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Chapter 1 Maxwell's Equations

1.1 Introduction

Maxwell's equations constitute the theoretical basis of most phenomena encountered by
electrical engineers in their practice; these equations elucidate the underlying physical processes
occurring in electronic circuits, in microwave, optical and X-ray systems, in power transmission,
computer tomography, geophysical remote sensing, etc. In many practical cases of interest
various tools or “laws” have been developed in order to simplify the analysis e.g. — Kirchoff's
laws, which are the basis of circuit theory. Although Kirchoff's laws are perfectly valid starting
at dc and up to the GHz frequency range, their validity must be carefully considered for
frequencies in the ten GHz range or higher. In order to envision the difficulties associated with
the higher frequency range, we have to bear in mind that in lumped circuits operating at low
frequencies, the electric energy is assumed to be stored in capacitors only, whereas magnetic
energy is assumed to be stored exclusively in inductors. However, at high frequencies (wave
phenomena), electric energy is also stored in inductors and vice versa, i.e. magnetic energy is
stored in capacitors. In fact, this becomes evident if we consider a plane harmonic
electromagnetic wave in which the electric and magnetic energies co-exist equally in the same
volume of space.



These days many young students focus their interest on computer and communication related
topics; although it may not seem evident at first sight, both these areas rely heavily on
electromagnetic theory. At the micro-chip level, for example, electromagnetic theory is resorted
to in order to design circuits without “cross-talk” between elements; on the other hand in
modern communication systems, the entire broadcasting and receiving process is either
microwave or optically based. This list may be extended to include generation and control of
electrons as in TV sets or in computer monitors, where a single electron beam covers each point
on the screen at high repetition rates; these devices are being replaced by flat displays where
arrays of electron emitters generate micro-electron beams hitting a fluorescent panel, each
beamlet, in turn, being decoupled from the others. In other cases controlling electron emission
entails avoiding it in spite of presence of intense electric fields — for example one must know
how to design micro-circuits capable of withstanding high electric fields. Similarly, one must
know how to shield circuits from external signals, and how to reduce noise levels.
Electromagnetic field theory is obviously the very basic topic that a student must study if
interested in areas of microwave systems, optics, electro-optics and opto-electronics.



1.2 Maxwell Equations — Differential Form

For an analysis of physical phenomena it is necessary to introduce a frame of 4
reference facilitating the description of a phenomenon in space-time. Such a frame
of reference may consist of a coordinate system comprising three orthogonal rulers
enabling the measurement of the distance between any two points, with each point of y

interest “carrying” a clock providing information about the local running time; all >
the clocks are assumed to be initially synchronized. At this stage we restrict | x
ourselves to a Cartesian system of coordinates, schematically illustrated in the

Figure.

As an integral part of this coordinate system we define three unit vectors (Txiy];)
forming a right-handed system as illustrated in the Figure.
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In addition, two differential operators playing an important role in the description of

—

electromagnetic phenomena, are introduced; thus given a vector A=AL +AL +AL, we

define its divergence by
V-A=8,A +0,A +0,A (1.2.1)



as well as its curl i.e.,
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(1.2.2)

Based on these two differential operators and assuming the electromagnetic field to be
adequately described by three dimensional vectors, it is possible to write a set of equations,
called Maxwell's Equations (ME) describing all known electromagnetic phenomena. In their

differential form these equations read
VxE+0,B=0 Faraday's law

VxH-0,D=J Ampere's law

(1.2.3)
V-B=0 Magnetic induction conservation
V-D=p Gauss' law
Although nomenclature may vary, we resort to the following description:
E — electric field [V/Im] | D — | electric induction [C/m?]
H — magnetic field | [A/m] | B - | magnetic induction [V sec/m?] or [T]
J—current density | [A/m?]| p — | charge density [C/m?].




ME is a set of 8 equations which indicate that:

VxE= _at|_5, time variations of the magnetic induction are associated with
spatial variations of the electric field and vice versa;
VxH = j+at|j spatial variation of the magnetic field implies time variation of the
electric induction and/or the presence of an electric current density.
The interpretation of the two scalar equations will be discussed within the context of their
integral reformulation.

In order to examine the inter-dependence of this set of equations we resort to the well known
differential equation satisfied by a vector A, i.e.,

V-(VxA)=0. (1.2.4)
Examining now Faraday's law and applying the divergence operator V, we conclude that
V-(VxE+8,B)=0. (1.2.5)
According to (1.2.4) the first term is identically zero
V-(VxE)+0,(V-B)=0, (1.2.6)

=0
and, therefore, upon interchanging the order of the operators V and 0,, we conclude that V-B



equals a time-independent scalar function f (). Assuming this function to have been zero in the
remote past, we obtain

V-B=0 (1.2.7)
which is identical to the third equation in (1.2.3). In other words, based on a mathematical
identity as well as on experiment [i.e. f(r)=0] we have found that Faraday's law comprises
information associated with the continuity of magnetic induction.



