N O
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Here, as before, ulf) denotes the f-tilting of 4, i.e.,

dpt?) exp(f)
dp Eulexp(f)]

and ng )[] denotes expectation with respect to p(f).

Remark 3.11. We have expressed the log-Sobolev inequality using
standard information-theoretic notation. Most of the mathematical lit-
erature dealing with the subject, however, uses a different notation,
which we briefly summarize for the reader’s benefit. Given a probabil-
ity measure p on 2 and a nonnegative function g: 2 — R, define the
entropy functional

Ent,(g) £ /glngd,u— /gd,u-ln (/gd,u)
=E,ulglng] —E,[g] InE,[g]. (3.3.2)
Then, the LSI(c) condition can be equivalently written as (cf. [53, p. 2])
Ent, (exp(f)) < & / (Tf)2 exp(f) du (3.3.3)
)

with the convention that 0In0 £ 0. To see the equivalence of (3.3.1
and (3.3.3), note that
oBlf) ),

Ent, (exp(f)) = /exp(f) In <feXp(f)d:U

~mle() (% g,

= Bpulexp(f)] - D(p ) (3.3.4)

and

/(Ff)2 exp(f) dp = Eylexp(f)] /(Pf)2 du

= Eufexp(f)] - EY) [(T£)?]. (3.3.5)
Substituting (3.3.4) and (3.3.5) into (3.3.3), we obtain (3.3.1). We note

that the entropy functional Ent is homogeneous of degree 1: for any g
such that Ent,(g) < oo and any a > 0, we have

Ent,(ag) = aE, lg In =aEnt,(g).

L]
Eu[g]
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Remark 3.12. Strictly speaking, (3.3.1) should be called a modified (or
exponential) logarithmic Sobolev inequality. The ordinary log-Sobolev
inequality takes the form

Ent,(¢?) < 20/(Fg)2 dp (3.3.6)

for all strictly positive g € A. If the pair (A,T") is such that pog € A
for any g € A and any C* function ¢ : R — R, and I" obeys the chain
rule

T(pog) = oglTg, VgeApecC™® (3.3.7)

then (3.3.1) and (3.3.6) are equivalent. Indeed, if (3.3.6) holds, then
using it with g = exp(f/2) gives

Ent, (exp(f)) < 2c/(P(exp(f/2)))2d,u
= ¢ [ exn() du

which is (3.3.3). The last equality in the above display follows from
(3.3.7) which implies that

T'(exp(f/2)) = % exp(f/2)-Tf.

Conversely, using (3.3.3) with f = 2In g gives
Ent,(¢°) < g/(F@lng))ng du
= 20/(F9)2du,

which is (3.3.6). Again, the last equality is a consequence of (3.3.7),
which gives I'(2Ilng) = % for all strictly positive g € A). In fact,
the Gaussian log-Sobolev inequality we have looked at in Section 3.2
is an instance in which this equivalence holds with T'f = ||V f|| clearly
satisfying the product rule (3.3.7).

Recalling the discussion of Section 3.1.4, we now show how we can
pass from a log-Sobolev inequality to a concentration inequality via the
Herbst argument. Indeed, let Q = X™ and pu = P, and suppose that
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P satisfies LSI(c) on an appropriate pair (A, I"). Suppose, furthermore,
that the function of interest f is an element of A and that ||I'f||o < 00
(otherwise, LSI(c) is vacuously true for any c¢). Then tf € A for any
t > 0, so applying (3.3.1) to g = tf we get

D(P|P) < 2 ELD [0 tf))’]

ct? o) 2
9 Ep [(Ff) }
ol T f[13:t*

2 Y
where the second step uses the fact that I'(tf) = tT'f for any f € A
and any t > 0. In other words, P satisfies the bound (3.1.31) for every
g € Awith E(g) = |[Tg|/% . Therefore, using the bound (3.3.8) together
with Corollary 3.1.1, we arrive at

< (3.3.8)

r2

P(f(X") 2 Ef(X") +7) < exp <_W

), Vr>0. (3.3.9)

3.3.1 Tensorization of the logarithmic Sobolev inequality

In the above demonstration, we have capitalized on an appropriate log-
Sobolev inequality in order to derive a concentration inequality. Show-
ing that a log-Sobolev inequality actually holds can be very difficult for
reasons discussed in Section 3.1.3. However, when the probability mea-
sure P is a product measure, i.e., the random variables X7,..., X, € X
are independent under P, we can, once again, use the “divide-and-
conquer” tensorization strategy: we break the original n-dimensional
problem into n one-dimensional subproblems, then establish that each
marginal distribution Px,, i = 1,...,n, satisfies a log-Sobolev inequal-
ity for a suitable class of real-valued functions on X', and finally appeal
to the tensorization bound for the relative entropy.

Let us provide the abstract scheme first. Suppose that for each
i € {1,...,n} we have a pair (A;,T;) defined on X that satisfies the
requirements (LSI-1)-(LSI-3) listed at the beginning of Section 3.3.
Recall that for any function f: X" — R, for any ¢ € {1,...,n}, and
any (n — 1)-tuple ° = (z1,...,%i_1,Tis1,.-.,Tn), we have defined a
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function fi(-|z"): X — R via fi(x;|z") £ f(2"). Then, we have the
following:

Theorem 3.3.1. Let X;,...,X,, € X be n independent random vari-
ables, and let P = Py, ® ... ® P, be their joint distribution. Let A
consist of all functions f: X™ — R such that, for every i € {1,...,n},

fitlz) e A, v@tean ! (3.3.10)
Define the operator I' that maps each f € A to

n

Lf=.|> (Tifi)? (3.3.11)
i=1
which is shorthand for
Tf(a") = \lzn:(rifi(mi)f, Vo e X" (3.3.12)
i=1

Then, the following statements hold:

1. If there exists a constant ¢ > 0 such that, for every i, Px, satis-
fies LSI(c) with respect to (A;,T';), then P satisfies LSI(c) with
respect to (A,T).

2. For any f € A with E[f(X™)] =0, and any r > 0,

-2
P(f(X™) >7r) <exp (_W> . (3.3.13)

Proof. We first check that the pair (A,T'), defined in the statement of
the theorem, satisfies the requirements (LSI-1)—(LSI-3). Thus, consider
some f € A, choose some a > 0 and b € R, and let ¢ = af + b. Then,
for any i and any #,

gl(|‘i‘l) = g($17' sy Li—1y 5 Tty - - - ,xn)
= af(a;l,. oy L1y Tty - - ,{L‘n) +b
= af;(-]7°) + b€ A,

where the last step uses (3.3.10). Hence, f € A implies that g = af+b €
A for any a > 0,b € R, so (LSI-1) holds. From the definitions of T' in
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(3.3.11) and (3.3.12) it is readily seen that (LSI-2) and (LSI-3) hold as
well.
Next, for any f € A and any t > 0, we have

D(P)||P) gip( 5@{ Py, <t;))
:zg:/ D( P HP )
<5y / PP B | (nigixila)) |

g caei

=1
- % -EGD [(05)?7], (3.3.14)

where the first step uses Proposition 3.2 with @ = P®/), the second
is by the definition of conditional divergence where Px, = PXi\ i, the
third is due to (3.1.24), the fourth uses the fact that (a) f;(-|z") € A; for
all ' and (b) Py, satisfies LSI(c) with respect to (A;,T;), and the last
step uses the tower property of the conditional expectation, as well as
(3.3.11). We have thus proved the first part of the theorem, i.e., that P
satisfies LSI(c) with respect to the pair (A, I"). The second part follows
from the same argument that was used to prove (3.3.9). O

3.3.2 Maurer’s thermodynamic method

With Theorem 3.3.1 at our disposal, we can now establish concentra-
tion inequalities in product spaces whenever an appropriate log-Sobolev
inequality can be shown to hold for each individual variable. Thus, the
bulk of the effort is in showing that this is, indeed, the case for a given
probability measure P and a given class of functions. Ordinarily, this is
done on a case-by-case basis. However, as shown recently by A. Maurer
in an insightful paper [134], it is possible to derive log-Sobolev inequal-
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ities in a wide variety of settings by means of a single unified method.
This method has two basic ingredients:

1. A certain “thermodynamic” representation of the divergence
D(pD |\ ), f € A, as an integral of the variances of f with respect
to the tilted measures p®f) for all t € (0,1).

2. Derivation of upper bounds on these variances in terms of an
appropriately chosen operator I' acting on A, where A and I" are
the objects satisfying the conditions (LSI-1)—(LSI-3).

In this section, we will state two lemmas that underlie these two ingre-
dients and then describe the overall method in broad strokes. Several
detailed demonstrations of the method in action will be given in the
sections that follow.

Once again, consider a probability space (€2, F,u) and recall the
definition of the g-tilting of u:

dpl? _ exp(g)
dp Eplexp(g)]’

The variance of any h:  — R with respect to ,u(g) is then given by

2
varl®)[n) £ E@[n?] - (E@[A]) .
The first ingredient of Maurer’s method is encapsulated in the following

(see [134, Theorem 3]):

Lemma 3.3.2. Consider a function f: Q@ — R, such that E,[exp(Af)] <
oo for all A > 0. Then

A oA
D () ) = /0 /t var®[f] ds dt. (3.3.15)

Remark 3.13. The thermodynamic interpretation of the above result
stems from the fact that the tilted measures p®f) can be viewed as
the Gibbs measures that are used in statistical mechanics as a proba-
bilistic description of physical systems in thermal equilibrium. In this
interpretation, the underlying space 2 is the state (or configuration)
space of some physical system X, the elements x € () are the states
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(or configurations) of 3, p is some base (or reference) measure, and
f is the energy function. We can view p as some initial distribution
of the system state. According to the postulates of statistical physics,
the thermal equilibrium of ¥ at absolute temperature 6 corresponds
to that distribution v on 2 that will globally minimize the free energy
functional

Uo(v) 2 E,[f] + 0D(v||p). (3.3.16)

Then we claim that Uy(v) is uniquely minimized by v* = ,u(_tf ), where
t = 1/6 is the inverse temperature. To see this, consider an arbitrary
v, where we may assume, without loss of generality, that v < u. Let
¢ = dv/du. Then

dv

dl/ au w
dlu(—tf) = d“(ftf) = =) = eXp(tf) Eu[exp(—tf)]
du Ey[exp(—tf)]
and
1
Wp(v) = - E,[tf + In1]
1
= 2 B, (¢ exp(t))]
1 dv
1

= 7 [PEAu0) = A1)
where, as before, A(—t) £ In(E,[exp(—tf)]) is the logarithmic mo-
ment generating function of f with respect to pu. Therefore, Uy(v) =
Ve (v) > —A(=t)/t, with equality if and only if v = p—th),

We refer the reader to a recent monograph by Merhav [135] that
highlights some interesting relations between information theory and
statistical physics. This monograph relates thermodynamic potentials
(like the thermodynamical entropy and free energy) to information
measures (like the Shannon entropy and information divergence); it
also provides some rigorous mathematical tools that were inspired by
the physical point of view and which proved to be useful in dealing
with information-theoretic problems.
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Now we give the proof of Lemma 3.3.2:

Proof. We start by noting that (see (3.1.10))
Nty =E[f]  and  A"(t) =var{D[f], (3.3.17)

and, in particular, A’(0) = E,[f]. Moreover, from (3.1.12), we get
A
D(uM||p) =22 =~ d (ﬁ) = M'(\) = A(N). (3.3.18)
dA U A
Now, using (3.3.17), we get

A
AN (N) = / N\ de
—/ (/ A(s ds+A’(O)>d
_/ (/ var(sf ]ds—i—Eu[f]) dt (3.3.19)

:/OAA’(t) dt
_ /A (/t A(s)ds + A’(O)) dt
_ / ( / var(e9)|[ ]ds+EH[f]) dr. (3.3.20)

Substituting (3.3.19) and (3.3.20) into (3.3.18), we get (3.3.15). O

and

Now the whole affair hinges on the second step, which involves
bounding the variances varfff ) [f], for t > 0, from above in terms of
expectations E,(ff ) [(Tf)?] for an appropriately chosen I'. The following
is sufficiently general for our needs:

Theorem 3.3.3. Let the objects (A,T') and {(A;, )}, be con-
structed as in the statement of Theorem 3.3.1. Furthermore, suppose
that for each i € {1,...,n}, the operator I'; maps each g € A; to a
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constant (which may depend on g), and there exists a constant ¢ > 0
such that the bound

vari*?[g(X;)| X' = 7] < c(Tug)®, V' e ¥ (3.3.21)

holds for all i € {1,...,n}, s > 0, and g € A;, where var [ | X = 2]
denotes the (conditional) variance with respect to P)((‘f] )| Si_gi- Then, the
pair (A,I') satisfies LSI(c) with respect to Pxn.

Proof. Consider an arbitrary function f € A. Then, by construction,
fi: Xy = Risin A; for each i € {1,...,n}. We can write

D( )(()‘ Xi) _ D(P§(]:i(~|fi))HPXi)
:/l/lvargsfi('fi))[fz-(Xi|)_(")|)_(" = 7] dsdt

< c(Tifi) //dsdt

c(Tifi)?
2

where the first step uses the fact that P)(( )‘ <i_gi 1s equal to the f;(-[z* -

tilting of Px,, the second step uses Lemma 3.3. 2 and the third step uses
(3.3.21) with g = f;(-|z"). We have therefore established that, for each
i, the pair (A;,T';) satisfies LSI(c). Therefore, the pair (A,T") satisfies

LSI(c) by Theorem 3.3.1. O

The following two lemmas from [134] will be useful for establishing
bounds like (3.3.21):

Lemma 3.3.4. Let U be a random variable such that U € [a, b] a.s. for
some —oo < a < b < +o00. Then

(b= a)’
T
Proof. Since the support of U is the interval [a, b], the maximal variance
of U is attained when the random variable U is binary and equiprobable
on the endpoints of this interval. The bound in (3.3.22) is achieved with
equality in this case. ]

var[U] < (3.3.22)
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Lemma 3.3.5. Let f be a real-valued function such that f —E,[f] < C
for some C' € R. Then, for every ¢ > 0,

var/(ff) [f] < exp(tC)var,[f].

Proof.
varlN[f] = vart{f — B, [f] } (3.3.23)
<EW [(f - Eulf)’] (3.3.24)
o1
_E, leXp tf) ( e tf;]m) (3.3.25)
<E. {(f—Eulf)’ et (f —EfN]}  (33.26)
< exp(tC) E [( E, [£])*], (3.3.27)
where:
e (3.3.23) holds since var[f] = var[f + ¢] for any constant ¢ € R;
e (3.3.24) uses the bound var[U] < E[U?];
e (3.3.25) is by definition of the tilted distribution j(/);
(3.3.26) follows from applying Jensen’s inequality to the denom-

inator; and

e (3.3.27) uses the assumption that f —E,[f] < C and the mono-
tonicity of exp(-) (note that ¢ > 0).

This completes the proof of Lemma 3.3.5. ]

3.3.3 Discrete logarithmic Sobolev inequalities on the Hamming
cube

We now use Maurer’s method to derive log-Sobolev inequalities for
functions of n i.i.d. Bernoulli random variables. Let X be the two-
point set {0,1}, and let e; € X™ denote the binary string that has 1 in
the ith position and zeros elsewhere. Finally, for any f: X" — R define

£ \li(f(z” De;) — f(x"))z, Va' e X", (3.3.28)

=1
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where the modulo-2 addition & is defined componentwise. In other
words, I'f measures the sensitivity of f to local bit flips. We consider
the symmetric, i.e., Bernoulli(1/2), case first:

Theorem 3.3.6 (Discrete log-Sobolev inequality for the symmetric
Bernoulli measure). Let A be the set of all functions f: X™ — R. Then,
the pair (A, I') with I defined in (3.3.28) satisfies the conditions (LSI-
1)-(LSI-3). Let X3, ..., X,, ben ii.d. Bernoulli(1/2) random variables,
and let P denote their distribution. Then, P satisfies LSI(1/4) with
respect to (A, T"). In other words, for any f: X" — R,

D(PW||P) < %EEI) (7. (3.3.29)

Proof. Let Ag be the set of all functions g: {0,1} — R, and let T’y be
the operator that maps every g € Ag to

Tg 2 [g(0) - g()] = lg(2) —glz @ 1), Vo e{0.1}.  (3.3.30)

For each i € {1,...,n}, let (A4;,T;) be a copy of (Ap,T¢). Then, each
I'; maps every function g € A; to the constant |g(0) — g(1)|. Moreover,
for any g € A;, the random variable U; = ¢g(X;) is bounded between
9(0) and ¢(1), where we can assume without loss of generality that
9(0) < g(1). Hence, by Lemma 3.3.4, we have

(Tig)?

varg? [g(X)| X' = 7] < . = (3.3.31)

for all g € A;, ¥ € X" 1. In other words, the condition (3.3.21) of
Theorem 3.3.3 holds with ¢ = 1/4. In addition, it is easy to see that
the operator I' constructed from I'y,..., T, according to (3.3.11) is
precisely the one in (3.3.28). Therefore, by Theorem 3.3.3, the pair
(A, T) satisfies LSI(1/4) with respect to P, which proves (3.3.29). This
completes the proof of Theorem 3.3.6. O

Now let us consider the case when X7, ..., X,, are i.i.d. Bernoulli(p)
random variables with some p # 1/2. We will use Maurer’s method to
give an alternative, simpler proof of the following result of Ledoux [51,
Corollary 5.9]:
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Theorem 3.3.7. Consider any function f: {0,1}" — R with the prop-
erty that there exists some ¢ > 0 such that

max |f(z" @e;) — f(a")] <c (3.3.32)
i€{1,...,n}

for all 2™ € {0,1}". Let Xi,...,X, be n iid. Bernoulli(p) random
variables, and let P be their joint distribution. Then

D(PY||P) < pq <(C -1 ec);p(c) + 1) e [(rr)?], (3.3.33)

where ¢ £ 1 — p.

Proof. Following the usual route, we will establish the n = 1 case first,
and then scale up to an arbitrary n by tensorization. In order to capture
the correct dependence on the Bernoulli parameter p, we will use a
more refined, distribution-dependent variance bound of Lemma 3.3.5,
as opposed to the cruder bound of Lemma 3.3.4 that does not depend on
the underlying distribution. Maurer’s paper [134] has other examples.

Let a = |I(f)| = [f(0) — f(1)|, where I is defined as in (3.3.30).
Without loss of generality, we may assume that f(0) = 0 and f(1) = a.
Then

E[f] = pa and var[f] = pqa®. (3.3.34)

Using (3.3.34) and Lemma 3.3.5, since f —E[f] < a—pa = qa, it follows
that for every ¢ > 0

vart?[f] < pga® exp(tqa).

Therefore, by Lemma 3.3.2 we have

1 1
D(P(f)HP) §pqa2/ / exp(sqa) dsdt
0 Jt
— pga? ((qa — 1)exp(qa) + 1)
(qa)?

c—1)exp(c 1
( )Czp()Jr )

< pga’ (

where the last step follows from the fact that the function u +— u=2[(u—
1)exp(u) + 1] is nondecreasing in u > 0, and 0 < ga < a < ¢. Since
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a®? = (T'f)?, we can write

D(PYV|P) < pg ((c_ D exp(e) + 1) EY [(01)?],

c2

so we have established (3.3.33) for n = 1.
Now consider an arbitrary n € N. Since the condition in (3.3.32)
can be expressed as

fi0lz") — fi(1]z")

we can use (3.3.33) to write

<ec, Vie{l,...,n}, z° € {0,1}" 1,

Do)

< pq <(C ~Dexpet 1) Egi("ii)) [ (Fz‘fi(Xi|Xi))2 ’Xi = fz}

c2

for every i = 1,...,n and all z* € {0,1}""!. With this, the same
sequence of steps that led to (3.3.14) in the proof of Theorem 3.3.1 can
be used to complete the proof of (3.3.33) for arbitrary n. O

In Appendix 3.C, we comment on the relations between the log-
Sobolev inequalities for the Bernoulli and the Gaussian measures.