1.3 Equation of Electric Charge Continuity

Applying the same procedure to Ampere's law we obtain

V- (VxH-8,D)=V-], (1.3.1)
where the first term on the left once more vanishes, and according to Gauss' Iaw[? .D= ,0]
V(VxH)-4,(V-D)=V-J. (1.3.2)
- 7 \ /
=0 P
We are thus left with the continuity equation of the electric charge
V-J+0,p=0. (1.3.3)

As we shall subsequently see, this relation implies charge conservation; therefore if we postulate
(or assume) the latter, Ampere's law includes physical information associated with Gauss' law. It
Is therefore possible to conclude that the vector equations (Faraday's and Ampere's law) are
"stronger", since in conjunction with the identity in Eq. (1.2.4), they include all the information
associated with the two scalar equations; we shall later on return to this point.



1.4 Maxwell Equations — Integral Form:

In a variety of cases it is more convenient to use Maxwell's equations
(ME) in their integral form rather than in their differential form (1.2.3). For this
purpose it is necessary to examine these equations in conjunction with two
integral theorems of calculus i.e. Stokes' and Gauss' theorems. (i) Stokes'
theorem states that the surface integral over the curl of any continuous vector

field (A) equals the contour integral over the same vector field; the integration
contour has to follow the circumference of the initial surface,

[[da-(VxA)= <j>c Adl; (1.4.1)

S
dl is an infinitesimal vector tangential to the circumference of the

surrounding contour (counter clockwise), C is the contour
encompassing the surface S and da is an infinitesimal surface element pointing

outwards. (i) Gauss' mathematical theorem states that the volume integral of the
divergence of a vector field ( A) equals the surface integral of the same vector field

jvdv(v A) = gSSda- A (1.4.2)

the surface enclosing the whole volume (v) of integration, dv is an infinitesimal
volume element in v.




1.4.1 Faraday's Law in Integral Form
Based upon Faraday's law,

[[da-[VxE+o,B]=0, (1.4.3)
Stokes' theorem implies
95dF-E+”da-at|§:o (1.4.4)
and assuming that the surface of integration does not vary in time,
. - d =
cJSdI -E+a”da-B—O (1.4.5)

This expression may be interpreted in the following way: the
negative temporal change of the magnetic flux,

O = j da- B, (1.4.6)

across a given surface (see Figure 3) equals the line integral of the
electric field along the contour of the same surface

di-E = _de (1.4.7) .
dt -

N

Copyright B Addizon Weslay Longman, Inc.
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Consequently, Kirchoff voltage law
gd-E=0 (1.4.8)
may be used in one of three cases:

1. Vanishing magnetic induction (B =0).

2. Time-independent magnetic induction (0, = 0).

3. Time-dependent magnetic induction, yet the integration
surface and the magnetic induction are perpendicular to
each other locally (B Ldd) .

In any case, for an electric circuit located in a varying (external) e
magnetic field, Kirchoff's voltage law must, in principle, be . E

extended to include the effect of the external magnetic flux on the
circuit.

Copyright @ Addizan Wesley Longman, Inc.
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1.4.2 Ampere's law in Integral Form @

Ampere's law, N

[[da-(VxH-8D)=[[da-J, (1.4.9)
in conjunction with Stokes theorem reads

@dr-ﬁ—%”daﬁ:”dajzg. (1.4.10)

wherein ZI denotes the total current crossing the (stationary) surface of interest. Disregarding

for the sake of simplicity at this stage temporal variations, the last equation implies that the
current crossing a given surface a is linked to the magnetic field so that the latter's line integral
along the contour of the surface equals exactly that current.

11



1.4.3 Gauss' Law

Based on Gauss' mathematical theorem it is possible to write Gauss' law

V-D=p (1.4.11)
as
Jav(v-D) = favp (1.4.12)
C'Eff) da-b T
hence
{p da-D=Q (1.4.13)

This result indicates that the electric charge inside a given volume is directly linked to the

electric induction (D). Obviously, the relation Q=0 does not

imply D to be of zero value, but rather that no net sources exist in
the specific region considered.

Volume WV

™

12 surface S




The total change enclosed in a surface is directly linked to the electric induction.

In a similar way one may examine the magnetic induction

jvdv(v B)=0=

@ da-B=0.
A

(1.4.14)

This relation indicates that the magnetic induction has no sources resembling those of the
electric field. At the fundamental (microscopic) level this entails that no magnetic monopole has
ever been observed in nature (so far)!!

13




1.4.4 Charge Conservation
The approach followed in Section 1.4.3 may also be applied to the law of charge conservation,

V-J+0,p=0. (1.4.15)
Integration of this relation over a given volume, v, implies
[dv(V-J+a,0)=0 (1.4.16)

and with the aid of Gauss' theorem CJ%,B da-J +% j dvp=0 and Q= j dvo furthermore, the

surfaces considered in both Faraday's and Ampere's laws are neither moving nor deforming. One
finally obtains

i dé-j+%Q:O. (1.4.17)

Explicitly, this equation states that the negative time-change of the total charge “stored” in a
given volume, is balanced by the current crossing the envelope encompassing the volume
considered. Kirchoff's current law (KCL) may be now derived from this relation coupled with
the assumption that the amount of charge stored in any junction is zero (all charge being stored
In capacitors), and consequently,

{p da-J=3=o (1.4.18)

14



1.4.5 Summary of Maxwell's Equations — Integral Form
It is convenient at this stage to summarize the various relation developed in this

subsection:

Faraday's Law: gﬁdr- E+%”dé-l§:0
Ampere's Law: gﬁdr-ﬁ—%”déﬁ:
Gauss Law: <ﬂ> da-D=0Q

Magnetic Induction Conservation: @ da-B=0

15




1.5 Maxwell's Equations in the Presence of Magnetic Sources

As indicated in Section 1.4.3, at the microscopic level, no magnetic monopole has as yet been
detected; however, at the macroscopic level, it is sometimes convenient to artificially postulate
the existence of such sources, and the question now is what is the form of Maxwell's equations
in such a case. In order to address this question, let us consider a fictitious magnetic charge
density denoted by p,.. Similar to Gauss' law, this magnetic charge density is linked to the

magnetic induction by means of the relation

V-B=p_. (1.5.1)
Moreover, associated with this magnetic charge density, we postulate the existence of a so called
magnetic current density denoted by jm. It is further assumed that similar to the electric charge,
the magnetic charge also satisfies the continuity equation namely,

V-J +0,p, =0, (1.5.2)
and, consequently, Faraday's law is augmented to read
VxE+8,B=-J_. (1.5.3)

Hence, in the presence of electric as well as of magnetic sources Maxwell's equations read

16
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Exercise: Formulate Maxwell's equations in the presence of magnetic sources in integral form.

1.6 Constitutive Relations

As they stand, Maxwell's equations [Egs. (1.2.3)] cannot be solved since they represent in effect
6 independent equations for 12 variables, assuming that the source terms are known. To proceed
towards a set of equations that may be solved, we have to determine 6 other equations

determining the relations among E, D, H and B. At this stage we shall consider only free
space (“vacuum”) conditions and, specifically, we shall point out that from the point of view of

electrical measurement E and B are well defined since they determine the force acting on an
electrically charged particle (q)

17



—

F,=q(E+VxB), (1.6.1)
or the force density acting on an electric charge distribution p

—

f,= p(E+VxB); (1.6.2)
here V represents the velocity of the particle — relative to an inertial frame of reference. These
are two equivalent representations of Lorentz's law; the subscript “e” emphasizes the fact that

this is the force acting on an electric charge. It is evident from ((1.6.2) that assuming the charge-
density of the body to be known, it is possible to deduct, in principle, the intensity of the electric

field E or the value of the magnetic induction B just from the motion of the charged body.

Basically, in analogy to the electric charge g, the Lorentz' force definition may be generalized to
include a magnetic charge g, namely,

Ifm = qm(l:i — VX 5), (163)
or in case of a magnetic charge density p,,
f, = pn(H-VxD) (1.6.4)

Once more, in complete analogy to the electric charge, the force density determines the two
other field components (H and D), or more explicitly, the way each one of them could, in

18



principle, be measured. Measurement of the various field components in vacuum leads to the
conclusion that E and D are proportional and so are H and B. Consequently, in Sl units we

may write
D = ,E, (1.6.5)
wherein &, =8.85x10"**[V][m]/[C] stands for the permittivity coefficient of vacuum and
F=21 B, (1.6.6)
Hy

1, =47 x107" [T][m]/[A] stands for the permeability coefficient of vacuum (by agreement).

For a significant group of materials, the relation between D and E is linear as in vacuum but

the coefficient is different i.e.

D =g, E (1.6.7)
wherein ¢, stands for the relative permittivity or for the relative dielectric coefficient. Typical
values of ¢ range from unity to ten, few material exhibiting a dielectric coefficient of a few

thousands and very few showing even larger values.

19



Similarly for many materials, the relation between the magnetic induction and the magnetic field
Is linear, the slope differing from the free space slope, i.e.

B = pyuH (1.6.8)
wherein u represents the relative permeability; its value may exceed several hundreds of
thousands in some metallic alloys.

Another constitutive relation that will be used in what follows is the experimental relation
between the current density and the electric field in metals. For sufficiently low electric field

(| E |« E, =mc® / ecr where 7 is the mean free time between two collisions of the electron in
the metal) the relation between the current density and the electric field is given by Ohm's law

J=0cE (1.6.9)
where o is the conductivity of the material — for typical values see next Table.

20



Metals and Allo

s in Solid State

oc—-S/mat20°C

Aluminum 3.54x10’
Copper, annealed 5.80 x10’
Copper, hard drawn 5.65x10’
Gold, pure drawn 4.10x10’
Iron, 99.98% 1.0x10’
Steel 0.5-1.0x10’
Lead 0.48 x10’
Magnesium 2.17 x107
Nichrome 0.10 x10’
Nickel 1.28 x10’
Silver, 99.98% 6.14 x10’
Tungsten 1.81x10’

21




1.7 Boundary Conditions

In this section we examine the behavior of the electromagnetic field in the presence of a
discontinuity. A difficulty occurs due to the fact that the physical situation is in principle
described by differential equations and the derivatives are obviously not defined in the vicinity
of a sharp discontinuity. To obliterate this obstacle it is necessary to resort to Maxwell's
equations in their integral form. As a first case let us consider the discontinuity in the magnetic
field due to a current-density flowing along a very thin layer. Specifically consider the following

setup: the current flows along the layer, as illustrated in the Figure, parallel to the unit vector L