3.3.4 The method of bounded differences revisited

As our second illustration of the use of Maurer’s method, we will give
an information-theoretic proof of McDiarmid’s inequality (recall that
the original proof in [6, 39] used the martingale method; the reader is
referred to the derivation of McDiarmid’s inequality via the martingale
approach in Theorem 2.2.3 of the preceding chapter). Following the
exposition in [134, Section 4.1], we have the following re-statement of
McDiarmid’s inequality in Theorem 2.2.3:

Theorem 3.3.8. Let X1,...,X,, € X beindependent random variables.
Consider a function f: X™ — R with E[f(X™)] = 0, and also suppose
that there exist some constants 0 < ¢i,...,¢, < 400 such that, for
each i € {1,...,n},

filz|z") — filylz)| < ey,  Va,ye X, # e X (3.3.35)
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Then, for any r > 0,

P(f(X")>7) <exp (-%) . (3.3.36)

n
i=16C;

Proof. Let Ay be the set of all bounded measurable functions g: X —
R, and let Iy be the operator that maps every g € Ay to I'gg =
sup,ex 9(z) — infyex g(x). Clearly, I'o(ag + b) = al'g g for any a > 0
and b € R. Now, for each ¢ € {1,...,n}, let (A;,T;) be a copy of
(Ap,Tg). Then, each I'; maps every function g € A; to a non-negative
constant. Moreover, for any g € A;, the random variable U; = g(X;)
is bounded between inf,cx g(z) and sup,cy 9(z) = infcx g(x) + Tig.
Therefore, Lemma 3.3.4 gives

varl D g(x) X = ] < L9

VgeA;, et

Hence, the condition (3.3.21) of Theorem 3.3.3 holds with ¢ = 1/4.
Now let A be the set of all bounded measurable functions f: X™ — R.
Then, for any f € A, i € {1,...,n} and 2™ € X", we have

sup f(x1,..., @i ..., xn) — inf f(z1, ... 2. 2p)
r; €X; T €X;
= sup fi(wi|z") — inf fi(ai]z")
r;€X; T, €EX;
=T, fi(-z").
Thus, if we construct an operator I' on A from I'y,...,I", according to

(3.3.11), the pair (A,T") will satisfy the conditions of Theorem 3.3.1.
Therefore, by Theorem 3.3.3, it follows that the pair (A,T") satisfies
LSI(1/4) for any product probability measure on X™. Hence, inequal-
ity (3.3.9) implies that

7,2
P(f(X")>7) <exp (-ﬁ) (3.3.37)

holds for any r» > 0 and bounded f with E[f] = 0. Now, if f satisfies
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(3.3.35), then

ITf|%, = sup Z T, fi(zi|5)°

Ienil

—_i\\ 2
UP (Tifi(xilz*))

'M3

<

2

M: NGE

I
—

sup | fi(zi]Z') — fi(ylz")?
x"EX",yEX

IN

2
C; -
i

Substituting this bound into the right-hand side of (3.3.37) gives
(3.3.36). 0

Note that Maurer’s method gives the correct constant in the ex-
ponent, in contrast to an earlier approach by Boucheron, Lugosi and
Massart [136] who also used the entropy method. For the reader’s ben-
efit, we give a more detailed discussion of this in Appendix 3.D.

3.3.5 Log-Sobolev inequalities for Poisson and compound Poisson
measures

Let Py denote, for some A > 0, the Poisson()\) measure, i.e., Py(n) £
e_zf‘n for every n € Ny, where Ng £ N U {0} is the set of the non-
negative integers. Bobkov and Ledoux [54] have established the follow-

ing log-Sobolev inequality: for any function f: Ny — R,
D(P|Px) < AEF] [(Th) e = 1], (3.3.38)
where I' is the modulus of the discrete gradient:
Lf(z) £ |f(z) — f(x+1)], Vz € Ny. (3.3.39)

(The inequality (3.3.38) can be obtained by combining the log-Sobolev
inequality in [54, Corollary 7] with equality (3.3.4).) Using tensorization
of (3.3.38), Kontoyiannis and Madiman [137] gave a simple proof of a
log-Sobolev inequality for the compound Poisson distribution. We recall
that a compound Poisson distribution is defined as follows: given A > 0
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and a probability measure  on N, the compound Poisson distribution
CP, , is the distribution of the random sum

N
Z=> X (3.3.40)

where N ~ Py, and X1, Xo, ... are i.i.d. random variables with distribu-
tion p, independent of N (if N takes the value zero, then Z is defined
to be zero).

Theorem 3.3.9 (Log-Sobolev inequality for compound Poisson measures
[137]). For an arbitrary probability measure p on N and an arbitrary
bounded function f: Ng — R, and for every A > 0,

D(CP({LHCPA,“) <A Zu(k) E(CfP)A,H [(ka) Tef _ Tuf o 1} 7
k=1
(3.3.41)
where I'y f(z) £ | f(2) — f(x 4 k)| for each k,z € No.

Proof. The proof relies on the following alternative representation of
the CPy , probability measure:

Lemma 3.3.10. If Z ~ CP, ,, then

ZE3 kY, Yi~Puu, VREN (3.3.42)

where {Y};}72, are independent random variables, and 4 means equal-
ity in distribution.

Proof. The characteristic function of Z in (3.3.42) is equal to

0z(v) 2 Elexp(jr2)] —exp{ <Z,u )exp(jvk) —1)}, VveR

which coincides with the characteristic function of Z ~ CP,, in
(3.3.40). The statement of the lemma follows from the fact that two
random variables are equal in distribution if and only if their charac-
teristic functions coincide. U
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For each n € N, let P,, denote the product distribution of Y7,...,Y,,.
Consider an arbitrary function f : Ng — R, and define the function
g9: (No)" = R by

91, un) = (Zkyk> VY1, ..., yn € Np.

If we now denote by P, the distribution of the sum S, = g kYg,
then

S0 g, | (o2 E) )( exp (£(50) )1
D(PVI1P.) =E, KEP exp 75)1) " \Ep, fexp (7S]

(
_E [( exp (g(Y™)) ) I < exp (g(Y™)) )1
P\ Ep, [exp (9(Y™))] Ep, lexp (9(Y™))]

— (P’SQ)HP")
< ZH:D(P&’?W Py |Pi2), (3.3.43)

B
Il

1

where the last line uses Proposition 3.2 and the fact that P, is a product
distribution. Using the fact that

(9) _
dPYk|Yk_y B exp (gk('|yk)) Py =Py
d Py, EPAu(k) [exp (gr(Ye|5"))]” * o

and applying the Bobkov-Ledoux inequality (3.3.38) to Py, and all
functions of the form g (-|7*), we can write

D(PE)5. )| P | PEY)

< Ma(k)EE) | (Do (YelVF)) xR — Posil™) 1] (3.3.44)

¥ |

where I is the absolute value of the “one-dimensional” discrete gradient
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n (3.3.39). For any y" € (Np)", we have

Tgr (yr|g") = ‘Qk(ykwk) — gk(yr + 1\§k)‘

= }f (k‘yk + > jyj)

Jefl,ni\{k}

- f (k‘(yk +1) + > jyj) ’

Ge{l,...n\{k}

e (Sm) o (S o)
=Ivf (ijyj) .

Using this in (3.3.44) and performing the reverse change of measure
from P, to P,, we can write

_>)

< Ma(k)EY) [(Def () e ) — Pl 1] (3.3.45)

(9)
D(me Py,

Therefore, the combination of (3.3.43) and (3.3.45) gives

D(PD|[P) < A nlk)EY) [(Tifyerss — e 1]

| /\

2 nlk
i EY [(Cxf)e™ — el 1] (3.3.46)
k=1

where the second line follows from the inequality xe® —e® +1 > 0 that
holds for all > 0.

Now we will take the limit as n — oo of both sides of (3.3.46). For
the left-hand side, we use the fact that, by (3.3.42), P, converges in
distribution to CP) , as n — oo. Since f is bounded, R(Lf) — CPS\Q in
distribution. Therefore, by the bounded convergence theorem, we have

lim D(PY|[P,) = D(CPY), | cPy ). (3.3.47)

n— o0



3.3. Logarithmic Sobolev inequalities: the general scheme 143

For the right-hand side, we have

ZN BYEY) [T f) e — el 1]
{D ) [(04) rkf_erkfﬂ}}
=8, [ () = 41)

Z cpr [ka) ekl — el 1} (3.3.48)

where the first and the last steps follow from Fubini’s theorem, and the
second step follows from the bounded convergence theorem. Putting
(3.3.46)—(3.3.48) together, we get the inequality in (3.3.41). This com-
pletes the proof of Theorem 3.3.9. ]

3.3.6 Bounds on the variance: Efron—Stein—Steele and Poincaré
inequalities

As we have seen, tight bounds on the variance of a function f(X") of
independent random variables X1,..., X, are key to obtaining tight
bounds on the deviation probabilities P(f(X™) > Ef(X") + r) for
r > 0. It turns out that the reverse is also true: assuming that f has
Gaussian-like concentration behavior,

P(f(X™) > Ef(X")+7r) < Kexp (—xr?),  ¥r>0

it is possible to derive tight bounds on the variance of f(X™).
We start by deriving a version of a well-known inequality due to
Efron and Stein [138], with subsequent refinements by Steele [139]:

Theorem 3.3.11 (Efron—Stein—Steele inequality). Let X1,..., X, be in-
dependent X-valued random variables. Consider any function f: X™ —
R, such that its scaled versions tf are exponentially integrable for all
sufficiently small ¢ > 0. Then

var[f(X™)] < 3B {var[f(x")|X7]}. (3.3.49)
=1
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Proof. By Proposition 3.2, for any ¢t > 0, we have

D tf HP ZD P(tf))'

Using Lemma 3.3.2, we can rewrite this inequality as

//varTf Jdrds < i {//var(sz 1X9) [f; (X3 X)) drds| .

Dividing both sides by ¢, passing to the limit of ¢ — 0, and using the
fact that

lim — / / var! Tf fldrds = var[f]

t—0 t2

we get (3.3.49). O

Next, we discuss the connection between log-Sobolev inequalities
and another class of functional inequalities, the so-called Poincaré in-
equalities. Consider, as before, a probability space (€2, F, 1) and a pair
(A, T) satisfying the conditions (LSI-1)—(LSI-3). Then, we say that p
satisfies a Poincaré inequality with constant ¢ > 0 if

var[f] < cE, [(DF)?],  VfeA (3.3.50)

Theorem 3.3.12. Suppose that p satisfies LSI(c) with respect to
(A,T). Then p also satisfies a Poincaré inequality with constant c.

Proof. For any f € A and any ¢t > 0, we can use Lemma 3.3.2 to
express the corresponding LSI(c) for the function ¢f as

t t 2
/0 /S var7H[f]dr ds < % E(D [(rf)ﬂ . (3.3.51)

Proceeding exactly as in the proof of Theorem 3.3.11 above (i.e., by
dividing both sides of the above inequality by t> and passing to the
limit as ¢ — 0), we obtain

1 c

svanlfl < 5 By [(rf)ﬂ .

Multiplying both sides by 2, we see that p indeed satisfies (3.3.50). O
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Moreover, Poincaré inequalities tensorize, as the following analogue
of Theorem 3.3.1 shows:

Theorem 3.3.13. Let Xq,...,X,, € X be n independent random vari-
ables, and let P = Px, ® ... Py, be their joint distribution. Let A
consist of all functions f: X™ — R, such that, for every 1,

fit]z) € A, vE e X! (3.3.52)
Define the operator I'" that maps each f € A to

n

Tf=.|> (Tifi)? (3.3.53)
i=1
which is shorthand for
Tf(z") = $i(l}f¢(mi\ji))2, V" € X" (3.3.54)
i=1
Suppose that, for every i € {1,...,n}, Py, satisfies a Poincaré inequal-

ity with constant ¢ with respect to (A4;,T';). Then P satisfies a Poincaré
inequality with constant ¢ with respect to (A, T).

Proof. The proof is conceptually similar to the proof of Theorem 3.3.1
(which refers to the tensorization of the logarithmic Sobolev inequal-
ity), except that now we use the Efron—Stein—Steele inequality of The-
orem 3.3.11 to tensorize the variance of f. U

3.4 Transportation-cost inequalities

So far, we have been looking at concentration of measure through the
lens of various functional inequalities, primarily log-Sobolev inequali-
ties. In a nutshell, if we are interested in the concentration properties
of a given function f(X") of a random n-tuple X" € &A™, we seek
to control the divergence D(P)||P), where P is the distribution of
X" and PY) is its f-tilting, dPY) /AP o exp(f), by some quantity
related to the sensitivity of f to modifications of its arguments (e.g.,
the squared norm of the gradient of f, as in the Gaussian log-Sobolev
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inequality of Gross [44]). The common theme underlying these func-
tional inequalities is that any such measure of sensitivity is tied to a
particular metric structure on the underlying product space X". To see
this, suppose that X" is equipped with some metric d(-, ), and consider
the following generalized definition of the modulus of the gradient of
any function f: A" — R:

6™ = FM]

IVF|(z") £ limsup (3.4.1)
y™:d(xz™,y™)]0 d(IL’”, yn)
If we also define the Lipschitz constant of f by
f@") - fy"
[ fllLip £ sup (@) — (6" (3.4.2)

T FyYn d(xn, yn)

and consider the class A of all functions f with || f||Lip < 0o, then it is
easy to see that the pair (A,T) with ['f(2") £ |V f|(2") satisfies the
conditions (LSI-1)—(LSI-3) listed in Section 3.3. Consequently, suppose
that a given probability distribution P for a random n-tuple X™ € X"
satisfies LSI(c) with respect to the pair (A,T'). The use of (3.3.9) and
the inequality ||I'f||co < ||f||Lip, Which follows directly from (3.4.1) and
(3.4.2), gives the concentration inequality

r2

B(f(X") > Ef(X") +7) < exp <_W

) , Vr>0. (34.3)

All the examples of concentration we have discussed so far in this chap-
ter can be seen to fit this theme. Consider, for instance, the following
cases:

1. Euclidean metric: for X = R, equip the product space X" = R"
with the ordinary Euclidean metric:

n

d(@",y") = [la" =yl = || > (i — )
i=1
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Then, the Lipschitz constant || f||rip of any function f: ™ — R
is given by

2 |f(z") = f(y")l
1/ llip = I e
ZnAyn ™ —y™|

and for any probability measure P on R™ that satisfies LSI(c)
we have the bound (3.4.3). We have already seen in (3.2.11) a
particular instance of this with P = G, which satisfies LSI(1).

2. Weighted Hamming metric: for any n constants c1,...,¢, >0
and any measurable space X, let us equip the product space X"
with the metric

n
den (2",y") £ Y Ciliaty)-
=1

The corresponding Lipschitz constant || f||rip, which we also de-
note by || f|Lip,cn to emphasize the role of the weights {¢;}7;, is
given by

A |f(@") = f(y"™)l
| fllLip,en = xiip don (2, y")

yn
Then it is easy to see that the condition || f||rip,c» < 1 is equiva-
lent to (3.3.35). As we have shown in Section 3.3.4, any product
probability measure P on X" equipped with the metric d.» sat-
isfies LSI(1/4) with respect to

A={f 1 Flip,en < 00}

and I'f(-) = |V f|(-) with |V f| given by (3.4.1) with d = dc». In
this case, the concentration inequality (3.4.3) (with ¢ = 1/4) is
precisely McDiarmid’s inequality (3.3.36).

The above two examples suggest that the metric structure plays the
primary role, while the functional concentration inequalities like (3.4.3)
are simply a consequence. In this section, we describe an alternative
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approach to concentration that works directly on the level of proba-
bility measures, rather than functions, and that makes this intuition
precise. The key tool underlying this approach is the notion of trans-
portation cost, which can be used to define a metric on probability
distributions over the space of interest in terms of a given base metric
on this space. This metric on distributions can then be related to the
divergence via so-called transportation-cost inequalities. The pioneering
work by K. Marton in [58] and [71] has shown that one can use these
inequalities to deduce concentration.

3.4.1 Concentration and isoperimetry

We start by giving rigorous meaning to the notion that the concentra-
tion of measure phenomenon is fundamentally geometric in nature. In
order to talk about concentration, we need the notion of a metric prob-
ability space in the sense of M. Gromov [140]. Specifically, we say that
a triple (X, d, ) is a metric probability space if (X, d) is a Polish space
(i.e., a complete and separable metric space) and p is a probability
measure on the Borel sets of (X, d).
For any set A C X and any r > 0, define the r-blowup of A by

A 2 {xc X :dx,A) <r}, (3.4.5)

where d(x, A) £ infyca d(z,y) is the distance from the point x to the
set A. We then say that the probability measure p has normal (or
Gaussian) concentration on (X, d) if there exist some constants K, k >
0, such that

pA)>1/2 = pA,)>1-Ke ™ ¥Vr>0. (3.4.6)

Remark 3.14. Of the two constants K and k in (3.4.6), it is s that
is more important. For that reason, sometimes we will say that u has
normal concentration with constant £ > 0 to mean that (3.4.6) holds
with that value of x and some K > 0.

Remark 3.15. The concentration condition (3.4.6) is often weakened
to the following: there exists some ry > 0, such that

WAy >1/2 = p(4,)>1-Ke 007 yp > (3.4.7)
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(see, for example, [60, Remark 22.23] or [64, Proposition 3.3]). It is not
hard to pass from (3.4.7) to the stronger statement (3.4.6), possibly
with degraded constants (i.e., larger K and/or smaller ). However,
since we mainly care about sufficiently large values of r, (3.4.7) with
sharper constants is preferable. In the sequel, therefore, whenever we
talk about Gaussian concentration with constant « > 0, we will nor-
mally refer to (3.4.7), unless stated otherwise.

Here are a few standard examples (see [3, Section 1.1]):

1. Standard Gaussian distribution — if X = R", d(z,y) =
||t — y|| is the standard Euclidean metric, and p = G"™ is the
standard Gaussian distribution, then for any Borel set A C R"
with G"(A) > 1/2 we have

1 T t2
n > -
G"(Ay) NG / exp < 2) dt

1 r?
2 1-— 5 exp —5 s Vr >0 (348)

ie., (3.4.6) holds with K = % and s = 3.

2. Uniform distribution on the unit sphere — if X = S" =
{z € R*™!: ||z|| = 1}, d is given by the geodesic distance on S",
and g = o™ (the uniform distribution on S™), then for any Borel
set A C S™ with ¢™(A) > 1/2 we have

(n—1)r?

o"(A;) > 1—exp <_ 9

) , Vr > 0. (3.4.9)

In this instance, (3.4.6) holds with K = 1 and x = (n — 1)/2.
Notice that k is actually increasing with the ambient dimension
n.

3. Uniform distribution on the Hamming cube — if X =
{0,1}", d is the normalized Hamming metric

1 n
d(z,y) = — > Laitu
=1
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for all z = (z1,...,2n),y = (Y1,---,yn) € {0,1}", and p = B" is
the uniform distribution on {0, 1}"™ (which is equal to the product
of n copies of a Bernoulli(1/2) measure on {0,1}), then for any
A C{0,1}"™ we have

B"(A,) > 1—exp (—-2m?),  ¥r>0 (3.4.10)
s0 (3.4.6) holds with K =1 and k = 2n.

Remark 3.16. Gaussian concentration of the form (3.4.6) is often dis-
cussed in the context of so-called isoperimetric inequalities, which relate
the full measure of a set to the measure of its boundary. To be more
specific, consider a metric probability space (X, d, 1), and for any Borel
set A C X define its surface measure as (see [3, Section 2.1])

pt(A) £ liminf pAr\ 4) = lim inf M

r—0 r—0 r

(3.4.11)

Then, the classical Gaussian isoperimetric inequality can be stated as
follows: If H is a half-space in R", i.e., H = {x € R" : (z,u) < ¢} for

some u € R™ with |lu| = 1 and some ¢ € [—oc0, +00], and if A C R" is
a Borel set with G"(A) = G"(H), then
(G™)F(A) > (G (H), (3.4.12)

with equality if and only if A is a half-space. In other words, the Gaus-
sian isoperimetric inequality (3.4.12) says that, among all Borel subsets
of R™ with a given Gaussian volume, the half-spaces have the smallest
surface measure. An equivalent integrated version of (3.4.12) says the
following (see, e.g., [141]): Consider a Borel set A in R™ and a half-
space H = {z : (x,u) < ¢} with |Ju|| =1, ¢ > 0 and G"(A) = G"(H).
Then, for any r > 0, we have

G"(Ay) > G"(H,),

with equality if and only if A is itself a half-space. Moreover, an easy
calculation shows that

c+r 2
G"(H,) = #/_w exp (—%) d¢

1 2
Zl—iexp<—(r—;c) ), Vr > 0.
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So, if G(A) > 1/2, we can always choose ¢ = 0 and get (3.4.8).

Intuitively, what (3.4.6) says is that, if x4 has normal concentra-
tion on (X, d), then most of the probability mass in X is concentrated
around any set with probability at least 1/2. At first glance, this seems
to have nothing to do with what we have been looking at all this time,
namely the concentration of Lipschitz functions on X around their
mean. However, as we will now show, the geometric and the func-
tional pictures of the concentration of measure phenomenon are, in
fact, equivalent. To that end, let us define the median of a function
f: & = R: we say that a real number my is a median of f with respect
to p (or a p-median of f) if

Puf(X)2mp) >3 and  Bu(f(X)<mg) 5 (34.13)

(note that a median of f may not be unique). The precise result is as
follows:

Theorem 3.4.1. Let (X,d, ) be a metric probability space. Then pu
has the normal concentration property (3.4.6) (with arbitrary constants
K,k > 0) if and only if for every Lipschitz function f: X — R (where
the Lipschitz property is defined with respect to the metric d) we have

2
Pu(f(X) =2 mp+7) < Kexp(—ﬁ), Vr>0  (3.4.14)
ip

where m; is any p-median of f.