We consider a test area w/ which this current density crosses. The basic assumption is that at
limit w— 0 the current density is sufficiently high so that
lim (Jw) =J,. (1.7.1)

w—0
J—>o

The limiting value J, denotes the so-called surface current-
density its units being Ampere per meter. The next step is to |
examine Ampere's law in view of the configuration described
above namely,

gdi-H :Idé-j+%jdé-5. (1.7.2)

22



At the limit of an extremely narrow range (w— 0) this integral equation |
reads, for finite values of the field

0-[H,-H,J+w-[H,-H,]= gzm0+—;£wD (1.7.3)

=0

—0

however, the second terms on both the left as well as on the right hand side vanish, so that one
obtains the relation

(4-[H,-H,]=1-J¢. (1.7.4)
Resorting to the definition of the normal to the surface 1 =1, x1, =1, =1 x1 (right handed
coordinates) there results the relation

(L, x1)-[H,-H,]=1,-J, (1.7.5)
or 1 -[1 x(H,-H,)]=1 -J.. Since this is valid for an arbitrary unit vector 1. we conclude that
j:nx(l:ia_l:ib):js' (176)
Clearly, this boundary condition is related to Ampere's law
VxH-6D=J = 1x(H,-H,)=J. (1.7.7)

Hence, by analogy it may be readlly concluded that Faradays law implies
VxE+0,B=-J_ =1 x(E,-E)=-J_ (1.7.8)

23



Here J,,. is defined similar to the definition of J, in (1.7.1) i.e. |im3ﬁ1°w(jmw) =J,,.- Note that
if the magnetic surface current density is zero, then

1 x(E,~E,)=0. (1.7.9)
The normal, ih points from b to a. The last relation therefore links the tangential components

of the electric field in two different domains imposing their continuity -- in the absence of any
magnetic surface current density. Similarly, Eq.(1.7.6) indicates that the discontinuity of the
tangential components of the magnetic field is determined by the surface current density.

We now turn our attention to the boundary conditions associated with the T -
divergence equations. Similar to the definition of J, we define the ! region a
surface charge density as g
\I/\’—ry)(pw) =Ps (1'7'10) - € | region b
p—>©
With this definition we now examine Gauss' law in its integral form
1A, -(D, =D,) = WlA p = (A p, (1.7.12)

hence

1,.(D,-D,)=p, (1.7.12)

24



implying that any discontinuity in the perpendicular electric induction is compensated by a
surface charge density. In the absence of the latter, this induction component is continuous.

An identical approach may be used to formulate the discontinuity of the magnetic induction.
Since Gauss' law leads to (1.7.12), i.e.

V-D=p=1-(D,-D,)= p, (1.7.13)
we conclude that the conservation of the magnetic induction, V-B = p_, implies
1,(B.=By)=pns (1.7.14)
where
Prms = \IALrIg | P W] (1.7.15)
pr o0

Furthermore, in case of zero magnetic charge density, the perpendicular components of the
magnetic induction are continuous.

Each boundary condition so far was associated with one of Maxwell's equations. At this point it

Is possible to proceed one step further and develop the boundary conditions associated with the
charge conservation. In its integral form, the latter reads

25
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«— —

Region a

jdV§ : j + J.dvaa—i) =0 (1716) Region b L= =T

TTTJz,b
Without loss of generality let us consider a volume element of width
w and area A. The discontinuity separates this volume in two halves. This element is

infinitesimally small as illustrated in the Figure. Without loss of generality, we shall assume that
the z-axis is perpendicular to the discontinuity hence

Javw-J = jdv( 24V, Jj (1.7.17)

5| denoting the two components in the plane of the discontinuity whereas ?H Is the divergence
operator in the same plane. The first term in the right hand side may be simplified to read

0d, .03, _

av = Al dz — A, -3,,) (1.7.18)
and the second term

Jav(v,-3)) = Amv,-J))= AV, - J, (1.7.19)

Following a similar approach used earlier, the second term of equation (1.7.16) reads
[ dvap Aw ap = A%

1.7.20
p (1.7.20)

hence

26



5 7, 0Ps _
1n-(J1—J2)+V|-JS+E—O (1.7.21)

Based on this expression we may conclude that the change (in time) of the surface charge-
density may be linked to a discontinuity of the normal current density or the 2D divergence of
the surface current density - or vice versa.

27



1.8 Operation Regimes

After establishing the constitutive relations and the boundary conditions it is possible, in
principle, to determine the complete solution of the electromagnetic field. However, it is not
always necessary to solve the full set of Maxwell's equations in order to determine the solution
required. The Table below shows the equations that describe the electromagnetic phenomena in
three main regimes: on the left, appear the equations that describe static phenomena. In the
middle of the table the equations describing the quasi-statics regime are listed, i.e. the regimes
for which time variations may occur but as will be discussed extensively subsequently, they
occur on time scales much longer than the time it takes light to traverse a distance in vacuum
similar to the dimension of the investigated device. On the third, the “complete” set of dynamic
equations are presented.