Proof. Suppose that u satisfies (3.4.6). Fix any Lipschitz function f,
where, without loss of generality, we may assume that || f||Lip, = 1. Let

my be any median of f, and define the set Af & {ac EX: f(x) < mf}.
By definition of the median in (3.4.13), u(A/) > 1/2. Consequently, by
(3.4.6), we have
u(Al) =P, (d(x, Af) <r)
>1— Kexp(—kr?), Vr>0. (3.4.15)

By the Lipschitz property of f, for any y € A/ we have f(X)—m; <
f(X) = f(y) <d(X,y), so f(X)—my < d(X,Al). This, together with
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(3.4.15), implies that

Pu(f(X) = my <r) > Py(d(X, AT) <)
> 1— K exp(—kr?), Vr>0
which is (3.4.14).
Conversely, suppose (3.4.14) holds for every Lipschitz f. Choose any

Borel set A with ;(A) > 1/2 and define the function fa(z) £ d(z, A)
for every © € X. Then f4 is 1-Lipschitz, since

[Fa(@) = fa)] = | inf d(z,u) — int d(y, w)|

< sup |d(.’E, ’U,) - d(y7 'LL)‘
u€A

< d(z,y),

where the last step is by the triangle inequality. Moreover, zero is a
median of f4, since

P,(fa(X)<0)=P,(X € A) > % and  P,(fa(X)>0)> %

where the second bound is vacuously true since f4 > 0 everywhere.
Consequently, with m; = 0, we get

1—u(4,) = Pﬂ(d(X’ A) > T)
=Pu(fa(X) = mys+r)
< Kexp (—m*2) , Vr >0

which gives (3.4.6). O

In fact, for Lipschitz functions, normal concentration around the
mean also implies normal concentration around any median, but pos-
sibly with worse constants [3, Proposition 1.7]:

Theorem 3.4.2. Let (X, d, 1) be a metric probability space, such that
for any 1-Lipschitz function f: X — R we have

P (F(X) > E,[f(X)] +7) < Koexp (= ko), Vr>0 (3.4.16)
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with some constants Ky, kg > 0. Then, p has the normal concentra-
tion property (3.4.6) with K = Ky and x = ko/4. Consequently, the
concentration inequality in (3.4.14) around any median my is satisfied
with the same constants of k and K.

Proof. Let A C X be an arbitrary Borel set with p(A) > 0, and fix
some 7 > 0. Define the function fa,(x) £ min {d(z, A),r}. From the
triangle inequality, ||far|lLip < 1 and

E,lfar(0)] = [ min{d(@, 4),r} p(do)

:/ min{d(m,A),r}u(dz)—i—/ min {d(z, A),r} p(dz)
A Ac

= (1 p(A)r (3.4.17)

Then

< Py (far(X) 2 Bulfar(X)] +rn(A))
< Kgexp (—ﬁo (,u(A)T’)Q) ;

where the first two steps use the definition of f4 ,, the third step uses
(3.4.17), and the last step uses (3.4.16). Consequently, if 1(A) > 1/2, we
get (3.4.6) with K = Ky and k = ko/4. Theorem 3.4.1 therefore implies
that the concentration inequality in (3.4.14) holds for any median m
with the same constants of x and K. O

Remark 3.17. Let (X, d, u) be a metric probability space, and suppose
that p has the normal concentration property (3.4.6) (with arbitrary
constants K,k > 0). Let f: X — R be an arbitrary Lipschitz function
(with respect to the metric d). Then we can upper-bound the distance
between the mean and any p-median of f in terms of the parameters
K,k and K and the Lipschitz constant of f. From Theorem 3.4.1, we
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have
Eu[f ()] —my| <EL[IF(X) —my]]
- / B, (If(X) —my| > r)dr

<, amce(- Hf\?\ip)dr
= \Z Kl

where the last inequality follows from the (one-sided) concentration
inequality in (3.4.14) applied to f and —f (both are Lipschitz functions
with the same constant). We have already seen a special case of this
relation in Chapter 2 (cf. Corollary 2.5.11 and Remark 2.12).

3.4.2 Marton’s argument: from transportation to concentration

As we have just seen, the phenomenon of concentration is fundamen-
tally geometric in nature, as captured by the isoperimetric inequality
(3.4.6). Once we have established (3.4.6) on a given metric probability
space (X,d, ), we immediately obtain Gaussian concentration for all
Lipschitz functions f: X — R by Theorem 3.4.1.

There is a powerful information-theoretic technique for deriving
concentration inequalities like (3.4.6). This technique, first introduced
by Marton (see [71] and [58]), hinges on a certain type of inequality that
relates the divergence between two probability measures to a quantity
called the transportation cost. Let (X, d) be a Polish space. Given p > 1,
let P,(X) denote the space of all Borel probability measures p on X,
such that the moment bound

E,[dP(X,zg)] < oo (3.4.18)
holds for some (and hence all) zy € X.

Definition 3.1. Given p > 1, the LP Wasserstein distance between any
pair u,v € Pp(X) is defined as

1/p
Wo(v) 2 inf ( / dp(a:,y)w(da:,dy)> , (3.4.19)
mell(py) \Jxxx
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where II(u,v) is the set of all probability measures 7 on the product
space X X X with marginals u and v.

Remark 3.18. Another equivalent way of writing down the definition
of Wy(u,v) is

Wy(u,v) = inf {E[d"(X,Y)]}"7, (3.4.20)
XY ~v
where the infimum is over all pairs (X,Y") of jointly distributed random
variables with values in X, such that Px = y and Py = v.

The name “transportation cost” comes from the following interpre-
tation: Let p (resp., v) represent the initial (resp., desired) distribution
of some matter (say, sand) in space, such that the total mass in both
cases is normalized to one. Thus, both u and v correspond to sand piles
of some given shapes. The objective is to rearrange the initial sand pile
with shape p into one with shape v with minimum cost, where the cost
of transporting a grain of sand from location = to location ¥ is given
by c¢(z,y) for some measurable function c: X x X — R. If we allow
randomized transportation policies, i.e., those that associate with each
location x in the initial sand pile a conditional probability distribution
m(dy|x) for its destination in the final sand pile, then the minimum
transportation cost is given by

C(un 2 it [ cwy)n(de.dy), (3.4.21)
mell(p,v) Jxxx

When the cost function is given by ¢ = dP for some p > 1 and d is

a metric on &, we will have C*(u,v) = W} (u,v). The optimal trans-

portation problem (3.4.21) has a rich history, dating back to a 1781

essay by Gaspard Monge, who has considered a particular special case

of the problem

Copr) 2 inf {/X o, p(@)u(dz) : ot = ,,} C(34.22)

Here, the infimum is over all deterministic transportation policies, i.e.,
measurable mappings ¢: X — X, such that the desired final mea-
sure v is the image of p under ¢, or, in other words, if X ~ u, then
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Y = ¢(X) ~ v. The problem (3.4.22) (or the Monge optimal trans-
portation problem, as it has now come to be called) does not always
admit a solution (incidentally, an optimal mapping does exist in the
case considered by Monge, namely X = R? and c(z,y) = ||z — y[|). A
stochastic relaxation of Monge’s problem, given by (3.4.21), was con-
sidered in 1942 by Leonid Kantorovich (see [142] for a recent reprint).
We recommend the books by Villani [59, 60] for a detailed historical
overview and rigorous treatment of optimal transportation.

Lemma 3.4.3. The Wasserstein distances have the following proper-
ties:

1. For each p > 1, W,(-,-) is a metric on Pp(X).

2. If 1 <p < gq, then Pp(X) 2 Py(X), and Wy(u,v) < Wy(p,v) for
any p,v € Py(X).

3. W), metrizes weak convergence plus convergence of pth-order mo-
ments: a sequence {/,}52; in P,(X) converges to p € Pp(X) in
Wy, i.e., Wy(pin, 1) 2722 0, if and only if:

n—oo

(a) {pn} converges to u weakly, i.e., E,, [p] —— E,[p] for any
continuous and bounded function ¢: & — R.

(b) For some (and hence all) 2y € X,
| @@ aopn(dn) == | @@ z0)u(da).
X X

If the above two statements hold, then we say that {u,, } converges
to p weakly in Pp(X).

4. The mapping (u,v) — Wp(p,v) is continuous on Pp(X), i.e.,
if pp, — p and v, — v weakly in P,(X), then Wp(pn,vn) —
Wy (1, v). However, it is only lower semicontinuous in the usual
weak topology (without the convergence of pth-order moments):
if u, — p and v, — v weakly, then

lim inf Wy, (pn, vn) > Wy(p, v).

n—o0
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5. The infimum in (3.4.19) [and therefore in (3.4.20)] is actually a
minimum; in other words, there exists an optimal coupling ©* €
II(p, v), such that

Wv) = [ @@y (de.dy).
XxX

Equivalently, there exists a pair (X*,Y™*) of jointly distributed
X-valued random variables with Px+ = p and Py~ = v, such
that
Wh(u,v) = E[dP(X*,Y")].
6. If p=2, X = R with d(z,y) = |z — y|, and p is atomless (i.e.,
w({z}) = 0 for all x € R), then the optimal coupling between p
and any v is given by the deterministic mapping

Y =F, o Fu(X)

for X ~ p, where F, denotes the cumulative distribution (cdf)
function of y, i.e., F,(z) = P,(X < ), and F,;! is the quantile
function of v, ie., F,1(a) £ inf {x € R: F,(z) > a}.

Definition 3.2. We say that a probability measure p on (X, d) satisfies
an LP transportation cost inequality with constant ¢ > 0, or a Tp(c)
inequality for short, if for any probability measure v < i we have

Wy(p,v) < \/2¢D(v||p). (3.4.23)

Example 3.1 (Total variation distance and Pinsker’s inequality). Here is
a specific example illustrating this abstract machinery, which should
be a familiar territory to information theorists. Let X be a discrete
set equipped with the Hamming metric d(z,y) = 1{,,;. In this case,
the corresponding L' Wasserstein distance between any two probability
measures 1 and v on X takes the simple form

Wi(uv) = inf  P(X#Y).

As we will now show, this turns out to be nothing but the usual total
variation distance

I = vliey 2 sup [5(4) = v(4)] = %;}( @) — (@) (34.24)
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(we are slightly abusing notation here, writing u(z) for the pu-
probability of the singleton {x}). To see this, consider any 7 € II(u, v).
Then, for any x, we have

p(x) = wl(z,y) > n(z,x),

yeX

and the same goes for v. Thus, m(x,2) < min {u(x),v(z)}, and so

Er[d(X,Y)] = Ex[1{x2y1] (3.4.25)
=P(X #Y) (3.4.26)
=1-> n(z,2) (3.4.27)
zeX
>1- mein {p(x),v(zx)}. (3.4.28)

On the other hand, if we define the set A = {x € X : u(z) > v(z)},
then

= vy = 5 3 ) = @) + 5 3 |u(a) — w(a)]

€A reA°

- % S [ulz) — v(@)] + % > (@) = u@)]
TEA TeAC

- %(N(A) — v(4) + p(A°) — p(A°))

— u(4) - v(A)

and

> min{p(z),v(@)} = Y v(@)+ > ple)
zeX TEA TEAC
= v(A) + p(A°)
=1 (u(4) - v(4))
=1 [lu—vllrv. (3.4.29)
Consequently, for any 7 € II(u, v) we see from (3.4.25)(3.4.29) that

B(X #Y) = E-d(X.Y)] > ||u — v]rv. (3.4.30)
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Moreover, the lower bound in (3.4.30) is actually achieved by 7* taking

7 (,y) = min {p(2), v(2)} Ly
((2) = V(@) Vzey () — py) ey |
u(A) = v(A) frrur
(3.4.31)

_|_

Now that we have expressed the total variation distance || — v||Tv as
the L' Wasserstein distance induced by the Hamming metric on X, the
well-known Pinsker’s inequality

I~ vliav < /5Dl (34.32)

can be identified as a T1(1/4) inequality that holds for any probability
measure i on X.

Remark 3.19. It should be pointed out that the constant ¢ = 1/4 in
Pinsker’s inequality (3.4.32) is not necessarily the best possible for a
given distribution p. Ordentlich and Weinberger [143] have obtained
the following distribution-dependent refinement of Pinsker’s inequality.
Let the function ¢: [0,1/2] — R be defined by

) (57) el
In{——], ifpe |0, s

o(p) = (1—2]9 D 0.2) (3.4.33)
2, ifp:%

(in fact, p(p) = 2asp 1 1/2, p(p) — 0o as p | 0, and ¢ is a monotoni-
cally decreasing and convex function). Let X be a discrete set. For any
P € P(X), define the balance coefficient

1
A : _ -
mp = max min {P(A),1-P(A)} = wpc {0, 2}.

Then, for any @ € P(X),

1
[P =@Qlrv < WD(Q”P) (3.4.34)

(see [143, Theorem 2.1]; related results have also appeared in a technical
report by Weissman et al. [144]). From the above properties of the
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function ¢, it follows that the distribution-dependent refinement of
Pinsker’s inequality is more pronounced when the balance coefficient is
small (i.e., mp < 1). Moreover, this bound is optimal for a given P, in
the sense that

) D(Q|IP)

= inf ) 3.4.35
QeP(x) [P — Q% ( )

For instance, if X = {0,1} and P is the distribution of a Bernoulli(p)
random variable, then 7p = min{p,1 — p} € [0, %},

p(mp) = <1 _12p>1n (1;p), if p #

2, ifp=

NI D=

and for any other @ € P({0,1}) we have, from (3.4.34),

1—2p . 1
—— 2 __p(Q|P), ifp#L
P = Qv < ¢M“_MW](H b7 (3.4.36)

/3 p@lp) itp=1.

The above inequality provides an upper bound on the total variation
distance in terms of the divergence. In general, a bound in the reverse
direction cannot be derived since it is easy to come up with examples
where the total variation distance is arbitrarily close to zero, whereas
the divergence is equal to infinity. However, consider an i.i.d. sample of
size n drawn from a probability distribution P. Sanov’s theorem implies
that the probability that the empirical distribution of the generated
sample deviates in total variation from P by at least some ¢ € (0,1]
scales asymptotically like exp(—n D*(P,¢)), where

D*(P,e) £ D(Q|P).

= inf
Q:|P=Qllrv=e
Although a reverse form of Pinsker’s inequality (or its probability-
dependent refinement in [143]) cannot be derived, it was recently proved
in [145] that
D*(P,e) < p(mp)e® 4+ O(e3).



3.4. Transportation-cost inequalities 161

This inequality shows that the probability-dependent refinement of
Pinsker’s inequality in (3.4.34) is actually tight for D*(P,¢) when ¢ is
small, since both upper and lower bounds scale like ¢(7p)e? if € < 1.

Apart of providing a refined upper bound on the total variation
distance between two discrete probability distributions, the inequal-
ity in (3.4.34) also enables us to derive a refined lower bound on the
relative entropy when a lower bound on the total variation distance
is available. This approach was studied in [146] in the context of the
Poisson approximation, where (3.4.34) was combined with a new lower
bound on the total variation distance (using the so-called Chen-Stein
method) between the distribution of a sum of independent Bernoulli
random variables and the Poisson distribution with the same mean.
Note that, for a sum of i.i.d. Bernoulli random variables, the lower
bound on this relative entropy (see [146]) scales similarly to the upper
bound on this relative entropy derived by Kontoyiannis et al. (see [147,
Theorem 1]) using the Bobkov-Ledoux logarithmic Sobolev inequality
for the Poisson distribution [54] (see also Section 3.3.5 here).

Marton’s procedure for deriving Gaussian concentration from a
transportation cost inequality [71, 58] can be distilled in the follow-
ing:

Proposition 3.6. Suppose p satisfies a Ti(c) inequality. Then, the
Gaussian concentration inequality in (3.4.7) holds with x = 1/(2¢),

K =1,and rp = v2cln 2.

Proof. Fix two Borel sets A, B C X with p(A), u(B) > 0. Define the
conditional probability measures

A H(CNA) » M(CNB)
nal0) = =) =B

where C is an arbitrary Borel set in X'. Then pa, up < p, and

and  pup(C)

Wipa, pB) < Wilp, pa) + Walp, i) (3.4.37)
< /2D (uallw) + /2D (s ), (3.4.38)
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where (3.4.37) is by the triangle inequality, while (3.4.38) is because
satisfies T1(c). Now, for any Borel set C, we have

pa(©) = | L’}fj")) u(dz),

so it follows that dua/dp = 14/u(A), and the same holds for up.

Therefore,

1
L (3.4.39)

dp — dp 1(A)’

and an analogous formula holds for pp in place of 4. Substituting this
into (3.4.38) gives

D(pallp) =Ey

1 1
Wi(pa, up) < \/20111 (A + \/ZCln B (3.4.40)

We now obtain a lower bound on Wi(ua, pup). Since pa (resp., up) is
supported on A (resp., B), any 7w € II(ua, up) is supported on A x B.
Consequently, for any such m we have

/ d(z,y) m(dz,dy) = / d(z,y) m(dz,dy)
XxX AxB

> [ ot da.y) w(da,dy)
AxBYEB

— [ (. B) pa(aa)

S

> inf d(z, B) pa(4)

=d(A, B), (3.4.41)
where pa(A) = 1, and d(A4, B) £ infyeayepd(z,y) is the distance
between A and B. Since (3.4.41) holds for every m € II(pa, B), We

can take the infimum over all such = and get Wi(ua, up) > d(A, B).
Combining this with (3.4.40) gives the inequality

1 1
d(A,B) < \/20111 (A + \/26111 W(B) (3.4.42)

which holds for all Borel sets A and B that have nonzero p-probability.




3.4. Transportation-cost inequalities 163

Let B = A¢. Then u(B) = 1—pu(A,) and d(A, B) > r. Consequently,
(3.4.42) gives

1 1
r < \/20111 (A + \/20111 T(/lr) (3.4.43)

If u(A) > 1/2 and r > v2¢In 2, then (3.4.43) gives
1 2
((Ay) > 1 — exp (—% (r - v2em2) ) . (3.4.44)

Hence, the Gaussian concentration inequality in (3.4.7) indeed holds
with K = 1/(2¢) and K =1 for all » > rp = v/2¢In 2. O

Remark 3.20. The exponential inequality (3.4.44) has appeared earlier
in the work of McDiarmid [85] and Talagrand [7]. The major innovation
that came from Marton’s work was her use of optimal transportation
ideas to derive a more general “symmetric” form (3.4.42).

Remark 3.21. The formula (3.4.39), apparently first used explicitly by
Csiszar [148, Eq. (4.13)], is actually quite remarkable: it states that
the probability of any event can be expressed as an exponential of a
divergence.

While the method described in the proof of Proposition 3.6 does
not produce optimal concentration estimates (which typically have to
be derived on a case-by-case basis), it hints at the potential power of
the transportation cost inequalities. To make full use of this power, we
first establish an important fact that, for p € [1,2], the T}, inequalities
tensorize (see, for example, [60, Proposition 22.5]):

Proposition 3.7 (Tensorization of transportation cost inequalities). For
any p € [1,2], the following statement is true: If p satisfies Tp(c)

Xmn

on (X,d), then, for any n € N, the product measure p®" satisfies

T,(en?P=1) on (X", d,,) with the metric

n

1/p
dpn (2™, y") 2 <Z dp(»”ﬁz',yz')) ) vz, y" e X" (3.4.45)
i=1
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Proof. Suppose p satisfies T)(c). Fix some n and an arbitrary proba-
bility measure v on (X",dy,,). Let X", Y™ € X™ be two independent
random n-tuples, such that

PXn:PX1®PX2‘X1®...®PXTL|XTL—1 =V (3446)
Pyn =Py, @ Py, ®...@ Py, = u®". (3.4.47)
For each ¢ € {1,...,n}, let us define the “conditional” W, distance

Wp(PXHXi*l ) P}{L ‘PXifl)
= i) 7
S < . WP (Px, xi-1=gi-1, Py;) Pxi-1(dz )) .
We will now prove that
Wh(v, ©®m = W2(Pxn, Pyn)
<Y WR(Px,xio1, Pril Pxiv), (3.4.48)

=1

where the LP Wasserstein distance on the left-hand side is computed
with respect to the dj, ,, metric. By Lemma 3.4.3, there exists an optimal
coupling of Px, and Py, i.e., a pair (X7, Y]") of jointly distributed X-
valued random variables such that Pxx = Px,, Py = Py;, and

Wzlﬁn(PXuPYl) = E[dp(va Yl*)]

Now for each i = 2,...,n and each choice of /=1 € X*~1 again by
Lemma 3.4.3, there exists an optimal coupling of Py, | xi-1—gi-1 and Py;,
i.e., a pair (X7 (z'71),Y;*(2'71)) of jointly distributed X-valued random
variables such that PXka(xi—l) = Px, | xi-1=gi-1, Pyi*(xi_l) = Py, and

W2(Py, xi-1pit, Pr) = Bl (X7 (), Y7 (@) (3.4.49)

Moreover, because X is a Polish space, all couplings can be constructed
in such a way that the mapping z'~! — P((X}(z'™1),Y;* (2" 1)) € O)
is measurable for each Borel set C C X x X [60]. In other words, for
each i, we can define the regular conditional distributions

A . .
PX?‘YA*|X*i*1:zi*1 = PX;(xi—l)X/i*(xi—ly Vol e xit
7 7
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such that
Pxsnysn = Pxrys @ Pxsyp|x: ® ... QP Ay x| X# (=)
is a coupling of Px» = v and Py» = p®", and
WP(Px, xi—1, Py,) = B[P (X}, V7)) X 7D], i=1,...,n. (3.4.50)

By definition of W}, we then have

WP (v, ui®") < EldE,, (X ™™, Y*™)] (3.4.51)
= f: E[d? (X}, Y;)] (3.4.52)

i=1
= Zn: E[E[P(X;, Y| X" (3.4.53)

=1

WZI;(PX”Xi—l,PY”PXifl), (3.4.54)

|

-
Il
—

where:

e (3.4.51) is due to the fact that (X* Y*") is a (not necessarily
optimal) coupling of Px» = v and Pyn = pu®";

e (3.4.52) is by the definition (3.4.45) of d, ,;
e (3.4.53) is by the law of iterated expectation; and
e (3.4.54) is by (3.4.49).
We have thus proved (3.4.48). By hypothesis, ;1 satisfies T)(c) on (X, d).
Therefore, since Py, = p for every i, we can write
WE(Py, xi-1, Py | Pxi1)

= i Wg(PXilxi—lzxi—l , Py,)Pxi—1 (dxi_l)

2 .
< / (ZCD(PXi|Xi—1:ri—1||Pyi))p/ PXi_l(de—l)
xi—1

p/2

< (2c)P/2 ( ) D(PXiXi_lzxi_l”pyi)pXi_l(dmi—l))
p/2

= (202 (D(Py, x| P | Pximn)) (3.4.55)

Xi—
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where the second inequality follows from Jensen’s inequality and the
concavity of the function ¢ — /2 for p € [1,2]. Consequently, it follows
that

n = p/2
Wh(w, 1) < (20" Y (D(Py, i1 | P Pxir)
=1
n p/2
< (20)7/Pn!P2 (Z D(Px,xi-1]| Py, |PXi1)>
=1

= (2)"/*n' P/ (D(Pxn || Pyn))"?
= (20)"2n! P2 D(v ]| ",

where the first line holds by summing from ¢ = 1 to ¢ = n and using
(3.4.48) and (3.4.55), the second line is by Holder’s inequality, the third
line is by the chain rule for the divergence and since Py~ is a product
probability measure, and the fourth line is by (3.4.46) and (3.4.47).
This finally gives

Wi (v, 1) < \/2en2/p=1D(v|um),
i.e., u®" indeed satisfies the T,(cn?/P~1) inequality. O

Since Wy dominates W; (cf. Item 2 of Lemma 3.4.3), a Ta(c) in-
equality is stronger than a T(c) inequality (for an arbitrary ¢ > 0).
Moreover, as Proposition 3.7 above shows, T inequalities tensorize ez-
actly: if p satisfies Ty with a constant ¢ > 0, then p®" also satisfies Ty
for every n with the same constant c. By contrast, if p only satisfies
T1(c), then the product measure u®" satisfies T; with the much worse
constant cn. As we shall shortly see, this sharp difference between the
T, and Ty inequalities actually has deep consequences. In a nutshell, in
the two sections that follow, we will show that, for p € {1,2}, a given
probability measure y satisfies a T),(c) inequality on (X, d) if and only
if it has Gaussian concentration with constant 1/(2c¢). Suppose now
that we wish to show Gaussian concentration for the product mea-
sure u®™ on the product space (X", d; ;). Following our tensorization
programme, we could first show that p satisfies a transportation cost
inequality for some p € [1,2], then apply Proposition 3.7 and conse-
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quently also apply Proposition 3.6. If we go through with this approach,
we will see that:

o If u satisfies Ti(c) on (X,d), then u®" satisfies Ti(cn) on
(X", dy,), which is equivalent to Gaussian concentration with
constant 1/(2cn). Hence, in this case, the concentration phe-
nomenon is weakened by increasing the dimension n.

e If on the other hand, p satisfies To(c) on (X, d), then u®" satisfies
Ta(c) on (X", ds ), which is equivalent to Gaussian concentration
with the same constant 1/(2c¢), and this constant is independent
of the dimension n. Of course, these two approaches give the same
constants in concentration inequalities for sums of independent
random variables: if f is a Lipschitz function on (X, d), then from
the fact that

n

dl,n(xna yn) = Z d(xn yl)
i=1

<vn <§”: d2($i,yi)>
i=1
= \/ﬁd2,n($na yn)
we can conclude that, for f,(z") = (1/n) 30, f(x:),

T AT i 1
xnEyn dl,n (xn7 yn) n

1
2

Il fllLip,1

and

o @) = Fal™) 1l
T T @) ym

Therefore, both Ty (c) and Ta(c) give

| fullLip,2

P(lfjf(x-)w) < exp <—L> Vr >0
n i=1 Y= o 2C||f||%lp ’
where X1,...,X,, € X arei.i.d. random variables whose common

marginal p satisfies either To(c) or Ti(c), and f is a Lipschitz
function on X with E[f(X)] = 0. The difference between T; and
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T inequalities becomes quite pronounced in the case of “non-
linear” functions of Xi,...,X,. However, in practice it is often
easier to work with T; inequalities than with Ty inequalities.

The same strategy as above can be used to prove the following
generalization of Proposition 3.7:

Proposition 3.8. For any p € [1,2], the following statement is true: Let
{1, - -, b be n Borel probability measures on a Polish space (X, d),
such that p; satisfies Tp(c;) for some ¢; > 0, for each i = 1,...,n.
Let ¢ £ maxj<j<p ¢ Then p = gy ® ... ® pu, satisfies Tp(cnz/p_l) on
(X", dyp ).

3.4.3 Gaussian concentration and T inequalities

As we have shown above, Marton’s argument can be used to deduce
Gaussian concentration from a transportation cost inequality. As we
will demonstrate here and in the following section, in certain cases
these properties are equivalent. We will consider first the case when p
satisfies a T inequality. The first proof of equivalence between T and
Gaussian concentration was obtained by Bobkov and Gétze [53], and it
relies on the following variational representations of the L' Wasserstein
distance and the divergence:

1. Kantorovich—Rubinstein theorem [59, Theorem 1.14]: For
any pu,v € P1(X) on a Polish probability space (X, d),

Wi(p,v) = sup [EL[f] - E,[f]]. (3.4.56)
Fllfllip<1

2. Donsker—Varadhan lemma [81, Lemma 6.2.13]: For any two
Borel probability measures p,v on a Polish probability space
(X,d) such that v < pu, the following variational representation
of the divergence holds:

D(v|p) = ESC?I()X){EV 9] — InEy[exp(g)]} (3.4.57)

where the supremization in (3.4.57) is over the set C},(X') of con-
tinuous and bounded real-valued functions on X. Furthermore,
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for any measurable function g such that E,[exp(g)] < oo,
E,[g] < D(v||p) + InE,[exp(g)]. (3.4.58)

(In fact, the supremum in (3.4.57) can be extended to bounded
Borel-measurable functions g [149, Lemma 1.4.3].)

Theorem 3.4.4 (Bobkov—Gétze [53]). A Borel probability measure p €
Py (X) satisfies T1(c) if and only if the inequality

E, {expltf(X)]} < exp (g) (3.4.50)

holds for all 1-Lipschitz functions f: X — R with E,[f(X)] = 0, and
all t € R.

Remark 3.22. The moment condition E,[d(X,zq)] < oo is needed to
ensure that every Lipschitz function f: X — R is u-integrable:

EL[[f ()] < [f(zo)| +EL[Ilf(X) — f(20)]]
< |f(@o)| + || fllLip Ep[d(X, z0)] < oo.

Proof. Without loss of generality, we may consider (3.4.59) only for
t > 0.

Suppose first that u satisfies T (c). Consider some v < p. Using the
T (c) property of u together with the Kantorovich—Rubinstein formula
(3.4.56), we can write

[ 1w < Witp) <\ 2D (1)

for any 1-Lipschitz f: X — R with E,[f] = 0. Next, from the fact that

inf (9 + ﬁ) — V2ab (3.4.60)

t>0 \ t 2

for any a,b > 0, we see that any such f must satisfy

/fd ”“) 2, V> 0.

Rearranging, we obtain

ct?
/tfdu——SD(uH,u), V> 0.
X 2
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Applying this inequality to v = u9) (the g-tilting of ) where g £ tf,
and using the fact that

D(u(g)llu)Z/ngu(g)—ln/xexp(g) dps
:/ tfdy—ln/ exp(tf)du
X X

tn ([ exp(tf)d) < i

for all t > 0, and all f with || f||Lip < 1 and E,[f] = 0, which is precisely
(3.4.59).

Conversely, assume that p satisfies (3.4.59) for all 1-Lipschitz func-
tions f: X — R with E,[f(X)] = 0 and all ¢ € R, and let v be an
arbitrary Borel probability measure such that v <« p. Consider any

we deduce that

function of the form g £ ¢f where ¢ > 0. By the assumption in (3.4.59),
E,lexp(g)] < oo; furthermore, g is a Lipschitz function, so it is also
measurable. Hence, (3.4.58) gives

D)= [ tfdv=1n | expltf)d

2
z/tfdy—/tfd,u—i
X 2

where in the second step we have used the fact that [, fdu = 0 by
hypothesis, as well as (3.4.59). Rearranging gives
||M) ct
fdy — fd —|— 5 Vt>0 (3.4.61)

(the absolute value in the left-hand side is a consequence of the fact
that exactly the same argument goes through with —f instead of f).
Applying (3.4.60), we see that the bound

'/ fdy—/ fdu' \/2eD(v|1p) (3.4.62)

holds for all 1-Lipschitz f with E,[f] = 0. In fact, we may now drop the
condition that E,[f] = 0 by replacing f with f —E,[f]. Thus, taking
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the supremum over all 1-Lipschitz f on the left-hand side of (3.4.62)
and using the Kantorovich-Rubinstein formula (3.4.56), we conclude

that Wy (u,v) < \/2cD(v||p) for every v < pu, i.e., u satisfies T1(c).
This completes the proof of Theorem 3.4.4. U

Theorem 3.4.4 gives us an alternative way of deriving Gaussian
concentration for Lipschitz functions (compare with earlier derivations
using the entropy method):

Corollary 3.4.5. Let A be the space of all Lipschitz functions on X,
and let u € P1(X) be a Borel probability measure that satisfies T (c).
Then, the following inequality holds for every f € A:

7,2

2¢|| f11Zs,

Proof. The result follows from the Chernoff bound and (3.4.59). O

P(f(X) > Bu[f(X)] +7) < exp ( ) . Vr>0. (34.63)

As another illustration, we prove the following bound, which in-
cludes the Kearns—Saul inequality (cf. Theorem 2.2.6) as a special case:

Theorem 3.4.6. Let X’ be the Hamming space {0,1}", equipped with
the metric

d(z",y") = Z Naiztyy- (3.4.64)
i=1

Let Xy,...,X, € {0,1} be i.i.d. Bernoulli(p) random variables. Then,
for every Lipschitz function f: {0,1}" — R,

n[(1-— 72
]P’(f(X”) —E[f(X™)] > r) < exp <—;H[Jgﬁ% 1(01)/3]210)) , V> 0.
ip

(3.4.65)

Remark 3.23. In the limit as p — 1/2, the right-hand side of (3.4.65)

2
becomes exp [ ——2r5— ).
nllfllL;,

Proof. Taking into account Remark 3.23, we may assume without loss
of generality that p # 1/2. From the distribution-dependent refinement
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of Pinsker’s inequality (3.4.36), it follows that the Bernoulli(p) measure
satisfies T1(1/(2¢(p))) with respect to the Hamming metric, where ¢(p)
is defined in (3.4.33). By Proposition 3.7, the product of n Bernoulli(p)
measures satisfies T1(n/(2p(p))) with respect to the metric (3.4.64).
The bound (3.4.65) then follows from Corollary 3.4.5. O

Remark 3.24. If || f||Lip < C/n for some C' > 0, then (3.4.65) implies
that

n n ln[(l — p)/p] 2
This will be the case, for instance, if f(z™) = (1/n)>"~ fi(z;) for some
functions fi,..., fn : {0,1} — R satisfying |f;(0) — fi(1)] < C for all
i =1,...,n. More generally, any f satisfying (3.3.35) with ¢; = ¢ /n,

i=1,...,n, for some constants ¢}, ...,c, > 0, satisfies
2In[(1 -
P(f(X") E[f(X7)] 2 ) < exp (-C A B .m2>
— <p

for all r > 0, with C' = maxj<;<y, ¢}.

3.4.4 Dimension-free Gaussian concentration and T inequalities

So far, we have confined our discussion to the “one-dimensional” case
of a probability measure p on a Polish space (X, d). Recall, however,
that in most applications our interest is in functions of n independent
random variables taking values in X. Proposition 3.7 shows that the
transportation cost inequalities tensorize, so in principle this property
can be used to derive concentration inequalities for such functions.
However, as suggested by Proposition 3.7 and the discussion following
it, Ty inequalities are not very useful in this regard, since the resulting
concentration bounds will deteriorate as n increases. Indeed, if p sat-

®n gatisfies T1(cn)

isfies T1(c) on (X,d), then the product measure
on the product space (X", d ), which is equivalent to the Gaussian

concentration property

r

2
P(f(X") > Ef(X") +7) < K exp (——)

2cn
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for any f: X" — R with Lipschitz constant 1 with respect to dy ,. Since
the exponent is inversely proportional to the dimension n, we need to
have r grow at least as /n in order to guarantee a given value for the
deviation probability. In particular, the higher the dimension n, the
more we will need to “inflate” a given set A C X™ to capture most of the
probability mass. For these reasons, we seek a direct characterization
of a much stronger concentration property, the so-called dimension-free
Gaussian concentration.

Once again, let (X, d, u) be a metric probability space. We say that
p has dimension-free Gaussian concentration if there exist constants
K,k > 0, such that for any £k € N and any r > 0

ACX*and p®%(A) > 1/2 = pu®(A,)>1—Ke ™. (3.4.66)

where the isoperimetric enlargement A, of a Borel set A C X*¥ is defined
with respect to the metric d = dy , defined according to (3.4.45):

k
A, 2 {yk e xXF: 3k e Ast. ZdQ(aji,yi) < 7“2}.
i=1
Remark 3.25. As before, we are mainly interested in the constant x in
the exponent. Thus, we may explicitly say that u has dimension-free
Gaussian concentration with constant x > 0, meaning that (3.4.66)
holds with that x and some K > 0.

Remark 3.26. In the same spirit as Remark 3.15, it may be desirable
to relax (3.4.66) to the following: there exists some 79 > 0, such that
for any k£ € N and any r > 0,

AC X% and p®k(A) >1/2 — p®F(A) > 1 - Ke H(r=ro)?
(3.4.67)

(see, for example, [60, Remark 22.23] or [64, Proposition 3.3]). The same
considerations about (possibly) sharper constants that were stated in
Remark 3.15 also apply here.

In this section, we will show that dimension-free Gaussian concen-
tration and T are equivalent. Before we get to that, here is an example
of a T9 inequality:
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Theorem 3.4.7 (Talagrand [150]). Let X = R" and d(z,y) = ||z — y||.
Then ;1 = G™ satisfies a Ty(1) inequality.

Proof. The proof starts for n=1:let u = G, let v € P(R) have density
f with respect to u: f = 5=, and let ® denote the standard Gaussian
cdf, ie.,

x 1 x y2
— dy = — —=|d v R.
[ m/_oo“p< 2) v, Voe

If X ~ G, then (by Item 6 of Lemma 3.4.3) the optimal coupling of
1= G and v, i.e., the one that achieves the infimum in

Walv. ) = Wa(v,G) = it (B[(X - vy

is given by Y = h(X) with h = F, ! o ®. Consequently,
W3 (v, G) = E[(X — h(X))?]
= / x— 'y(ac) dx. (3.4.68)

Since dv = fdu with u = G, and F,(h(z)) = ®(x) for every = € R, we

have
/_ zoo v(y) dy = ®(x)
= F,(h

h(zx)
= / dv
h(zx)
= [ rdu
h(zx)
= /_ f)(y) dy. (3.4.69)
Differentiating both sides of (3.4.69) with respect to x gives
W (@) f(h(z))v(h(z)) = ~(z), YzeR (3.4.70)
Since h = F,;! o ®, h is a monotonically increasing function, and

lim A(z) = —oo, lim h(z)= occ.

T——00 T—00
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Moreover,

DW|G) = D(v|)
[
— [ (@) o)
~ [ @ (@) duta)
— [ s@ m(f@) 1) do
" F (@) I (F(h(@)) (b)) () d

In (f(h(z))) v(z) dz, (3.4.71)

— o0

where we have used (3.4.70) to get the last equality. From (3.4.70), wi
have

2 g

_ V() _ WP (x) —a? /
In f(h(z)) =In <h’(m h(m))) = 5 —Inh'(z).
Upon substituting this into

(v||p) = 2/ h2 ) — 22| y(z )da;—/oo In A/ (z) y(x) dx

2/ x—h dm+/ z) y(z)dz

_ /_ A (@)y(@)do
=3 @=n@) @ de+ [ (@) = )@
- /_ O:O In ¥ (2) v(z) de
>5[ e b)) da

1
= 5 W22(V7H)

where the third line relies on integration by parts, the fourth line follows
from the inequality Int < ¢ — 1 for ¢ > 0, and the last line holds due



176 The Entropy Method, LSl and TC Inequalities

to (3.4.68). This shows that 4 = G satisfies Ta(1), so the proof of
Theorem 3.4.7 for n = 1 is complete. Finally, this theorem is generalized
for an arbitrary n by tensorization via Proposition 3.7. ]

We now get to the main result of this section, namely that
dimension-free Gaussian concentration and Ty are equivalent:

Theorem 3.4.8. Let (X,d, 1) be a metric probability space. Then, the
following statements are equivalent:

1. p satisfies Ta(c).

2. p has dimension-free Gaussian concentration with constant x =

1/(2¢).

Remark 3.27. As we will see, the implication 1) = 2) follows eas-
ily from the tensorization property of transportation cost inequalities
(Proposition 3.7). The reverse implication 2) = 1) is a nontrivial re-
sult, which was proved by Gozlan [64] using an elegant probabilistic
approach relying on the theory of large deviations [81].

Proof. We first prove that 1) = 2). Assume that p satisfies Ta(c)
on (X,d). Fix some k € N and consider the metric probability
space (X", dy k, u®F), where the metric day is defined by (3.4.45) with
p = 2. By the tensorization property of transportation cost inequalities
(Proposition 3.7), the product measure u®* satisfies To(c) on (X*, da ).
Because the L? Wasserstein distance dominates the L' Wasserstein dis-
tance (by item 2 of Lemma 3.4.3), u®* also satisfies Ty (c) on (X%, da ).
Therefore, by Proposition 3.6, u®* has Gaussian concentration (3.4.7)
with respect to dg with constants k = 1/(2¢), K = 1,rp = v2cIn 2.
Since this holds for every k& € N, we conclude that p indeed has
dimension-free Gaussian concentration with constant k = 1/(2¢).

We now prove the converse implication 2) = 1). Suppose that p has
dimension-free Gaussian concentration with constant x > 0, where for
simplicity we assume that 79 = 0 (the argument for the general case of
rg > 0 is slightly more involved, and does not contribute much in the
way of insight). Let us fix some k € N and consider the metric probabil-
ity space (Xk,dg,k,,u®k). Given z¥ € X*, let P« be the corresponding
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empirical measure, i.e.,

k
P == 6u, (3.4.72)
=1

=

where 0, denotes a Dirac measure (unit mass) concentrated at z € X.
Now consider a probability measure v on X', and define the function
f,: X 5 R by

fu(z®) 2 Wy(P,v), Vak e xk

We claim that this function is Lipschitz with respect to dyj with Lip-
schitz constant ﬁ To verify this, note that

ula®) = L 0F)] = [Wa(Pos,v) = Wa(Pye,v)
< Wa (P, Pyk) (3.4.73)

1/2
- inf /d2 , d,d) 3.4.74
Wen(éghpyk)(x (z,) w(de,dy))  (3474)

A 1/2
1
< (E > dP(a, yi)) (3.4.75)
i=1
1

—— dy (2", "), 3.4.76
7 2.k(2",y") ( )

where
e (3.4.73) is by the triangle inequality;
o (3.4.74) is by definition of Wy;
e (3.4.75) uses the fact that the measure that places mass 1/k
on each (w;,y;) for i € {1,...,k}, is an element of TI(P,x,P,)
(due to the definition of an empirical distribution in (3.4.72), the

marginals of the above measure are indeed P,x and P,x); and

e (3.4.76) uses the definition (3.4.45) of dy .