Statics Quasi-Statics Dynamics
Electro | Magneto Electro Magneto Electromagnetics
VxE=0 VxE=0 |VxE+4,B=0| VxE+0,B=0
VxH=J|VxH-0D=3| VvxA=J | vxH-0D=3]
V-D=p V-D=p V-D=p
V-B=0 V-B=0 V-B=0

28



Chapter 2 Potentials and Superpotentials

Maxwell's equations are a set of first order differential equations which, in vacuum, are
also linear. In many cases it is convenient to solve one second order equation rather than
two first order equations. With this purpose in mind it is quite convenient to introduce the
so-called potential functions. It is important to emphasize that within the context of the
present discussion, these functions are in effect mathematical tools where the quantities
determined by practical measurements are always the fields. Although widely used for
solving electromagnetic problems, only in some specific cases these potentials have also
a useful physical interpretation.

2.1 Magnetic Vector Potential and Electric Scalar Potential

Consider for simplicity Maxwell equations in vacuum,
D = g,E, (2.1.1)

B=uH, (2.1.2)
in the presence of electric charge sources (J, p), yet in the absence of magnetic sources

(3,=0,p,=0) ie,



V xE = -0, u,H (2.1.3)
VxH=J+0,¢E (2.1.4)
V-g,E=p (2.1.5)
V- u,H =0. (2.1.6)

The last equation [(2.1.6)] may be reduced to an identity if we bear in mind that any
vector field V satisfies the relation V- (V xV)=0. It is therefore natural to define

1 H =VxA (2.1.7)

where A(F,t) is referred to as the magnetic vector potential. Substitution of this
definition into Faraday's law implies the relations
VxE+udH=0 = VxE+9,(VxA)=0 = Vx[E+5,A]=0. (2.1.8)
At this point it is natural to invoke a second identity of the vector calculus namely: any
scalar function, f, satisfies
Vx(Vf)=0. (2.1.9)

Consequently, the electric field is given by

Vx[E+8tA] =0 - =
E —atA—w% (2.1.10)
gelectric scalar potential

ﬁx(V¢) =0
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So far we have determined the relation between the electromagnetic field and the two
potential functions. Bearing in mind that E and H satisfy Maxwell equations, the
question we shall address next is what differential equations do A and ¢ satisfy? In order

to reply to this question we substitute B=V x A and E = -3, A— V¢ in Ampere's law

i%x(ﬁx A =J +&,0, [—at/&—w]. (2.1.11)
Hy
In Cartesian coordinates the double curl operator reads
Vx(VxA)=V(V-A)-V?A (2.1.12)
and thus
2
V(V-A)-V2A= y{j—goj?l\—goatw} (2.1.13)
or
: O li_ s ore %
{V — &yl ?}A: — 1y +V[V- A+ 50,u06t¢]. (2.1.14)

Similarly we substitute (2.1.9) in Gauss' law
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V-E=plg, = V-[-0,A-Vg]l=ple,
Vvig=-L_05[V Al (2.1.15)
€o
In order to continue from this point one has to bear in mind that in general a time-
independent vector field is determined by its curl (V xV) and by the divergence (V-V).
The latter has not been defined so far for our magnetic vector potential. According to
Egs. (2.1.15) we observe that there are two “natural” possibilities:

2.1.1 Coulomb Gauge
The first choice is motivated by (2.1.15) namely

V-A=0 (2.1.16)
In which case ¢ satisfies the ordinary Poisson equation
v2ig=—L (2.1.17)
€o
whereas the magnetic vector potential obeys the wave equation
0% |« =
|:V2 — &bl ?} A= =11y +V(&,14,0,9) (2.1.18)

but the drawback is that it depends on ¢.
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2.1.2 Lorentz Gauge
The second choice relies on the fact that by imposing the condition

V-A+ gouoggé:O (2.1.19)
A and ¢ satisfy each the decoupled wave equation
2
{vz e, %}A: 3, (2.1.20)
0° Jo,
V-, — |p= - 2.1.21
{ ot 8’(2} c ( )

Note that & u =1/c’ where c is the speed of light in vacuum. Furthermore, if in

Cartesian coordinates we apply V on (2.1.20), apply 0, on (2.1.21), multiply the latter by
€, and add the two, we obtain

Vo o (9 A a8)= s (9300

l.e. by virtue of Lorentz gauge as well as by the law of charge conservation a zero
identity 0 =0 results!
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In case the magnetic vector potential is time-independent or zero, the scalar potential ¢ is
closely related to the voltage. In order to realize the relation between the potential and the
voltage recall that E = -V ¢ and as indicated in Section 1.4.1, Kirchoff's voltage law can

be formulated in terms of <J'>I§-dr =0 or in other words in a closed loop the sum of all

voltages vanishes. Let us examine instead of the closed integral, the integral between two
points |, and I,. Now, the voltage between these two points is denoted by V, , i.e.,

> =
V,,=- jllzdl E.
However, bearing in mind that E = -V ¢, then
l, —
Vip = [ 'd Vg = 4(1;) - 4(1,),

This is to say that for such cases the voltage represents the difference between the
potentials at the two different locations.
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2.2 Electric Vector Potential and Magnetic Scalar Potential

As in Section 2.1 we shall assume a free-space region [i.e. Egs. (2.1.1)—(2.1.2)]; however,
now the electric charge sources vanish (J =0 and p =0) yet the magnetic charge sources
are non zero i.e. J = 0 and p, = 0. Maxwell's equations in this case read

VXE+0,uH=-J_ (2.2.1)

VxH-08,6E=0 (2.2.2)

V-g,E=0 (2.2.3)

V- tioH = py,. (2.2.4)
We now take advantage of Eq. (2.2.3) i.e. V-D =0, and define

g,E=-VxC, (2.2.5)
0

which renders (2.2.3) into an identity [since V-(VxC)=0]. In Eq. (2.2.5) C stands for

the so-called electric vector potential. Substituting this definition in Ampere's law Eq.
(2.2.2) we obtain

VxH-8[g,E]=0=VxH-8[-VxC]=0= Vx[H+8,C]=0 (2.2.6)
Implying that the magnetic field is determined by the relation
H=-6C-Vy, (2.2.7)

w - magnetic scalar potential
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and here advantage has been taken of the identity
Vx(Vy)=0. (2.2.8)
The next step is to determine the equations satisfied by C and w . For this purpose we
substitute (2.2.5) in Faraday's law; the result is
VxE= —jm —8tyoﬁ

¥ x(-Vx€) =3, - o [-0.C - V]

&y

2
ﬁx(ﬁxé):sojm—sou{%@atvﬁ”} (2.2.9)

. _ - 0% -
V(V-C)-V’C=¢g,J, — &, {ECMN 4

2

0% | = - .-
{VZ — &My ?}C =—&,J,, +V[V-C+50,u08tw].

Similarly, substituting (2.2.7) in (2.2.4) we have
V-H=p luy—-V-(Vy+0C)=p lu, - Vy=-p lu,-0V-C  (2.2.10)
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In this case the equivalent of the Coulomb gauge reads

V-C=0 (2.2.11)
which implies
Vi = _P_m’ (2.2.12)
Ho
0% | 2 e
{VZ — &bl ?}C = —&dy + V(& 40.¥) (2.2.13)
In a similar way, if the equivalent of Lorentz gauge
Vé+goy0§y/:o (2.2.14)
IS imposed, we obtain
[ 2
V2 su %}é = 5], (2.2.15)

. N
V2 — ey, ﬁ}” =L (2.2.16)
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2.3 Superpotentials

The electromagnetic field in vacuum has six components that satisfy Maxwell's equation.
In the previous section it was shown that rather than solving a set of first order

differential equations it is possible to define four functions (A and ¢) that satisfying a

second order differential equation i.e the wave equation. In fact if we take into
consideration the constraint imposed by the Lorentz gauge there are actually three
independent functions which have to be determined. These three functions may be the
three components of a vector field called the vector superpotential. Let us recapitulate the
case of electric sources assuming the Lorentz gauge:

B=VxA (2.3.1)
E=-0,A-V4, (2.3.2)
- A

V2 —go,uog? A=—ud, (2.3.3)
— 62 _

Vv? _‘90:Uo¥ p=-ple, (2.3.4)
V- A+ e 10,4 =0, (2.3.5)
V-J+0,0=0. (2.3.6)
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If we now define the Hertz superpotential TT and the generalized source P such that

A= g 1,01, (2.3.7)
¢=-V-II, (2.3.8)
J=0,P, (2.3.9)
p=-V-P, (2.3.10)

then the first two definitions render the Lorentz gauge [(2.3.5)] into an identity, whereas
the second two imply that the continuity equation (2.3.6) reduces to an identity.
Substituting (2.3.7) and (2.3.9) in (2.3.3) we have

2

o . .
VZ — gy ¥:| EoHoO 11 = — 14,0, P (2.3.11)
hence

2
{vz — & Ly a—z}ﬁ =—Ple, (2.3.12)
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One may repeat the same procedure for the case of “magnetic” charge sources.

&,E =-VxC, (2.3.13)
H=-vy-5C (2.3.14)
2

V? goﬂos? C=-¢g,J_, (2.3.15)
— 62 —Z

V* _EOII'IO? V= =Pl (2.3.16)
Vé+gouoz—‘t”=o, (2.3.17)
V.3 +56Ltm=o. (2.3.18)

If we now define

C= Eo M0, = (2.3.19)
v = ~-V-F, (2.3.20)
J =0, M, (2.3.21)
L =-V-M, (2.3.22)

we obtain
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2
{vz e, éﬂ E=—N/u, (2.3.23)

F is often called the Fitzgerald superpotential and M stands for the generalized
magnetic source.

2.4 Equivalence of the Two Gauges

It was previously emphasized that the potentials are just mathematical tools. However,
according to (2.1.17)—(2.1.18) and (2.1.20)—(2.1.21) the differential equations they satisfy
are quite different. In this section we show that for a given source the electromagnetic
field is the same though the equations for the potentials differ! For simplicity we shall

translate the problem into w—k space, namely every quantity being written in the form:
U(x Y, zt) = IdwdskU(R,w)exp(jwt— jk’.r).