Now let us consider the function fi(z*) £ Wo(Px,u), for which, as
we have just seen, we have || fi||Lip2 < 1/Vk. Let Xi,..., Xj be i.id.
draws from p. Let my, denote some p®*-median of fi. Then, by the
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assumed dimension-free Gaussian concentration property of 1, we have
from Theorem 3.4.1

P(fk(Xk) > my, +7") < exp < L)

N 11 sp.2
< exp (—ﬁkr2) , Vr>0keN (34.77)

where the second inequality follows from the fact that || fk||%ip,2 <1

We now claim that any sequence {mj}72, of medians of the
fi’s converges to zero. If Xy, Xs,... are i.i.d. draws from p, then
the sequence of empirical distributions {Pyx}32, almost surely con-
verges weakly to p (this is known as Varadarajan’s theorem [151,
Theorem 11.4.1]). Therefore, since Ws metrizes the topology of
weak convergence together with the convergence of second moments
(cf. Lemma 3.4.3), limy_, oo Wa(Pxx, ) = 0 almost surely. Hence, using
the fact that convergence almost surely implies convergence in proba-
bility, we have

klim P(Wa(Pxk, ) >1t) =0, vt > 0.
—00

Consequently, any sequence {my} of medians of the fi’s converges to
zero, as claimed. Combined with (3.4.77), this implies that

lim sup % lnP(Wg(PXk,,u) > 1") < —rr?. (3.4.78)

k—00

On the other hand, for a fixed u, the mapping v — Wa(v, ) is lower
semicontinuous in the topology of weak convergence of probability mea-
sures (cf. Lemma 3.4.3). Consequently, the set {p : Wa(P s, p) > r} is
open in the weak topology, so by Sanov’s theorem [81, Theorem 6.2.10]

liggiorgféln]P’(Wg(PXk,u) > r) > —inf{D(v||u) : Walu,v) >r}.
(3.4.79)
Combining (3.4.78) and (3.4.79), we get that
inf{D(v||p) : Wa(u,v) >r} > wr?
which then implies that D(v||u) > x W2 (u,v). Upon rearranging, we
obtain Wy (u,v) < 4/ (%) D(v||p), which is a To(c) inequality with ¢ =

%. This completes the proof of Theorem 3.4.8. U



3.4. Transportation-cost inequalities 179

3.4.5 A grand unification: the HWI inequality

At this point, we have seen two perspectives on the concentration
of measure phenomenon: functional (through various log-Sobolev in-
equalities) and probabilistic (through transportation cost inequalities).
We now show that these two perspectives are, in a very deep sense,
equivalent, at least in the Euclidean setting of R™. This equivalence
is captured by a striking inequality, due to Otto and Villani [152],
which relates three measures of similarity between probability mea-
sures: the divergence, L? Wasserstein distance, and Fisher information
distance. In the literature on optimal transport, the divergence be-
tween two probability measures @) and P is often denoted by H(Q|P)
or H(Q, P), due to its close links to the Boltzmann H-functional of
statistical physics. For this reason, the inequality we have alluded to
above has been dubbed the HWI inequality, where H stands for the
divergence, W for the Wasserstein distance, and I for the Fisher infor-
mation distance.

As a warm-up, we first state a weaker version of the HWI inequal-
ity specialized to the Gaussian distribution, and give a self-contained
information-theoretic proof following [153]:

Theorem 3.4.9. Let G be the standard Gaussian probability distribu-
tion on R. Then, the inequality

D(P||G) < Wa(P,G)\/I(P|G), (3.4.80)
where W5 is the L? Wasserstein distance with respect to the absolute-
value metric d(z,y) = |x — y|, holds for any Borel probability distribu-
tion P on R, for which the right-hand side of (3.4.80) is finite.

Proof. We first show the following:

Lemma 3.4.10. Let X and Y be a pair of real-valued random variables,
and let N ~ G be independent of (X,Y’). Then, for any t > 0,

1
D(Py, inlPyyin) < % W3 (Px, Py). (3.4.81)
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Proof. Using the chain rule for divergence, we can expand the diver-
gence D(Py y v\ inlPxyy1vin) i two ways:

D(PX,Y,X+\/ZN”PX,Y,Y+\/ZN)
= D(PX-i-\/ZNHPY—i-\/ZN) + D(PX,Y|X+\/ZN||PX,Y\Y+\/ZN|PX+\/ZN)
> D(Py, sin| Py in) (3.4.82)

and

D(PX,Y,X+\/ZNHPX,Y,Y+\/ZN)
= D(PX+\/ZN|X’ Y H PY+\/ZN|X7 Y|PX7Y)

Y EDW(X, 1) | N (Y.1)| X, Y]

1
®) 5 EI(X = Y)?) (3.4.83)
Note that equality (a) holds since N is independent of (X,Y’), and
equality (b) is a special case of the equality

2 . 2 2
D(N(m1,03) | M (m2, 03)) = 5 In ("—3)+3 (M - ) -

o1 2

It therefore follows from (3.4.82) and (3.4.83) that

1
D(PyyyinllPy 4 vin) < 5, BIX =Y )?] (3.4.84)

where the left-hand side of this inequality only depends on the marginal
distributions of X and Y (due to the independence of (X,Y") and N ~
G). Hence, taking the infimum of the right-hand side of (3.4.84) w.r.t.
all couplings of Py and Py (i.e., all u € II(Px, Py)), we get (3.4.81)
(see (3.4.20)). O

We now proceed with the proof of Theorem 3.4.9. Let X have dis-
tribution P, and Y have distribution G. For simplicity, we focus on the
case when X has zero mean and unit variance; the general case can be
handled similarly. We define the function

F(t) = D(Py. iz Py +iz), Vt>0
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where Z ~ G is independent of (X,Y’). Then F(0) = D(P||G), and
from (3.4.81) we have

1
<
-2t

Moreover, the function F(t) is differentiable, and it follows from [125,
Eq. (32)] that

F(t) W3(Px,Py) = 2% Wi(P,G). (3.4.85)

F'(t) = % [mmse(X, ¢ 1) — Immse(X, ¢~ 1)] (3.4.86)

where mmse(X,-) and Immse(X,-) have been defined in (3.2.24) and
(3.2.26), respectively. For any ¢ > 0,

D(P||G) = F(0)
= —(F(t) = F(0)) + F(¢)
_ _/t F'(s)ds + F(t)
— %/ot 81 (Immse(X s7h) — mmse(X,s_l)) ds + F(t)
(3.4.87)
1 1
<3}, (o~ sommrn) 4+ 5 MR o)
(3.4.88)
(X)L W PG (3.4.89)
T2 t+1 t o
1 - 1) W (P,G)
<3 ( t+1 o ) (3.4.90)
<2 ( Ple)t + V2P G)> (3.4.91)
2 t
where

uses (3.4.86);
uses (3.2.27), the Van Trees inequality (3.2.28), and

is an exercise in calculus;
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e (3.4.90) uses the inequality Inz < x — 1 for > 0; and

o (3.4.91) uses the formula (3.2.21) (so I(P||G) = J(X) — 1 since
X ~ P has zero mean and unit variance, and one needs to sub-
stitute s = 1 in (3.2.21) to get G5 = G), and the fact that ¢ > 0.

Optimizing the choice of ¢ in (3.4.91), we get (3.4.80). O

Remark 3.28. Note that the HWT inequality (3.4.80) together with the
Ty inequality for the Gaussian distribution imply a weaker version of
the log-Sobolev inequality (3.2.8) (i.e., with a larger constant). Indeed,
using the T9 inequality of Theorem 3.4.7 on the right-hand side of
(3.4.80), we get

D(P||G) < Wa(P,G)\/I(P|G)

< \[2D(P|G)\/1(PI|G),

which gives D(P||G) < 2I(P||G). It is not surprising that we end up
with a suboptimal constant here as compared to (3.2.8): the series of
bounds leading up to (3.4.91) contributes a lot more slack than the
single use of the van Trees inequality (3.2.28) in our proof of Stam’s
inequality (which, due to Proposition 3.4, is equivalent to the Gaussian

log-Sobolev inequality of Gross).
We are now ready to state the HWI inequality in its strong form:

Theorem 3.4.11 (Otto-Villani [152]). Let P be a Borel probability mea-
sure on R" that is absolutely continuous with respect to the Lebesgue
measure, and let the corresponding pdf p be such that

V21In G)) - KI, (3.4.92)

for some K € R (where V2 denotes the Hessian, and the matrix in-
equality A = B means that A — B is non-negative semidefinite). Then,
any probability measure @) < P satisfies

D(@QIP) < Wo(Q. PIIQIP) - 5 W3(@.P).  (34.99)
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We omit the proof, which relies on deep structural properties of op-
timal transportation mappings achieving the infimum in the definition
of the L? Wasserstein metric with respect to the Euclidean norm in R™.
(An alternative simpler proof was given later by Cordero—Erausquin
[154].) We can, however, highlight a couple of key consequences (see
[152]):

1. Suppose that P, in addition to satisfying the conditions of The-
orem 3.4.11, also satisfies a Ta(c) inequality. Using this fact in
(3.4.93), we get

D(QIIP) < 1/2¢D(Q||P)\/I(Q|P) - %

If the pdf p of P is log-concave, so that (3.4.92) holds with K = 0,
then (3.4.94) implies the inequality

W3(Q,P). (3.4.94)

D(Q|P) < 2¢1(Q||P) (3.4.95)

for any @) < P. This is an Euclidean log-Sobolev inequality that
is similar to the one satisfied by P = G™ (see Remark 3.28). How-
ever, note that the constant in front of the Fisher information
distance I(-||-) on the right-hand side of (3.4.95) is suboptimal,
as can be verified by letting P = G, which satisfies T2(1); going
through the above steps, as we know from Section 3.2 (in partic-
ular, see (3.2.8)), the optimal constant should be %, so the one
in (3.4.95) is off by a factor of 4. On the other hand, it is quite
remarkable that, up to constants, the Euclidean log-Sobolev and
T inequalities are equivalent.

2. If the pdf p of P is strongly log-concave, i.e., if (3.4.92) holds with

some K > 0, then P satisfies the Euclidean log-Sobolev inequality
with constant % Indeed, using Young’s inequality ab < “2—;1’2,

we have from (3.4.93)

I@QIP) K o
K _5W2(Q7P)

D(Q||P) < VEW»(Q, P)

1
<5 l@ip).
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which shows that P satisfies the Euclidean LSI(4) inequality. In
particular, the standard Gaussian distribution P = G™ satisfies
(3.4.92) with K = 1, so we even get the right constant. In fact,
the statement that (3.4.92) with K > 0 implies Euclidean LSI(+)
was first proved in 1985 by Bakry and Emery [155] using very
different means.

3.5 Extension to non-product distributions

Our focus in this chapter has been mostly on functions of indepen-
dent random variables. However, there is extensive literature on the
concentration of measure for weakly dependent random variables. In
this section, we describe (without proof) a few results along this direc-
tion that explicitly use information-theoretic methods. The examples
we give are by no means exhaustive, and are only intended to show
that, even in the case of dependent random variables, the underlying
ideas are essentially the same as in the independent case.

The basic scenario is exactly as before: We have n random vari-
ables Xi,..., X, with a given joint distribution P (which is now not
necessarily of a product form, i.e., P = Px» may not be equal to
Px, ®...® Py, ), and we are interested in the concentration properties
of some function f(X").

3.5.1 Samson’s transportation cost inequalities for dependent ran-
dom variables

Samson [156] has developed a general approach for deriving trans-
portation cost inequalities for dependent random variables that re-
volves around a certain L? measure of dependence. Given the distri-
bution P = Pxn of (X1,...,X,), consider an upper triangular matrix
A € R™" such that A; ; =0 for i > j, A;; =1 for all ¢, and for i < j

Aivj = Sup sup \/HPX?Xi:thil:xil - PX]TL|Xi:x;,Xi*1::Ei*1

xi,x) w1

TV
(3.5.1)

Note that in the special case where P is a product measure, the matrix
A is equal to the n x n identity matrix. Let ||A|| denote the operator
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norm of A, i.e.,

Av
L

JA[ £ =
veRn:v20 [Vl veRrn: ju)=1

Following Marton [157], Samson considers a Wasserstein-type distance
on the space of probability measures on X", defined by

d2(P7 Q) = weliII(llf;,Q) Sgp/; ai(y)l{ri7éyi}7r(dxn7 dyn)’

where the supremum is over all vector-valued positive functions a =
(1y...,0p) : X" — R"™, such that

Eq [[la(vm|?] < 1.
The main result of [156] goes as follows:

Theorem 3.5.1. The probability distribution P of X" satisfies the fol-
lowing transportation cost inequality:

d2(Q, P) < [|A[ly/2D(Q|1P) (3.5.2)

for all Q@ < P.
Let us examine some implications:

1. Let X =[0,1]. Then Theorem 3.5.1 implies that any probability
measure P on the unit cube X" = [0,1]" satisfies the following
Euclidean log-Sobolev inequality: for any smooth convex function
f:00,1]" - R,

D(PY||P) < 2 AIPED [V 5 (xM)]?] (3.5.3)

(see [156, Corollary 1]). The same method as the one we used
to prove Proposition 3.5 and Theorem 3.2.2 can be applied to
obtain from (3.5.3) the following concentration inequality for any
convex function f: [0,1]" — R with || f|jrip < 1:

P(f(X)ZEf(X)-i-T)SeXp(—W), Vr > 0.

(3.5.4)
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2. While (3.5.2) and its corollaries, (3.5.3) and (3.5.4), hold in full

generality, these bounds are nontrivial only if the operator norm
||A]l is independent of n. This is the case whenever the de-
pendence between the X;’s is sufficiently weak. For instance, if
X1,...,X, are independent, then A = I,,»,,. In this case, (3.5.2)

becomes

and we recover the usual concentration inequalities for Lipschitz
functions. To see some examples with dependent random vari-
ables, suppose that X1,..., X, is a Markov chain, i.e., for each i,
X!, is conditionally independent of X*~! given X;. In that case,

from (3.5.1), the upper triangular part of A is given by

i<

Aij = EUE \/HPXJ'Xi:xi — Pxj|xi= —
and [|A| will be independent of n under suitable ergodicity as-
sumptions on the Markov chain Xi,...,X,. For instance, sup-
pose that the Markov chain is homogeneous, i.e., the conditional
probability distribution Py, x, , (i > 1) is independent of 4, and
that

sup HPXi+1|Xi=zi - PXi+1|Xi=x;HTV <2p

zi, T

for some p < 1. Then it can be shown (see [156, Eq. (2.5)]) that

n—1
INESY: (1 + Zpk/z)
k=1

V2

<
=1

S

More generally, following Marton [157], we will say that the (not
necessarily homogeneous) Markov chain X1, ..., X, is contracting
if, for every ¢,

5i é Sup, ||PX1'+1|X1':$7; - PXZ‘+1|XZ‘=I;-||TV < 1.

mi,mi
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In this case, it can be shown that

1
where § £ max §;.

S
1Al < 751 [nax

3.5.2 Marton'’s transportation cost inequalities for L? Wasserstein
distance

Another approach to obtaining concentration results for dependent ran-
dom variables, due to Marton [158, 159], relies on another measure of
dependence that pertains to the sensitivity of the conditional distribu-
tions of X; given X' to the particular realization Z* of X*. The results
of [158, 159] are set in the Euclidean space R", and center around a
transportation cost inequality for the L? Wasserstein distance

WaPQ 2 it (EIX -y, (3.5.5)

where || - || denotes the usual Euclidean norm.

We will state a particular special case of Marton’s results (a more
general development considers conditional distributions of (X; : i € S)
given (X; : j € S¢ for a suitable system of sets S C {1,...,n}).
Let P be a probability measure on R™ which is absolutely continuous
with respect to the Lebesgue measure. For each 2™ € R" and each
i € {1,...,n} we denote by z’ the vector in R"~! obtained by deleting
the ¢th coordinate of z™:

i
€T = (xlv sy L1 L1y - - - >33n)-

Following Marton [158], we say that P is d-contractive, with 0 < 6 < 1,
if for any y™, 2™ € R™

n

> W3 (Py,xig Py, xizz) < (1= 0)[ly" — 2"||2. (3.5.6)

i=1
Remark 3.29. Marton’s contractivity condition (3.5.6) is closely re-
lated to the so-called Dobrushin—Shlosman mizing condition from
mathematical statistical physics.

Theorem 3.5.2 (Marton [158, 159]). Suppose that P is absolutely con-
tinuous with respect to the Lebesgue measure on R™ and §-contractive,



188 The Entropy Method, LSl and TC Inequalities

and that the conditional distributions Py, i, i € {1,...,n}, have the
following properties:

1. for each i, the function " — py 5 (z;|7%) is continuous, where
Px,|xi-1(:|Z") denotes the univariate probability density function
of Py 5i—g

2. for each i and each ' € R"!, Py, xi—zi—1 satisfies Ta(c) with
respect to the L? Wasserstein distance (3.5.5) (cf. Definition 3.2)

Then for any probability measure ) on R" we have

Wa(Q, P) < <% + 1) J2eD(@Q|P), (3.5.7)

where K > 0 is an absolute constant. In other words, any P satisfying
the conditions of the theorem admits a Ta(¢') inequality with ¢ =

(K/V6 +1)%c.

The contractivity criterion (3.5.6) is not easy to verify in general.
Let us mention one sufficient condition [158]. Let p denote the proba-
bility density of P, and suppose that it takes the form

pla") =  oxp (~U (") (3.5.8)

for some C? function ¥: R” — R, where Z is the normalization factor.
For any 2", y™ € R", let us define a matrix B(z",y") € R"*" by

ViU(2; 09, i#j

3.5.9
0, 1= ( )

Bij(z",y") £ {
where V%F denotes the (i,j) entry of the Hessian matrix of F €
C?(R"™), and x; ® ¥° denotes the n-tuple obtained by replacing the
deleted ith coordinate in 3 with x;:

0y = Y1y e s Yie1s Tis Yit 1y - - - Yn)-

For example, if ¥ is a sum of one-variable and two-variable terms

n

(") =D Vilw:) + Y bijrix;

i=1 i<j
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for some smooth functions V; : R — R and some constants b;; € R,
which is often the case in statistical physics, then the matrix B is
independent of 2", y", and has off-diagonal entries b;;, @ # j. Then (see
Theorem 2 in [158]) the conditions of Theorem 3.5.2 will be satisfied,
provided the following holds:

1. For each i and each ' € R"!, the conditional probability distri-
butions PXi‘ iy satisfy the Euclidean log-Sobolev inequality

D(QPy, xi=z) < 51(QI Py, xi=g),

where I(-||-) is the Fisher information distance, cf. (3.2.4) for the
definition.

oo

2. The operator norms of B(z",y") are uniformly bounded as

1-96
sup [|B(z",y")|I* < —5—
™, yn C

We also refer the reader to more recent follow-up work by Marton
[160, 161], which further elaborates on the theme of studying the con-
centration properties of dependent random variables by focusing on the
conditional probability distributions PXi| %i, ¢t =1,...,n. These papers
describe sufficient conditions on the joint distribution P of X1,..., X,,
such that, for any other distribution @),

D(Q|P) < K(P)- D™ (Q|P), (3.5.10)

where D~ (+||-) is the erasure divergence (cf. (3.1.21) for the definition),
and the P-dependent constant K (P) > 0 is controlled by suitable con-
tractivity properties of P. At this point, the utility of a tensorization
inequality like (3.5.10) should be clear: each term in the erasure diver-

gence
n

D™(Q|P) =) D(@x,x:|1Px, x:Qx:)
i=1

can be handled by appealing to appropriate log-Sobolev inequalities or
transportation-cost inequalities for probability measures on X’ (indeed,

one can just treat PXZ_‘ i for each fixed ' as a probability measure

=z
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on X, in just the same way as with Py, before), and then these “one-
dimensional” bounds can be assembled together to derive concentration
for the original “n-dimensional” distribution.

3.6 Applications in information theory and related topics

3.6.1 The “blowing up” lemma

The first explicit invocation of the concentration of measure phe-
nomenon in an information-theoretic context appears in the work of
Ahlswede et al. [69, 70]. These authors have shown that the follow-
ing result, now known as the “blowing up lemma” (see, e.g., [162,
Lemma 1.5.4]), provides a versatile tool for proving strong converses in
a variety of scenarios, including some multiterminal problems:

Lemma 3.6.1. For every two finite sets X and ) and every positive se-
quence g, — 0, there exist positive sequences 6,,n, — 0, such that
the following holds: For every discrete memoryless channel (DMC)
with input alphabet X, output alphabet ), and transition probabil-
ities T'(y|z),z € X,y € Y, and every n € N, " € X", and B C )",

T™(Blz") > exp (—nep) = T™(Bps, |z") > 1 —n,. (3.6.1)

Here, for an arbitrary B C )™ and r > 0, the set B, denotes the
r-blowup of B (see the definition in (3.4.5)) w.r.t. the Hamming metric

dn(y", u™) £ Z Liyitusds Yy u"t e Y.
i=1

The proof of the blowing-up lemma, given in [69], was rather tech-
nical and made use of a delicate isoperimetric inequality for discrete
probability measures on a Hamming space, due to Margulis [163]. Later,
the same result was obtained by Marton [71] using purely information-
theoretic methods. We will use a sharper, “nonasymptotic” version of
the blowing-up lemma, which is more in the spirit of the modern view-
point on the concentration of measure (cf. Marton’s follow-up paper
[58]):
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Lemma 3.6.2. Let X1,..., X,, be n independent random variables tak-
ing values in a finite set X'. Then, for any A C X" with Pxn(A) > 0,

Sl i)

Vr > \/gln (Pan(A)) (3.6.2)

Proof. Let P, denote the product measure Pxn = Py, ®...® Py, . By
Pinsker’s inequality, any p € P(X) satisfies T1(1/4) on (X, d) where
d = dy is the Hamming metric. By Proposition 3.8, the product measure
P, satisfies T1(n/4) on the product space (X™,d,), i.e., for any p, €
P(am),

Pxn(A,) > 1—exp

)

n
Wl(,umpn) < ED(/’LHHPH) (363)

The statement of the lemma then follows from Proposition 3.6. ]

We can now easily prove Lemma 3.6.1. To this end, given a positive
sequence {e,}°°; that tends to zero, let us choose a positive sequence
{6, }224 such that

2
Op > ,/%L, 5nn_>—°°>0, N 2 exp <—2n(5n—,/%> ) 272 0.

These requirements can be satisfied, e.g., by the setting

A len faInn 1
5n: ?—F n Un:n%, VneN

where @ > 0 can be made arbitrarily small. Using this selection for
{6,359, in (3.6.2), we get (3.6.1) with the r,-blowup of the set B
where 7, = né,,. Note that the above selection does not depend on the
transition probabilities of the DMC with input X and output ) (the
correspondence between Lemmas 3.6.1 and 3.6.2 is given by Pxn =
T™(-|z™) where ™ € X™ is arbitrary).
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3.6.2 Strong converse for the degraded broadcast channel

We are now ready to demonstrate how the blowing-up lemma can be
used to obtain strong converses. Following [162], from this point on,
we will use the notation T: i/ — V for a DMC with input alphabet U/,
output alphabet V, and transition probabilities T'(v|u),u € U,v € V.