The advantage of this notation is that the differential operators become algebraic

operators i.e.
oU — jaJ (2.4.1)
V-U—>-jk-U. (2.4.2)
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Within the framework of Coulomb gauge we have

V¢ =—pls, > K*¢ = pls, (2.4.3)
and thus B
- p1
=== 2.4.4
¢ o K (2.4.4)
along with
S P
|:V — &k ¥:| A= —pyd + Vg 1,0 9] =
B (2.4.5)
i: —Hyo j_|_ o(&t4) P K
K+,  —K+ o, gk
For comparison, in the framework of the Lorentz gauge
— 1 Y3}
- Ll 2.4.6
/ K? —o’e 1, &, (2:45)
= 1 =
k2 . a)ZgO,uo IUO ( )

Clearly the two expressions differ; however, the the electromagnetic fields are identical
as next shown. Thus, using the Coulomb gauge
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E=—joA+ kg

o ) ek p L g p 1 (2.4.8)
K +ogu, K +ogu, & K & K
jou, = jk p
o 2 2 J 2 2
K +ogu, K +o'su, &,
On the other hand, reverting now to the Lorentz gauge, the expressions
E=—jwA+ jk¢
_ j o, 5 ik )il (2.4.9)
K+, K+, &

result. As expected Eqgs. (2.4.8) and (2.4.9) are identical.

Exercise 2.1: Repeat this procedure for the magnetic field.
Exercise 2.2: Repeat this procedure for the couple C and i .
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Chapter 3 Conservation Laws

3.1 Poynting Theorem — Time Domain

Maxwell equations “contain” information about energy conservation, or more precisely,
about power balance. In the first part of this section we develop the expression which
governs this balance; subsequently we shall investigate some of its aspects and
implications.
Consider first Faraday and Ampere laws in matter-free space, i.e.
VxE+0,(u,H)=0, (3.1.1)
VxH-0,(5E)=J. (3.1.2)
Multiplying scalarly the first equation by H and the second by E and subtracting the
resulting expressions one obtains the relation

H-(VxE)-E-(VxH)+H-3,(u4,H)+E-0,(s,E)=-J-E. (3.1.3)
It is possible to show that (prove it!!)
V- (ExH)=(VxE)-H-(VxH)-E (3.1.4)

which in turn implies that (3.1.3) may be rewritten as



v(éxﬁna{%%é.a%ﬂoﬁ.H*}_j.é. (3.1.5)
At this point we define the so-called Poynting vector
S=ExH (3.1.6)
whose units are [Watt/nm’]. To the second term in (3.1.5) we ascribe the term

electromagnetic energy density

W, :%goé. E%ﬂoﬁ H (3.1.7)

whose units are Joules/ nT whereas the third stands for the power conversed per unit
volume or otherwise expressed, generated (or absorbed) by the “sources” or “sinks”

J-E; (3.1.8)
the units of this term are Watt / m*. The first term in (3.1.7) being regarded as the electric

energy density, w; = %EOE- E, whereas the second term stands for the magnetic energy

— —

density, w,, = %%H -H.

In conclusion, from Maxwell equations we directly obtain the so-called Poynting
theorem which, in its differential form, reads
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V-S+o w,,=-J-E (3.1.9)

or in integral form

gj% dé-§+%j deEM:—j dv(J-E) . (3.1.10)

The last expression indicates that the power flow across the envelope in conjunction with
the time-variation of the energy stored in the volume, equals the power
generated/absorbed in the volume confined by the envelope. In the following examples
this theorem will be examined somewhat more closely.

Example 1: Capacitor. Let us now obtain a more intuitive picture of this theorem.
Consider a capacitor consisting of two circular plates of radius R separated by an air gap
h with h < R being assumed that R is much smaller than the wavelength (1 =2zc/ w)
of the exciting electromagnetic field. A voltage (V) is applied to the upper plate whereas
the lower one is grounded. Ignoring any possible edge effects, we may approximate the
electric field between the plates by its axial component only, i.e.

E,(t) = —\% . (3.1.11)
According to Ampere's law and bearing in mind the circular

symmetry of the system, we have
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3.1.12
1 1dVv ( )
H ~—Zrg=—

v 2 “hdt

Once the field components have been established, the Poynting vector is quite easily
calculated:

S=ExH (_!ij(_lrgoid_vi ]

[
h 2 g dt 2 (3.1.13)
1r dv - 1r gdvVe -
= _—__g\V\—1 =—_—_20 )
T A R T e
The Poynting vector comprises a radial component only and therefore
2 2
7.5-1045)=1, | tradvi] 1adv (3.1.14)
ror ror 2Q9° 2 dt h® 2 dt
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In the integral form:

{p s-qa = Sr(Rdgo)dz:Sr‘rth(ZﬂR)

1R 1d
=  h@zR)| -=—g=—V? 3.1.15
(”)[ 21 2 dt } (3.1.15)
= _ E[l 2} = _EWE
dt| 2 dt
wherein,
2
C=g, ”5 , (3.1.16)
Is defined as the low frequency (static) capacitance of the system, and thus
i é-dé+%WE =0. (3.1.17)

As it stands at the moment, the magnetic energy stored in the capacitor does not
contribute to the energy balance. Justification of this result will be provided subsequently
when discussing electro and magneto-quasi-statics.