Consider the problem of characterizing the capacity region of a
degraded broadcast channel (DBC). Let X, J and Z be finite sets. A
DBC is specified by a pair of DMC’s Ty: X — Y and T5: X — Z where
there exists a DMC T3: Y — Z such that

To(z|x) = Z T3(z|y)T1(y|x), Vee X,z € Z. (3.6.4)
yey

(More precisely, this is an instance of a stochastically degraded broad-
cast channel — see, e.g., [133, Section 5.6] and [164, Chapter 5]). Given
n, My, My € N, an (n, My, Ms)-code C for the DBC (T, T5) consists of
the following objects:

1. An encoding map fn: {1,..., My} x {1,...,Ma} — X"

2. A collection Dy of M; disjoint decoding sets D1; C V", 1 <1 <
M7; and, similarly,

3. A collection Dy of Ms disjoint decoding sets Dy ; C 2", 1 < j <
M.

Given 0 < e1,69 < 1, we say that C = (f,,D1,D2) is an
(n, My, My, e1,e2)-code if

max  max T"(DC, 1 ')<€1
1<i<My 1<j<Mp P\ falis)) =

B2, 525, T (D5 nli-)) < =2
In other words, we are using the maximal probability of error crite-
rion. It should be noted that, although for some multiuser channels
the capacity region with respect to the maximal probability of error is
strictly smaller than the capacity region with respect to the average
probability of error [165], these two capacity regions are identical for
broadcast channels [166]. We say that a pair of rates (R1, R2) (in nats
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per channel use) is (1, e2)-achievable if for any ¢ > 0 and sufficiently
large n, there exists an (n, My, My, €1,€9)-code with

1
Elansz—é, k:1,2.

Likewise, we say that (Ry, Re) is achievable if it is (e1,e2)-achievable
for all 0 < €1,e2 < 1. Now let R(e1,e2) denote the set of all (1, ¢e9)-
achievable rates, and let R denote the set of all achievable rates. Clearly,

R = ﬂ R(El,Eg).

(e1,e2)€(0,1]2
The following result was proved by Ahlswede and Korner [167]:

Theorem 3.6.3. A rate pair (R, R2) is achievable for the DBC (171, T5)
if and only if there exist random variablesU e U, X e XY € Y, Z € Z
such that U — X — Y — Z is a Markov chain, Py|x =11, Pzy =13
(see (3.6.4)), and

Ry <I(X;Y|U), Ry <I(U;Z).

Moreover, the domain U of U can be chosen so that |[U| <
min {|X], [V, |Z2]}.

The strong converse for the DBC, due to Ahlswede, Géacs and
Korner [69], states that allowing for nonvanishing probabilities of error
does not enlarge the achievable region:

Theorem 3.6.4 (Strong converse for the DBC).
R(e1,e2) =R, V(e1,e2) € (0, 1)2.

Before proceeding with the formal proof of this theorem, we briefly
describe the way in which the blowing up lemma enters the picture.
The main idea is that, given any code, one can “blow up” the decoding
sets in such a way that the probability of decoding error can be as
small as one desires (for large enough n). Of course, the blown-up
decoding sets are no longer disjoint, so the resulting object is no longer
a code according to the definition given earlier. On the other hand,
the blowing-up operation transforms the original code into a list code
with a subexponential list size, and one can use Fano’s inequality to
get nontrivial converse bounds.
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Proof (Theorem 3.6.4). Let C = (fu,D1,Dy) be an arbitrary
(n, My, My, &1, &9)-code for the DBC (17,7%) with

~ ~ My ~ ~ Mo
Dy = {Dl’i}izl and Dy = {D2,j}j:1'
Let {0,}5°; be a sequence of positive reals, such that

op — 0, /né, — o0 as n — oo.

For each i € {1,..., My} and j € {1,..., Ms}, define the “blown-up”
decoding sets

D177; £ [5177;}” and DQJ' £ {ﬁlj}n

5n bn

By hypothesis, the decoding sets in D; and D, are such that

min  min T"(IN) | fn (i ')>1—5~
1<i<My 1<5<M>o 1 14 fn(,]) = 1

min, | auin, T3 (Day| (i) 2 1- &
1<i<My 1<j<Mp "~ 2 2.4 fnlis 7)) = 2

Therefore, by Lemma 3.6.2, we can find a sequence &, — 0, such that

min  min TI”(DH
1<i<M; 1<5< M2 ’

 Join | Join T3 (DgJ}fn(Z,j)) >1—¢p. (3.6.5b)

falis§)) = 1= en (3.6.52)

Let D, = {Dl,i}?ilp and Dy = {DQ,]’};-V[:QI. We have thus constructed a
triple (fy, D1, D2) satisfying (3.6.5). Note, however, that this new object
is not a code because the blown-up sets Dy ; C V" are not disjoint, and
the same holds for the blow-up sets {D5 ;}. On the other hand, each
given n-tuple y" € V" belongs to a small number of the D1 ;’s, and the
same applies to D ;’s. More precisely, let us define for each y" € Y™

the set
M@y™) £ {i:y" € D},

and similarly for NVy(z™), 2™ € Z™. Then a simple combinatorial argu-
ment (see [69, Lemma 5 and Eq. (37)] for details) can be used to show
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that there exists a sequence {1, }°2; of positive reals, such that 7, — 0
and

NVL(Y™)] < |Bns, (y")] < exp(nn,), Yy e Y" (3.6.62)
IN2(2™)| < |Brs, (2™)] < exp(nny,), V" e Z" (3.6.6b)

where, for any y" € Y™ and any r > 0, B,(y") C V" denotes the ball
of d,-radius r centered at y™:

B.(y") & {v" € V" : dp(v",y") <71} = {y"},

(the last expression denotes the r-blowup of the singleton set {y™}).

We are now ready to apply Fano’s inequality, just as in [167].
Specifically, let U have a uniform distribution over {1,..., M}, and
let X™ € X" have a uniform distribution over the set 7 (U), where for
each j € {1,..., Ma} we let

TG) = A{fuli,g) : 1 <i < M},

Finally, let Y™ € Y™ and Z™ € Z" be generated from X" via the
DMC’s I7* and T3, respectively. Now, for each 2" € Z", consider the
error event

E, (") £{U & No(z™)}, V2"eZzZ"

and let ¢, £ P (E,(Z")). Then, using a modification of Fano’s inequal-
ity for list decoding (see Appendix 3.E) together with (3.6.6), we get

H(U|Zn) < h((n) + (1 - Cn)nnn + Cn In M2- (367)
On the other hand, Ihn My = H(U) = I(U; Z") + H(U|Z"), so
LMy < L1327 4 (G) + Gl My + (1= G
= 11U 2 + (1),

where the second step uses the fact that, by (3.6.5), (, < &,, which
converges to zero. Using a similar argument, we can also prove that

1 1
“In My < —I(X™;Y"|U) + o(1).
n n
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By the weak converse for the DBC [167], the pair (Ri, R2) with
Ry = 1I(X™Y"U) and Ry = 1I(U;Z™) belongs to the achievable
region R. Since any element of R(e1,£2) can be expressed as a limit of
rates (% In M, % In Mg), and since the achievable region R is closed, we
conclude that R(e1,e2) C R for all 1,2 € (0,1), and Theorem 3.6.4

is proved. O

3.6.3 The empirical distribution of good channel codes with non-
vanishing error probability

A more recent application of concentration of measure to information
theory has to do with characterizing stochastic behavior of output se-
quences of good channel codes. On a conceptual level, the random
coding argument originally used by Shannon, and many times since, to
show the existence of good channel codes suggests that the input (resp.,
output) sequence of such a code should resemble, as much as possible, a
typical realization of a sequence of i.i.d. random variables sampled from
a capacity-achieving input (resp., output) distribution. For capacity-
achieving sequences of codes with asymptotically vanishing probability
of error, this intuition has been analyzed rigorously by Shamai and
Verdd [168], who have proved the following remarkable statement [168,
Theorem 2|: given a DMC T': X — ), any capacity-achieving sequence
of channel codes with asymptotically vanishing probability of error
(maximal or average) has the property that

Jim_ - D(Py | B =0, (3.6.8)
where, for each n, Py denotes the output distribution on Y" induced
by the code (assuming the messages are equiprobable), while Py, is
the product of n copies of the single-letter capacity-achieving output
distribution (see below for a more detailed exposition). In fact, the con-
vergence in (3.6.8) holds not just for DMC’s, but for arbitrary channels
satisfying the condition

C = lim 1 sup  I(X™;Y").

NTOOMN pyneP(Xn)
(These ideas go back to the work of Han and Verdd on approxima-
tion theory of output statistics, see Theorem 15 in [169]). In a recent
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preprint [170], Polyanskiy and Verdu extended the results of [168] for
codes with nonvanishing probability of error, provided one uses the
maximal probability of error criterion and deterministic encoders.

In this section, we will present some of the results from [170] in
the context of the material covered earlier in this chapter. To keep
things simple, we will only focus on channels with finite input and
output alphabets. Thus, let X and ) be finite sets, and consider a
DMC T: X — Y. The capacity C is given by solving the optimization
problem

C= max I(X;Y),
PxeP(X)
where X and Y are related via 7. Let Py € P(X) be any capacity-
achieving input distribution (there may be several). It can be shown
[171, 172] that the corresponding output distribution Py € P()) is
unique, and that for any n € N, the product distribution P, = (P§)®"
has the key property

where Pyn|xn_zn is shorthand for the product distribution 77(-|2").
From the bound (3.6.9), we see that the capacity-achieving output dis-
tribution Py, dominates any output distribution Py~ induced by an
arbitrary input distribution Pxn» € P(X™):

This has two important consequences:

1. The information density is well-defined for any z" € A™ and
yn ey
dFPs,

Pnyn (2 97) £ In

(y").

2. For any input distribution Pxn, the corresponding output distri-
bution Py~ satisfies

D(Pyn||Pin) <nC — I(X™Y™).
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Indeed, by the chain rule for divergence, it follows that for any
input distribution Pxn € P(X")

I(X™Y"™) = D(Pyn|xn | Pyn|Pxn)
= D(Pyn|xn | Pyn|Pxn) — D(Pyn | Pyn)
< nC = D(Pya||Pin).

The claimed bound follows upon rearranging this inequality.

Now let us bring codes into the picture. Given n, M € N, an (n, M)-
code for T is a pair C = (fy,gn) consisting of an encoding map
fo:A{l,...,M} — X" and a decoding map g,: Y" — {1,..., M}. Given
0 < e <1, we say that C is an (n, M, €)-code if

122}&?(971(}/”) £ X" = fn(i) <e. (3.6.10)

Remark 3.30. Polyanskiy and Verdu [170] use a more precise nomen-
clature and say that any such C = (fy,gy) satisfying (3.6.10) is an
(n, M, €)max,det-code to indicate explicitly that the encoding map fy,
is deterministic and that the maximal probability of error criterion is
used. Here, we will only consider codes of this type, so we will adhere
to our simplified terminology.

Consider any (n, M)-code C = (fn, gn) for T', and let J be a random
variable uniformly distributed on {1,...,M}. Hence, we can think of
any 1 <i < M as one of M equiprobable messages to be transmitted
over T. Let P)(fn) denote the distribution of X™ = f,,(J), and let Pi(/cn)
denote the corresponding output distribution. The central result of

is that the output distribution Py of any (n, M, €)-code satisfies
170] is that th distribution P\ of M, 2)-cod f
D(PéCn)HP{’}n) <nC —InM + o(n); (3.6.11)

moreover, the o(n) term was refined in [170, Theorem 5] to O(y/n) for
any DMC, except those that have zeroes in their transition matrix. In
the following, we present a sharpened bound with a modified proof, in
which we specify an explicit form for the term that scales like O(y/n).

Just as in [170], the proof of (3.6.11) with the O(y/n) term uses the
following strong converse for channel codes due to Augustin [173] (see
also [170, Theorem 1] and [174, Section 2|):
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Theorem 3.6.5 (Augustin). Let S: &/ — V be a DMC with finite in-
put and output alphabets, and let Py ;; be the transition probability
induced by S. For any M e Nand 0 <e <1,let f: {1,...,. M} - U
and g: V — {1,..., M} be two mappings, such that

max P(g(V) #iU = f(i) <e.

Let Qy € P(V) be an auxiliary output distribution, and fix an arbitrary
mapping v: U — R. Then, the following inequality holds:

exp{E[y(U)]}

APy |y ’
inf Pyiy—y, | In ——— —

provided the denominator is strictly positive. The expectation in the
numerator is taken with respect to the distribution of U = f(J) with
J ~ Uniform{1, ..., M}.

M <

(3.6.12)

We first establish the bound (3.6.11) for the case when the DMC T
is such that
Ol £ max D(PY|X::c”PY|X::c/) < Q. (3613)
z,x'eX
Note that C7 < oo if and only if the transition matrix of 7" does not
have any zeroes. Consequently,

Py x(y|r)

In———=
Pyx (y'|)

c(T) £ 2max max

< 0. (3.6.14)
zEX y,y'€Y

We can now establish the following sharpened version of the bound in
[170, Theorem 5:

Theorem 3.6.6. Let T: X — Y be a DMC with C' > 0 satisfying
(3.6.13). Then, any (n, M, e)-code C for T with 0 < £ < 1/2 satisfies

1 / 1
D(P)||Pgn) < nC —1n M +In -+ e(T) gln g (36.15)

Remark 3.31. As shown in [170], the restriction to codes with deter-
ministic encoders and to the maximal probability of error criterion is

necessary both for this theorem and for the next one.
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Proof. Fix an input sequence xz" € AX™ and consider the function
hzn: Y"* — R defined by

arP¥)

(y").

Then E[h»(Y")| X" = 2"] = D(PYn‘Xn:anP((;)). Moreover, for any
i€{l,...,n}, 5,y €Y, and 7' € Y" !, we have (see the notation used
in (3.1.23))

higen (y[5") = hion (4 [7)
< I Pynjxnzen (¥ 0, uf1) — In Ponjxngn (¥, 0/ yfﬁrl)‘

C i— n C i— n
+’lnP3(/n)(y 1,y,yi+1)—lnP3(,n)(y l7y,7yi+l)’

© —i
Py,jx,=0, (v) PYZ_‘?Z- (y[7")
S ln Pi(,) + lIl (C)i
| Xi=2; \Y (g
Vil X Pmyz(y 7"
P
< 2max max |In M (3.6.16)
veX yyey| Pyix(y'|2)
= ¢(T) < (3.6.17)

(see Appendix 3.F for a detailed derivation of the inequality in (3.6.16)).
Hence, for each fixed z" € X™, the function hzn: Y™ — R satisfies the
bounded differences condition (3.3.35) with ¢; = ... = ¢, = ¢(T).
Theorem 3.3.8 therefore implies that, for any r > 0, we have

dPY;
272

(In fact, the above derivation goes through for any possible output dis-
tribution Pyn, not necessarily one induced by a code.) This is where we
have departed from the original proof by Polyanskiy and Verdu [170]:
we have used McDiarmid’s (or bounded differences) inequality to con-
trol the deviation probability for the “conditional” information density
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hzn directly, whereas they bounded the variance of h,n» using a suitable
Poincaré inequality, and then derived a bound on the derivation prob-
ability using Chebyshev’s inequality. As we will see shortly, the sharp
concentration inequality (3.6.18) allows us to explicitly identify the de-
pendence of the constant multiplying /n in (3.6.15) on the channel T
and on the maximal error probability €.

We are now in a position to apply Augustin’s strong converse. To
that end, we let Y = X", V = V", and consider the DMC § = T"
together with an (n, M, e)-code (f,g) = (fn, gn). Furthermore, let

n 1
—1In
1—2e

Cn = Cn(g) = C(T) (3.6.19)

and take y(z") = D(PYn‘Xn:anP(c;)) + (. Using (3.6.12) with the
auxiliary distribution Qv = PX(,Cn), we get

exp{E[y(X")]}

M < (3.6.20)
neXn dPYn
where
n C C
E[y(X")] = D(Pynxn | PE) | PED) + G (3.6.21)

The concentration inequality in (3.6.18) with ¢, in (3.6.19) therefore
gives that, for every 2™ € X",

Pyn|xn_gn <1ﬂ W > y(z )) < exp <_nc2(T)
Y’I’L

=1-2¢

which implies that

n e

< ’y(a:”)) > 2e.
ar)

Hence, from (3.6.20), (3.6.21) and the last inequality, it follows that

1
M < 2 exp (D(Proe IR | PE) +6.)
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so, by taking logarithms on both sides of the last inequality and rear-
ranging terms, we get from (3.6.19) that

D(Pynxn |PE | PED) > In M - Ine — ¢,

=InM +1lne — ¢(T) g In (3.6.22)

1—2¢
We are now ready to derive (3.6.15):
c *
D(B|7)
= D(Pyajxn||Pin |PE)) = D(Pynsen | PSP (3.6.23)

1 1
<nC—-InM+1In-+¢(T) ) 2ln
g

3.6.24
2 1-2 ( )

where (3.6.23) uses the chain rule for divergence, while (3.6.24) uses
(3.6.9) and (3.6.22). This completes the proof of Theorem 3.6.6. O

For an arbitrary DMC T with nonzero capacity and zeroes in its
transition matrix, we have the following result which forms a sharpened
version of the bound in [170, Theorem 6]:

Theorem 3.6.7. Let T: X — ) be a DMC with C' > 0. Then, for any
0 <e<1,any (n,M,e)-code C for T satisfies

D(Pffn) |Pgn) <nC—InM+ O (\/g (In n)3/2) _
More precisely, for any such code we have

D(PY)||Pg.) <nC —1n M

vE s (1 [ (1)) (1+22)

+3Inn + In(21X[| V). (3.6.25)

Proof. Given an (n, M, e)-code C = (fy,gn), let c1,...,cpr € X™ be its
codewords, and let Dy,..., Dy C Y™ be the corresponding decoding
regions:

Ez‘:ngl(i)E{yneyn3gn(yn):i}v i=1,..., M.
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Inn 1 1
—_— —1 6.2
"(\/mJr 2nn1—sﬂ (36.26)

(note that nd, is an integer), then by Lemma 3.6.2 the “blown-up”

If we choose

1

decoding regions D; £ [DZ} s satisfy

NOon

2
1 1
Pynixn_c, (D) < exp [—Zn <5n —4/=—1In ) ]

2n 1—¢

<

SRS

: Vie{l,..., M} (3.6.27)

We now complete the proof by a random coding argument. For

M
N2 |— |, (3.6.28)
’Vn(nén)|y|n6n“
let Uy,...,Uxn be independent random variables, each uniformly dis-

tributed on the set {1,...,M}. For each realization V = UV, let
Pxnyy € P(X") denote the induced distribution of X"(V) = f,(cs),
where J is uniformly distributed on the set {U,...,Unx}, and let
Pyn(yy denote the corresponding output distribution of Y"(V):

N
Pyngyy = % > Py Xn=cy, (3.6.29)
i=1
It is easy to show that E [Pyn(v):| = Px(/cn), the output distribution
of the original code C, where the expectation is with respect to the
distribution of V = UY. Now, for V = U" and for every y" € Y, let
Ny (y™) denote the list of all those indices in {Uy,...,Un} such that
y" e DU].:
Nv(y™) & {j Yy e DUj}-
Consider the list decoder Y™ +— Ny (Y™), and let (V) denote its con-
ditional decoding error probability: ¢(V) £ P(J ¢ Ny(Y™)|V). From
(3.6.28), it follows that

InN>InM —1Inn—1In <n7(; ) — 1oy In | Y|

>InM —Inn —nd, (Inn +1n|))|) (3.6.30)
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where the last inequality uses the simple inequality (z) <nFfork<n
with k& = nd, (we note that any gain in using instead the inequality
(n’gn) < exp(n h(dy)) is marginal, and it does not have any advantage
asymptotically for large n). Moreover, each y™ € Y™ can belong to at
most (n’gn)\yw% blown-up decoding sets, so

n

no.
<né, (Inn+mn|Y|), Vy"e™ (3.6.31)

In|Ny(Y" =9")| <In < ) + nd, In|Y|

Now, for each realization of V', we have

D (Pynyy | Pyn)

= D(Pyn vy xn(v) | Pyn|Pxngyy) = H(X"(V); Y™(V)) (3.6.32)
< nC — I[(X"(V); Y"(V)) (3.6.33)
<nC—-1(J;Y™(V)) (3.6.34)

=nC—H(J)+H(JY"(V))
<nC—InN+ (1-¢(V)) max In My (y™)| + ne(V)In |X| + In2
Jreyn
(3.6.35)

where:

e (3.6.32) is by the chain rule for divergence;
e (3.6.33) is by (3.6.9);

e (3.6.34) is by the data processing inequality and the fact that
J = X"(V)—=Y"™(V) is a Markov chain; and

e (3.6.35) is by Fano’s inequality for list decoding (see Ap-
pendix 3.E), and also since (i) N < |X|*, (ii) J is uniformly
distributed on {Ui,...,Un}, so H(J|U1,...,Uy) = InN and
H(J) > N.

(Note that all the quantities indexed by V in the above chain of es-
timates are actually random variables, since they depend on the real-
ization V' = U.) Substituting (3.6.30) and (3.6.31) into (3.6.35), we
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get

D(Pyn)||[Pyn) <nC —In M
+Inn+ 2né, (Inn +In|Y|)
+ne(V)In|X| +1n2. (3.6.36)

Using the fact that E |:PYTL(V):| = P)(/Cn), convexity of the relative entropy,

and (3.6.36), we get

D(PE)||Pgn) <nC - M
+1Inn + 2né, (Inn + In |Y|)
+nE[e(V)] In|X|+In2. (3.6.37)

To finish the proof and get (3.6.25), we use the fact that

1
< NN A< =
Efe(V)] < 12%%43/ |xn=c; (Df) < =

which follows from (3.6.27), as well as the substitution of (3.6.26)
in (3.6.37) (note that, from (3.6.26), it follows that J, < (/82 +

,/% In ﬁ + %) This completes the proof of Theorem 3.6.7. U

We are now ready to examine some consequences of Theorems 3.6.6
and 3.6.7. To start with, consider a sequence {C, }°;, where each C,, =
(fn,gn) is an (n, M, e)-code for a DMC T: X — ) with C' > 0. We
say that {C,}°°; is capacity-achieving if

1
lim —In M, = C. (3.6.38)

n—oon
Then, from Theorems 3.6.6 and 3.6.7, it follows that any such sequence
satisfies

lim LD (P | P = 0. (3.6.39)

n—oo n

Moreover, as shown in [170], if the restriction to either deterministic
encoding maps or to the maximal probability of error criterion is lifted,
then the convergence in (3.6.39) may no longer hold. This is in sharp
contrast to [168, Theorem 2], which states that (3.6.39) holds for any
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capacity-achieving sequence of codes with vanishing probability of error
(maximal or average).

Another remarkable fact that follows from the above theorems is
that a broad class of functions evaluated on the output of a good
code concentrate sharply around their expectations with respect to
the capacity-achieving output distribution. Specifically, we have the
following version of [170, Proposition 10] (again, we have streamlined
the statement and the proof a bit to relate them to earlier material in
this chapter):

Theorem 3.6.8. Let T: X — Y be a DMC with C > 0 and C; < oo.
Let d: Y" x Y* — R, be a metric, and suppose that there exists
a constant ¢ > 0, such that the conditional probability distributions
Pynixn_gn, 2" € X", as well as Py, satisfy T1(c) on the metric space
(Y™,d). Then, for any ¢ € (0,1), there exists a constant a > 0 that
depends only on T and on ¢ (to be defined explicitly in the following),
such that for any (n, M, e)-code C for T and any function f: V" — R
we have

C n *17
PE(1F(r™) =B (V)| = 7)
4 72
—-exp (nC —InM +ayn — ———— (3.6.40)
€ 8|l L
for all » > 0, where E[f(Y*")] designates the expected value of f(Y™)
w.r.t. the capacity-achieving output distribution Py,
[f ") = f(0")]
flluip £ sup
| HLp yrokan d(ym, v™)

is the Lipschitz constant of f w.r.t. the metric d, and

3.6.41
1—2¢ ( )

with ¢(T") in (3.6.14).
Remark 3.32. Our sharpening of the corresponding result from [170,
Proposition 10] consists mainly in identifying an explicit form for the

constant in front of y/n in the bound (3.6.40); this provides a closed-
form expression for the concentration of measure inequality.
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Proof. For any f, define

pp 2 Ef(Y™)],  ¢@”") SE[f(Y")X" =a"], Va" € X"
(3.6.42)
Since each Pyn|xn_,n satisfies T1(c), by the Bobkov-Gétze theorem
(Theorem 3.4.4), we have

2

P(1F(Y") = 6(a™)| = r[X" =a") < 2exp <‘W
ip

) , Vr > 0.
(3.6.43)

Now, given C, consider a subcode C’ with codewords z" € X" sat-
isfying ¢(z") > p} + r for r > 0. The number of codewords M’ of '
satisfies

M’ = MP) (6(X") > pj +7) . (3.6.44)

Let Q) = Pi(/cn/) be the output distribution induced by C’. Then

pi+r < ﬁ > B(z™) (3.6.45)
x™€ codewords(C’)

= Eq[f(Y")] (3.6.46)

<E[F(V™)] 4+ | fllipy/2eD(Qyn ]| Py (3.6.47)

1
< pyt HfHLip\/QC (nC —In M’ +av/n+n g), (3.6.48)
where:

e (3.6.45) is by definition of C’;

e (3.6.47) follows from the fact that Py, satisfies T;(c) and from

(
e (3.6.46) is by definition of ¢ in (3.6.42);
(
the Kantorovich—Rubinstein formula (3.4.56); and

e (3.6.48) holds for the constant a = a(T',e) > 0 in (3.6.41) due to
Theorem 3.6.6 (see (3.6.15)) and because C’ is an (n, M’, €)-code
for T
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From this and (3.6.44), we get

1
r < HfHLip\/Zc (nC— lnM—lnP)((C,z (¢(X") Ty —i—r) +ayvn+1In E)

so, it follows that

1 2
PO O(X™) > us+r) <exp <nC—lnM+a\/ﬁ+ln— - 7> .
o i) 2 T,
Following the same line of reasoning with — f instead of f, we conclude
that

PEN(Jo(xm) — uj| =)

7,2

1
< 2exp (nC’—lnM—l—a\/ﬁ—l—ln——72
€ ZCHfHLip

) . (3.6.49)
Finally, for every r > 0,

C n *
PE([rorm = | = v)

< PEL (1700 = o(x™)] = 1/2) + PE(|o(X™) —

2r/2)

2

1 2
< 2exp <_T72> + 2exp (nC —InM +ayvn+In- — T72>
8¢l flITip e 8dlflE,
(3.6.50)
1 72
<dexp |nC—InM +ayn+In= — ———|, (3.6.51)
e 8|l fllTip

where (3.6.50) is by (3.6.43) and (3.6.49), while (3.6.51) follows from
the fact that

1
nC—InM +avh+In_ > D(PY||Pg.) > 0
by Theorem 3.6.6, and from (3.6.41). This proves (3.6.40). O

As an illustration, let us consider )" with the Hamming metric

dn(y",0") =Y Lgyt0,)- (3.6.52)
=1
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Then, any function f: Y — R of the form

n

> filwi), Vy" e " (3.6.53)

1
iz

fy") =
where f1,..., fn: Y — R are Lipschitz functions on ), will satisfy

L
[ fllLip < o = nax. Il fillLip-

Any probability distribution P on ) equipped with the Hamming met-
ric satisfies T1(1/4) (this is simply Pinsker’s inequality); by Proposi-
tion 3.8, any product probability distribution on Y™ satisfies T (n/4)
with respect to the product metric (3.6.52). Consequently, for any
(n, M, e)-code for T' and any function f: Y™ — R of the form (3.6.53),
Theorem 3.6.8 gives the concentration inequality

P(1F(r™) —E[f(Y™)]| = 7)
<éexp<n0—lnM+a\/_—n—r2> (3.6.54)
T e 212 o
for all » > 0. Concentration inequalities like (3.6.40), or its more spe-
cialized version (3.6.54), can be very useful for assessing various perfor-
mance characteristics of good channel codes without having to explic-
itly construct such codes: all one needs to do is to find the capacity-
achieving output distribution Py and evaluate E[f(Y*")] for any f
of interest. Then, Theorem 3.6.8 guarantees that f(Y™) concentrates
tightly around E[f(Y™*")], which is relatively easy to compute since P5,
is a product distribution.

The bounds presented in Theorems 3.6.6 and 3.6.7 quantify the
trade-offs between the minimal blocklength required for achieving a
certain gap (in rate) to capacity with a fixed block error probability,
and normalized divergence between the output distribution induced by
the code and the (unique) capacity-achieving output distribution of the
channel. Moreover, these bounds sharpen the asymptotic O(-) terms in
the results of [170] for all finite blocklengths .

These results are similar in spirit to a lower bound on the rate loss
with respect to fully random block codes (with a binomial distribution)
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in terms of the normalized divergence between the distance spectrum
of a code and the binomial distribution. Specifically, a combination of
[175, Egs. (A17) and (A19)] provides a lower bound on the rate loss
with respect to fully random block codes in terms of the normalized
divergence between the distance spectrum of the code and the bino-
mial distribution where the latter result refers to the empirical input
distribution of good codes.

3.6.4 An information-theoretic converse for concentration of mea-
sure

If we were to summarize the main idea behind concentration of mea-
sure, it would be this: if a subset of a metric probability space does not
have “too small” a probability mass, then its isoperimetric enlargements
(or blowups) will eventually take up most of the probability mass. On
the other hand, it makes sense to ask whether a converse of this state-
ment is true — given a set whose blowups eventually take up most
of the probability mass, how small can this set be? This question was
answered precisely by Kontoyiannis [176] using information-theoretic
techniques.

The following setting is considered in [176]: Let X be a finite
set, together with a nonnegative distortion function d: X x X — R™
(which is not necessarily a metric) and a strictly positive mass func-
tion M: X — (0,00) (which is not necessarily normalized to one). As
before, let us extend the “single-letter” distortion d to d,: X™ — R™T,
n € N, where

n
dn (2™, y™) 2 Zd(mi,yi), Va' y" e X"
i=1
For every n € N and for every set C' C X" let us define
M™(C) & > M"(a")

zneC
where

M"(z") 2 HM(JJZ), vz e X"
i=1
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We also recall the definition of the r-blowup of any set A C A™:
A 2" € X" dy (2™, A) <7},

where d,, (2", A) £ minynea dp(z",y"). Fix a probability distribution
P € P(X), where we assume without loss of generality that P is strictly
positive. We are interested in the following question: Given a sequence
of sets A™ C X" n e N, such that

peEn (AT(;?) — 1, as n — 0o

for some & > 0, how small can their masses M"(A™)) be?

In order to state and prove the main result of [176] that answers
this question, we need a few preliminary definitions. For any n € N,
any pair P,, @, of probability measures on X", and any ¢ > 0, let us
define the set

0P Quid) 2 {70 € (P Qu) s 1B, [dn(X",Y")] < 5
(3.6.55)

of all couplings 7,, € P(X" x X") of P, and @, such that the per-letter
expected distortion between X" and Y with (X", Y"™) ~ m, is at most
6. With this, we define

I,(P,,Qn,0) & inf D(rm,||P, n),
(Pn, Qn,0) R P (70l P @ Qn)

and consider the following rate function:
R,(0) = R,(5; Py, M™)
£ inf I,(P,,Qn,8) + Eg, [In M™(Y™
0,88 {T(Pa Qn,0) + B, [ M7 (v ™)

Px’nyn

= inf {I(X”; Y™) 4+ E[ln M™(Y")]

Py = P, %E[dn(X”,Y”)] < 5}.

When n = 1, we will simply write II(P, @, 0), I(P,Q,d) and R(¢). For
the special case when each P, is the product measure P®", we have

1 o
R($) = lim —R,(0) = ?gfi ERn(é) (3.6.56)

n—oo N
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(see [176, Lemma 2]). We are now ready to state the main result of
[176]:

Theorem 3.6.9 (Kontoyiannis). Consider an arbitrary set A™ C X",
and denote

5o %E[dn(xn,mm)y
Then

1
~In M™(A™) > R(6; P, M). (3.6.57)

Proof. Given A™ C X" let ¢, : X" — A be the function that maps
each 2" € X to the closest element y" € A ie.,

dn (2", (")) = dn (2", A™)

(we assume some fixed rule for resolving ties). If X" ~ P®" then
let @, € P(X") denote the distribution of Y" = ¢,(X"), and let
T € P(X™ x X™) denote the joint distribution of X™ and Y™:

Wn(x”,y") = P®n(l’n)l{yn:¢n(mn)}.
Then, the two marginals of 7, are P®" and @,, and

Er, [dn (X", Y")] = Er, [dn (X", 0n(X™))]
= En, [do(X", A™)]

= nd,
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so 7, € 1L, (P®", Qy, 6). Moreover,

In M™(A™) =1In Z M"(y

"EA
0 .M ")
- HEXA: )Q" Qn(y")
ny 1. M™(Y")
> ynEZA(n) Qnly")In 515 (3.6.58)
_ T (2", y")
N x"GXT%;leA(n) ( Y ) P®n(xn)Qn(yn)
+ Y QuymImM™(y")  (3.6.59)
yneAmn)
= I(X™;Y") + Eg, [In M"(Y"™)] (3.6.60)
> Rn(9), (3.6.61)

where (3.6.58) is by Jensen’s inequality, (3.6.59) and (3.6.60) use the
fact that 7, is a coupling of P®" and Q,,, and (3.6.61) is by definition of
R, (0). Using (3.6.56), we get (3.6.57), and the theorem is proved. [

Remark 3.33. In the same paper [176], an achievability result was also
proved: For any § > 0 and any ¢ > 0, there is a sequence of sets
A C " such that

1

~In M™(A™) < R(6)+e, VYneN (3.6.62)
and

%dn(X”, A(”)) <9, eventually a.s. (3.6.63)

We are now ready to use Theorem 3.6.9 to answer the question
posed at the beginning of this section. Specifically, we consider the
case when M = P. Defining the concentration exponent R.(r;P) =
R(r; P, P), we have:

Corollary 3.6.10 (Converse concentration of measure). If A C X" is
an arbitrary set, then

pen (A<">) > exp (n Ro(6; P)), (3.6.64)
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where § = %E {dn(X",A(”))}. Moreover, if the sequence of sets
{AM}2 | is such that, for some § > 0, P®" (An%)) — 1 as n — oo,
then
1
liminf — In P (A™) > Re(5; P). (3.6.65)

n—oo n,

Remark 3.34. A moment of reflection shows that the concentration
exponent R.(d; P) is nonpositive. Indeed, from definitions,

R.(5; P)
= R(6; P, P)
= inf {I1(X;Y) +Em P(Y)] : Px = P, E[d(X,Y)] < 8}

= inf {H(Y) - H(Y|X) +E[n P(Y)] : Px = P, E[d(X,Y)] < 6}
= jnf { — D(Py||P) — H(Y|X) : Px = P, E[d(X,Y)] < 5}

= —sup {D(Py||P) + H(Y|X) : Px = P, E[d(X,Y)] <4}, (3.6.66)
Pxy
which proves the claim, since both the divergence and the (conditional)
entropy are nonnegative.

Remark 3.35. Using the achievability result from [176] (cf. Re-
mark 3.33), one can also prove that there exists a sequence of sets
{A(M12  such that

n=1»

lim P9 (A%)) =1 and  lim Ly por (A™) < Re(5; P).

n—00 n—oo n

As an illustration, let us consider the case when X = {0,1} and d
is the Hamming distortion, d(x,y) = 1{;4,}. Then &A™ = {0,1}" is the
n-dimensional binary cube. Let P be the Bernoulli(p) probability mea-
sure, which satisfies a T4 (ﬁ(m) transportation-cost inequality with
respect to the L' Wasserstein distance induced by the Hamming met-
ric, where ¢(p) is defined in (3.4.33). By Proposition 3.7, the product
measure P®" satisfies a T (#@) transportation-cost inequality on
the product space (X", d,,). Consequently, it follows from (3.4.44) that
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for any 6 > 0 and any A C X",

e £ " L)
R B )

1 1 ?
=1—exp (—ngo(p) (5—\/7“0(]9) In pen (A("))> )

(3.6.67)
Thus, if a sequence of sets A™ C X" n € N, satisfies
lim inf 2 In PO (A<">) > —(p)s? (3.6.68)
n—oo n - ’ o
then
Pem(AL)) 221, (3.6.69)

The converse result, Corollary 3.6.10, says that if a sequence of sets
A C X" satisfies (3.6.69), then (3.6.65) holds. Let us compare the
concentration exponent R.(J; P), where P is the Bernoulli(p) measure,
with the exponent —¢(p)d? on the right-hand side of (3.6.68):

Theorem 3.6.11. If P is the Bernoulli(p) measure with p € [0,1/2],
then the concentration exponent R.(d; P) satisfies

Re(8; P) < —p(p)6® — (1 — p)h (%p) Vo e (0,1 —pl (3.6.70)

and
R.(6; P) = Inp, Vée[l—np1] (3.6.71)

where h(z) £ —zlnz—(1—2)In(1—=2), x € [0,1], is the binary entropy
function (in nats).

Proof. From (3.6.66), we have

Re(6; P) = = sup {D(PyHP) +H(Y|X): Px=P,P(X#Y) < 5}.

(3.6.72)
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For a given 0 € [0,1 — p|, let us choose Py so that |Py — P|lrv = 6.
Then from (3.4.35),

D(PY|P) __D(Fy|P)
7T PRy
. D(@IP)
f——=1 7
=0 Q- Py

= ¢(p). (3.6.73)

By the coupling representation of the total variation distance, we can
choose a joint distribution Pgy with marginals Py = P and Py = Py,
such that P(X #Y) = ||Py — P|jtv = 0. Moreover, using (3.4.31), we
can compute

K . B
Py|x=o = Bernoulli (fp) and  Ppiz_1(§) = 01(5) & Lgg=1)-

Consequently,

HV|X) = (1—p)HT|X = 0) = (1—p)h (%) . (3674)

From (3.6.72), (3.6.73) and (3.6.74), we obtain

Re(8; P) < —D(Pg||P) — H(Y|X)
0
< —p(p)s* =1 —-ph|—1/].
< —p(p)d” — (1 —p) (1_p>
To prove (3.6.71), it suffices to consider the case where 6 = 1 — p. If

we let Y be independent of X ~ P, then I(X;Y) = 0, so we have to
minimize Eqg[ln P(Y')] over all distributions @ of Y. But then

minEp|ln P(Y)] = min In P(y) = min {Inp,In(1 — =lInp,
iinEqln P(Y)] ,Din I P(y) {lnp,In(1 —p)} =Inp

where the last equality holds since p < 1/2. ]

3.7 Summary

In this chapter, we have covered the essentials of the entropy method,
an information-theoretic technique for deriving concentration inequal-
ities for functions of many independent random variables. As its very
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name suggests, the entropy method revolves around the relative en-
tropy (or information divergence), which in turn can be related to the
logarithmic moment-generating function and its derivatives.

A key ingredient of the entropy method is tensorization, or the use
of a certain subadditivity property of the divergence in order to break
the original multidimensional problem up into simpler one-dimensional
problems. Tensorization is used in conjunction with various inequal-
ities relating the relative entropy to suitable energy-type function-
als defined on the space of functions for which one wishes to estab-
lish concentration. These inequalities fall into two broad classes: func-
tional inequalities (typified by the logarithmic Sobolev inequalities) and
transportation-cost inequalities (such as Pinsker’s inequality). We have
examined the many deep and remarkable information-theoretic ideas
that bridge these two classes of inequalities, and also showed some
examples of their applications to problems in coding and information
theory.

At this stage, the relationship between information theory and the
study of measure concentration is heavily skewed towards the use of the
former as a tool for the latter. By contrast, the range of applications
of measure concentration ideas to problems in information theory has
been somewhat limited. We hope that the present monograph may offer
some inspiration for information and coding theorists to deepen the ties
between their discipline and the fascinating realm of high-dimensional
probability and concentration of measure.

3.A Van Trees inequality

Consider the problem of estimating a random variable Y ~ Py based on
a noisy observation U = /sY + Z, where s > 0 is the SNR parameter,
while the additive noise Z ~ G is independent of Y. We assume that Py
has a differentiable, absolutely continuous density py with J(Y") < oc.
Our goal is to prove the van Trees inequality (3.2.28) and to establish
that equality in (3.2.28) holds if and only if Y is Gaussian.

In fact, we will prove a more general statement: Let ¢(U) be an
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arbitrary (Borel-measurable) estimator of Y. Then

1

I (3.A.1)

E (Y - o(U)] 2

with equality if and only if ¥ has a standard normal distribution and
©(U) is the MMSE estimator of Y given U.

The strategy of the proof is, actually, very simple. Define two ran-
dom variables

A(U,Y) 2 o(U) -,

YY) 2 Lo o o)y (o)
y=Y

_ diy In [(U — v/39)py (%)]

=Vs(U = /sY) +py(Y)
=VsZ + py(Y)

y=Y

where py(y) = d%ln py(y) for y € R is the score function. We will
show below that E[A(U,Y)Y(U,Y)] = 1. Then, applying the Cauchy—
Schwarz inequality, we obtain

1= [E[AU, Y)Y (U, V)]

< E[AYU,Y)]-E[TX(U,Y)]
= E[(p(U) = Y)? -E[(V5Z + py (Y))?]
=E[(p(U) = Y)?] - (s + J(Y)).

Upon rearranging, we obtain (3.A.1). Now, the fact that J(Y) < oo
implies that the density py is bounded (see [124, Lemma A.1]). Using
this together with the rapid decay of the Gaussian density ~ at infinity,
we have

e}

[ Ipowtalney )] dy =t = ey )] =0, (3A2)

—00
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Integration by parts gives

/_o;yd% [pU|Y(UIy)py(y)] dy

[e.e]

— Ve )|~ [ poy(lyey ()

= —/_O;pmy(UIy)py(y)dy
—) (3.A.3)
Using (3.A.2) and (3.A.3), we have
E[A(U,Y)Y(U,Y)]

In [pU|y(UIy)py(y)] puly (uly)py (y)du dy

[Py (uly)py (y)] dudy

[ -vg
[Lew-ng

e e}

L.
I
/ R (/ i ddy [pupy (uly)py ()] dy) du

oo

=0

- /_o:o (/ o:o dd [puy (uly)py (v)] dy) du

=—py (u)
= / pu(u)du
=1

as was claimed. It remains to establish the necessary and sufficient
condition for equality in (3.A.1). The Cauchy—Schwarz inequality for
the product of A(U,Y) and Y(U,Y) holds if and only if A(U,Y) =
cY(U,Y) for some constant ¢ € R, almost surely. This is equivalent to

p(U) =Y +cv/s(U = V/sY) + cpy (Y)
=cv/sU + (1 —cs)Y +cpy (V)

for some ¢ € R. In fact, ¢ must be nonzero, for otherwise we will have
©(U) =Y, which is not a valid estimator. But then it must be the case
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that (1 — ¢s)Y + cpy (Y) is independent of Y, i.e., there exists some
other constant ¢ € R, such that

/

N Py () _ % + (s —1/c)y.

py (y)

py ()

In other words, the score py (y) must be an affine function of y, which
is the case if and only if YV is a Gaussian random variable.

3.B Details on the Ornstein—Uhlenbeck semigroup

In this appendix, we will prove the formulas (3.2.52) and (3.2.53) per-
taining to the Ornstein—Uhlenbeck semigroup. We start with (3.2.52).
Recalling that

hi(z) = Kih(z) = E [h (e ' + VI - e 22)]
we have

(@) = ~E[h (e o+ VI— e 72))]

S dt
= —¢l2E [h' (e_tx + \/1—76_%2)}
+ % ‘E [Zh’ (e_tac VI e—2tz)} .

For any sufficiently smooth function h and any m,o € R,
E[ZKW (m + oZ)] = oE[h (m + 0 Z)]

(which is proved straightforwardly using integration by parts, provided

12
that lim, 1o e~ 2 A'(m + ox) = 0). Using this equality, we can write
E [Zh’ (e_tx +V1- e—2tz)} =V1—e2E [h” (e_taz +V1- e—2tz)} .

Therefore,

hi(x) = —e "'z - Kih/(z) + e 2 K0 (z). (3.B.1)
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On the other hand,
Lhi(x) = B () — zhi()
— e 2R [h” (e_tm + mZ)}
—ze 'R [h' (e_tx + mZ”
= e 2K () — et Kb (). (3.B.2)

Comparing (3.B.1) and (3.B.2), we get (3.2.52).

The proof of the integration-by-parts formula (3.2.53) is more sub-
tle, and relies on the fact that the Ornstein—Uhlenbeck process {Y;}22,
with Yy ~ G is stationary and reversible in the sense that, for any two

t,t' >0, (Y3, Yy) 4 (Yy,Y:). To see this, let

¢ A 1 (y — e tx)?
PO (he) 2 ZwO——KQQeXp<_2(1—e_%)>

be the transition density of the OU(¢) channel. Then it is not hard to
establish that

PO yle)y(@) = pD(@ly)v(y),  Vr,yeR

(recall that v denotes the standard Gaussian pdf). For Z ~ G and any
two smooth functions g, h, this implies that

where we have used (3.2.48) and the reversibility property of the
Ornstein—Uhlenbeck process. Taking the derivative of both sides with
respect to t, we conclude that

Elg(Z)£h(Z)] = ElLg(Z)h(Z)) (3.B.3)
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In particular, since £1 = 0 (where on the left-hand side 1 denotes the
constant function x — 1), we have

E[Lg(2)] = E[LLg(Z)] = E[g(Z)£1] = 0 (3.B.4)

for all smooth g.

Remark 3.36. If we consider the Hilbert space L?(G) of all functions
g : R — R such that E[g?(Z)] < co with Z ~ G, then (3.B.3) expresses
the fact that £ is a self-adjoint linear operator on this space. Moreover,
(3.B.4) shows that the constant functions are in the kernel of £ (the
closed linear subspace of L?(G) consisting of all g with Lg = 0).

We are now ready to prove (3.2.53). To that end, let us first define
the operator I' on pairs of functions g, h by

I'(g9,h) £ = [L(gh) — gLh — hLg]. (3.B.5)

N —

Remark 3.37. This operator was introduced into the study of Markov
processes by Paul Meyer under the name “carré du champ” (French for
“square of the field”). In the general theory, £ can be any linear oper-
ator that serves as an infinitesimal generator of a Markov semigroup.
Intuitively, I' measures how far a given L is from being a derivation,
where we say that an operator £ acting on a function space is a deriva-
tion (or that it satisfies the Leibniz rule) if, for any g, h in its domain,

L(gh) = gLh+ hLyg.

An example of a derivation is the first-order linear differential operator
Lg = ¢', in which case the Leibniz rule is simply the product rule of
differential calculus.
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Now, for our specific definition of £, we have

= 5 [(h)" (@) — 2(gh) (@) — () (4 (2) — ()
— h(z)(g"(x) — 2g/ (x))]

= 20" @h(a) + 20 @)W (@) + o) (@)
— 2 (2)h(2) — zg@)W (@) — gla)"(2)
+2g(2)l (2) - ¢ (2)h(x) + 2g (2)h(2)]

= ¢ (x)h' (x), (3.B.6)

I'(g,h)(x)

or, more succinctly, I'(g, h) = ¢’h’. Therefore,

Elg(2)h(2)] = 5{El(Z)Ch(Z)] + BW(Z)Lo(2)]}  (3B.T)
1

= SEIL(gh)(Z)] — EIT(9,)(2)] (3.B.5)

— _E[J(2)}(2)] (3B.9)

where (3.B.7) uses (3.B.3), (3.B.8) uses the definition (3.B.5) of I, and
(3.B.9) uses (3.B.6) together with (3.B.4). This proves (3.2.53).

3.C Log-Sobolev inequalities for Bernoulli and Gaussian
measures

The following log-Sobolev inequality was derived by Gross [44]:

(9(0) — g(1))?
5 :

We will now show that (3.3.29) can be derived from (3.C.1). Let us
define f by ef = g2, where we may assume without loss of generality
that 0 < g(0) < g(1). Note that

(9(0) — g(1))* = (exp (£(0)/2) — exp (£(1)/2))”
< = [exp (f(0)) +exp (F(1)] (f(0) — £(1))?

Ep [exp(f)(T/)* (3.C2)

Entp[g?] < (3.C.1)

1
8
1
1
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with I'f = |f(0) — f(1)|, where the inequality follows from the easily
verified fact that (1 — z)? < w for all x > 0, which we ap-
ply to z = g(1)/g(0). Therefore, the inequality in (3.C.1) implies the
following:

Entplexp(f)]

D(p(f)Hp) - Eplexp(f) (3.C.3)
_ % (3.0.4)

2
< SEea] (62)
Seeerl 00
_ éEgp [(Df)?] (3.0.7)

where equality (3.C.3) follows from (3.3.4), equality (3.C.4) holds due
to the equality ef = ¢?, inequality (3.C.5) holds due to (3.C.1), in-
equality (3.C.6) follows from (3.C.2), and equality (3.C.7) follows by
definition of the expectation with respect to the tilted probability mea-
sure PU). Therefore, we conclude that indeed (3.C.1) implies (3.3.29).

Gross used (3.C.1) and the central limit theorem to establish his
Gaussian log-Sobolev inequality (see Theorem 3.2.1). We can follow
the same steps and arrive at (3.2.11) from (3.3.29). To that end, let
g: R — R be a sufficiently smooth function (to guarantee, at least, that
both g exp(g) and the derivative of g are continuous and bounded), and
define the function f: {0,1}" — R by

N 1+ a2+ ...+ —n/2

f(a:l, ‘e

If Xi,...,X, are i.i.d. Bernoulli(1/2) random variables, then, by the
central limit theorem, the sequence of probability measures {Pz, }5°
with

s X1+ ...+ X, —n/2

Z,
" n/4
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converges weakly to the standard Gaussian distribution G as n — oc:

Py = @. Therefore, by the assumed smoothness properties of g we

have (see (3.3.2) and (3.3.4))
E [exp (£(X™)] - D(P{||Px»)
=E [f(X")exp (f(X™))] — Elexp (f(X"))]InElexp (f(X"))]
=E [9(Zn) exp (9(Zn))] — Elexp (9(Zn))] In Elexp (9(Zn))]
5 E [9(Z) exp (9(2))] — Elexp (9(Z))] InElexp (9(2))]
= Elexp (9(2))] D(PS" || P2) (3.C.8)
where Z ~ G is a standard Gaussian random variable. Moreover,
using the definition (3.3.28) of I" and the smoothness of g, for any
ie{l,...,n} and z" € {0,1}" we have
fa" @ er) — f(2")]?

1+ ...tz —n/2  (—1) 1+ ...+xn—n/2 ?
(= ) - g( i)

:% (g' <x1+ +xn—n/2>>

which implies that

ITf@")? =3 (fl@" @e) — fa")?
i=1
2
:4<g/ <m1+—17—l;;2—n/2>> +o(l).
Consequently,

Efexp (f(X™)]-EV) [(TF(X™)]

= E [exp (f(X") (DF(X™))’]

= 4E [exp (9(Zn)) ((9'(Z0))* + o(1) )]
1 4R [exp (9(2)) (6(2))°]

= 4E [exp (9(2))] - EE) [(4'(2))7] - (3.C.9)
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Taking the limit of both sides of (3.3.29) as n — oo and then using
(3.C.8) and (3.C.9), we obtain
1 2
D(PY||Pz) < FEZ) [(4(2))°] .

Z

which is (3.2.11). The same technique applies in the case of an asym-
metric Bernoulli measure: given a sufficiently smooth function g: R —
R, define f: {0,1}" — R by

n A r1+...+Tp —Np
f(x)—g< N )

and then apply (3.3.33) to it.

3.D On the sharp exponent in McDiarmid’s inequality

It is instructive to compare the strategy used to prove Theorem 3.3.8
with an earlier approach by Boucheron, Lugosi and Massart [136] using
the entropy method. Their starting point is the following lemma:

Lemma 3.D.1. Define the function ¢: R — R by ¢ (u) = exp(u) — u —
1. Consider a probability space (2, F,u) and a measurable function
f:Q — R such that tf is exponentially integrable with respect to
for all ¢ € R. Then, the following inequality holds for any ¢ € R:

D) <EW [p(—t(f - 0)] - (3.D.1)
Proof. Recall that

]| ) = ¢ EE) e
Dl ) = B U+ In e ]

te)

_ED[f] — e+ 1o —SPUO)

a B exp(t )

Using this together with the inequality Inu < u — 1 for every u > 0,
we can write

(tf) (tf) 4 M_
D) <L) ~ tet o -1
=tE)f] —te+E, exp(tg“;§;)<:;i(_tf) —1

= tEfff) [f] + exp(tc) Efff) lexp(—tf)] — tc — 1,
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and we get (3.D.1). This completes the proof of Lemma 3.D.1. O

Notice that, while (3.D.1) is an upper bound on D(u®|u), the
thermal fluctuation representation (3.3.15) of Lemma 3.3.2 is an ez-
act expression. Lemma 3.D.1 leads to the following inequality of log-
Sobolev type:

Theorem 3.D.2. Let Xi,...,X, be n independent random variables
taking values in a set X, and let U = f(X"™) for a function f: X" — R.
Let P = Px» = Px, ®...® Px,, be the product probability distribution
of X™. Also, let X{,..., X/ be independent copies of the X;’s, and
define for each i € {1,...,n}

UD 2 f(Xy,. o Xim, X[ X, Xn).

Then,

n

D(PU|[P) < exp (= A(1)) Y. [exp(t) v (—t(U = UD))],
i=1
(3.D.2)

where 1(u) £ exp(u) —u — 1 for u € R, A(t) £ InE[exp(tU)] is the
logarithmic moment-generating function, and the expectation on the
right-hand side is with respect to X™ and (X’)"™. Moreover, if we define
the function 7: R — R by 7(u) £ u(exp(u) — 1) for u € R, then

D(PY)| P)
<exp (= A®) D E [exp(tV) 7 (—t(U = UD)) 1pa o]
i=1
(3.D.3)
and
b p)

<exp (— A(t)) zn:E [exp(t0) 7 (—(U = UD) 1y iy -
=1

(3.D.4)
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Proof. Applying Proposition 3.2 to P and Q = P/ we have

DPP) < 3 (P Px|PEP)
_Z/P(tf (dz") P(t@a s PX)
Z/P(tf ) D(PU P (3D.5)

Fix some i € {1,...,n}, @ € X! and 2! € X. Let us apply
Lemma 3.D.1 to the i¢th term of the summation in (3.D.5) with u = Py,
[ =fi(-|z"), and ¢ = f(z1,...,zi—1, 2, xiv1, ..., xn) = fi(x}]|Z") to get

p(P{: plthitla) Px) < ;W” v (=t - filla))] -

Substituting this into (3.D.5), and then taking expectation with respect
to both X™ and (X')", we get (3.D.2).
To prove (3.D.3) and (3.D.4), let us write (note that ¥ (0) = 0)

exp(tU) ¢ (—t(U - U(i)))
= exp(tU) ¢ (—t(U - U(i))) Lyspon
+exp(tU) v (HUD = U)) 1y (3.D.6)

Since X; and X] are i.i.d. and independent of X? we have (due to a

symmetry consideration which follows from the identical distributions
of U and U®)

E[exp(tU) W) (t(U(i) _ U)) Ly <)
= E{exp(tU(i)) 0 (t(U - U(i))) Xz':|

=E[exp(tU) exp ((UD = U)) v (U = UD)) 120

]

x|
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Using this and (3.D.6), we can write
E [exp(tU)y (—t(U - UD))]

= E{ exp(tU) [1/1 (t(U(i) — U))

+exp (HUW - U)) p (U - U)) |1 {U>Um}}.

Using the equality ¥ (u) + exp(u)(—u) = 7(u) for every u € R, we get
(3.D.3). The proof of (3.D.4) is similar. O

Now suppose that f satisfies the bounded difference condition
in (3.3.35). Using this together with the fact that 7(—u) = u(l —
exp(—u)) < u? for every u > 0, then for every t > 0 we can write

D(PU]|P)
<exp (= A®) D E [exp(tV) 7( = U = UD)) 1oy
=1
< t?exp (— A(t)) zn:E {exp(tU) (U - U(i))2 1{U>U<i>}}
i=1

<t?exp (—A(t) Y _IE {exp(tU) 1{U>U(i)}:|

< t?exp (— A(t)) (i c?) E [exp(tU)]

Applying Corollary 3.1.1, we get

2
]P’(f(X") >Ef(X") —|—r) < exp <—m> , Vr>0

which is weaker than McDiarmid’s inequality (3.3.36) since the constant
in the exponent here is smaller by a factor of 8.
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3.E Fano’s inequality for list decoding

The following generalization of Fano’s inequality has been used in the
proof of Theorem 3.6.4: Let X and ) be finite sets, and let (X,Y) €
X x Y be a pair of jointly distributed random variables. Consider an
arbitrary mapping L: Y — 2% which maps any y € ) to a set L(y) C
X, such that |L(Y)] < N a.s.. Let P, =P (X ¢ L(Y)). Then

H(X[Y)<h(P.)+(1—-P)InN + P.In|X]| (3.E.1)

(see, e.g., [167] or [177, Lemma 1]).
To prove (3.E.1), define the indicator random variable F

L

Lixgr(y)}- Then we can expand the conditional entropy H(E,X|Y')
in two ways as

H(E,X|Y) = H(E|Y)+ H(X|E,Y) (3.E.2a)
=H(X|Y)+ H(E|X,Y). (3.E.2Db)
Since X and Y uniquely determine E (for the given L), the quantity

on the right-hand side of (3.E.2b) is equal to H(X|Y"). On the other
hand, we can upper-bound the right-hand side of (3.E.2a) as

H(E|Y)+ H(X|E,Y) < H(E) + H(X|E,Y)
<h(P)+(1—P)InN + P.In|X|,

where we have bounded the conditional entropy H(X|E,Y") as follows:
H(X|E)Y)=) P(E=0,Y =y)H(X|E=0,Y =y)

yey
+Y P(E=LY =y)HX|E=1Y =y)
yey
<Y P(E=0,Y =y)H(X|E=0,Y =y)+ P.In|X]|
yey
=(1-P)Y H(XIE=0,Y =y)P(Y =y|E =0)
yey
+ P.In |X|

<(1-P)E[In|L(Y)||E=0] + P.In|X]|
<(1—-PF)InN+ P, In|X|,
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where in the first line we have used the standard log-cardinality bound
on the entropy, while in the third line we have used the fact that, given
E =0and Y =y, X is supported on the set L(y). Since H(X|Y) =
H(E)+ HX|E,)Y)<H(E)+ H(X|E,Y), we get (3.E.1).

Remark 3.38. If instead of assuming that L(Y') is bounded a.s. we
assume that it is bounded in expectation, i.e., if E[ln|L(Y)|] < oo,
then we can obtain a weaker inequality

H(X|Y)<E[n|LY)]+ h(P.) + P 1In |X].
To get this, we follow the same steps as before, except the last step in
the above series of bounds on H(X|E,Y) is replaced by

(1-P)E[In|L(Y)||E=0] <(1—-PF)E[In|L(Y)|| E = 0]
+ P.E[In|L(Y)||E =1]
= E[n |[L(Y)]]

(we assume, of course, that L(y) is nonempty for all y € )).

3.F Details for the derivation of (3.6.16)

Let X™ ~ Pxn and Y™ € V" be the input and output sequences of
a DMC with transition matrix T: X — ), where the DMC is used
without feedback. In other words, (X™,Y") € X™ x Y™ is a random
variable with X™ ~ Pxn» and

Pynxcn (y"2"™) = ] Prix (vil2i),

i=1
Yyt e Y, Vo € X" s.t. Pxn(z™) > 0.
Because the channel is memoryless and there is no feedback, the ith

output symbol ¥; € ) depends only on the ith input symbol X; € X
and not on the rest of the input symbols X . Consequently, Y — X; —

Y, is a Markov chain for every i = 1,...,n, so we can write
TEX
= 3" Roix(0lo)Py gm al7) (3.F.2)

TEX
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for all y € Y and all 7* € Y"1 such that Poi(y ) > 0. Therefore, for
any two y,y’ € ) we have

_nlr
P 7)) Taex PY|X<y'\m>P T z<m| 7)
—iy Pyix (ylz)
_ nzzex PY|X(1/ |33)PXZ Y1(33| )%
aex Prix(y|0)Py wi(zly) 7

where in the last line we have used the fact that Py |x(:|-) > 0. This

P, (/7)

shows that we can express the quantity In as the loga-

Py x (y|X)

—————~= with respect to the (conditional)
Py x (v'|X)

rithm of expectation of

probability measure

PY\X(y,|$)PXZ_|7i (z[7")

Q7' y) = —~,  VzeAX.
Drex PY|X(?//|$)PXZ_‘71' (z|7")
Therefore,
(|7
In 7Pm?2 wir) < maxIn 7PY\X(y|x>
Pmyi(ylwz) T zex  Pyix(y[r)
Interchanging the roles of y and 1/, we get
Y|Y (Y7 < Py x(y'|x)
S Smaxln —————.
Py vilyly') — eex  Pyix(yl)
This implies, in turn, that
= | <max max (In —————| = ~¢(7T)
Py yiy'[7)| = eexyyey | Pyix(ylz)| 2

for all y,y' € ).
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