Note that for building-up some electrical energy in the capacitor it is strictly necessary to
have magnetic energy.
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Example 2: Resistor. A second example of interest relates - 2 R

to a resistor. Consider the system illustrated in the right.
The inner cylinder consists of a conducting material o . <

Between the two plates the electric field is again (see

>

discussion prior to Eq. (3.1.11)) approximated by
\Y

B, =+ (3.1.18)
and consequently, the relevant axial current density is
J,=0E, = —0%. (3.1.19)
In the presence of this current a circular magnetic field is established
V xH :j+atﬁwlar(rH¢):Jz. (3.1.20)
Hence, for r <R r
H, ~ —%ra% (3.1.21)

so that the Poynting vector comprises (in our approximation) only a radial component
namely
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V 1V

S =-EH, = —(—ﬂ[—grcfﬂ (3.1.22)

and, therefore, the power flow across the surfaceat r = R is

fp da-§= —27th{—\1}[—1%\1}
hl2h

. (3.1.23)
_ 7R o2
h
l.e.
4P é-da=—%v2 =_P (3.1.24)
where ‘R stands for the low frequency (static) resistance
1 h
R=— : 3.1.25
o 7R’ ( )

This result illustrates that the power dissipated in the metallic material “enters” in the
system through its boundaries, being propagated by means of the Poynting vector.
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3.2 Complex Poynting Theorem

In many cases of practical interest the source of the electromagnetic field varies
periodically in time at a constant angular frequency (). It is convenient to adopt under

this circumstance the well-known phasor notation. Consider a function

G(x Y,zt) =G, (XY, z)cos[at + O(X, Y, 2)], (3.2.1)
introducing now a complex notation e where j = /-1 we have
- 1 jot+jo — jot—j0
G= 2[caoe +G,e ] (3.2.2)
or
G = Re{G,e"’e ], (3.2.3)
We now define the phasor of G as
G(X,Y.2) = G,(x, y, 2)e/"*? (3.2.4)
so that
G(x,y,zt)= Re[g(x, Y, z)ej“’t] (3.2.5)

Based upon this notation, and assuming a linear medium, Maxwell's equations take in
the following form:
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* (3.2.6)

Y xE+ Jou,H =0

VxH - jog,E=J (3.2.7)
V-gE=p (3.2.8)
V- u,H =0. (3.2.9)

Our next step is to formulate Poynting's theorem within the framework of this notation.
Before doing this it is important to point out that the complex product of two phasors
provides information about the time average of the “real” quantities. In order to illustrate

this fact, consider | |
G,(F,1) = Re{G,(F)e™} and G, (T.t) = Re{G, (F)e™"} (3.2.10)

The product of the two is
G (1,1)G,(T,t) = G, () cos[at + 6,(F)] x G,, (I") cos[at + 6, ()]

=G,,G,, %[ej“’”wl +e }%[ej”’”j% +e % ] (3.2.11)
:%GOIGOZ{ezjwtﬂ(elwz) PRI ES (CRVIRNICEDY +e—j(61—92)}
hence
G,(F,1)G,(F,t) = %Gmc;02 cos[2at + 6, + 6,] + %[glg’; +GG, | (3.2.12)
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Averaging over a time span T eliminates the first term on the right hand side yielding
~ ~ 1 N~ v~ fo
GFHGFP = GG (M) +G/(NG,(M)]
= ~R{G,(NG;("). (3:2.13)

- %Re"gz(r)gi(r)*

here <..>=(1/T) IOTdt.... represents the averaging process. Based upon this result we

conclude that in phasor notation, whenever a product of two amplitudes is involved, the
time average value of this product is readily obtained by the above procedure. As an
example we enquire about the value of the time-average energy density stored on the
electric field (¢, =1):

E(r,t) = Re{E(F)e/'}
1

L e 1 oooe o 1 (3.2.14)
We = Ego E(I’,t) ) E(I’ ’t) <WE>t= ZgoE(r) E (I’) - Zgo| E(r)l .
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We are now in a position to develop an expression for the complex Poynting theorem.
We multiply Faraday’s law (3.2.6) scalarly by H

H - (VXE)+ jou,H -H=0 (3.2.15)
and, similarly the complex conjugate of Eq. (3.2.7) is scalarly multiplied by E:
E-(VxH )+ jws,E-E =J -E (3.2.16)
Subtractmg (3.2. 16) from (3. 2 15) we obtain the relation
(VXE)-E-(VxH )~ jo| 5,E-E ~4H-H |=-J-E (32.17)
hence
V(Exﬂ*>—4jw[§e££*—%yoﬂ-ﬂ*}:—i* E (3.2.18)
or
1 - == 1 - = 1.+ =
v ( ExH j zjw[—eog E - uHH }—51 E (3.2.19)
We now define the complex Poynting vector
SE%Exﬂ*, (3.2.20)

which determines the average energy flux density from or to the system. The time
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average electric field energy density is

— —*

<WE>tE%€oE'E (3.2.21)

whereas the time averaged magnetic field energy density is

<w,, >t5%y0 H-H (3.2.22)
so that we may finally write for the complex Poynting theorem:
I 1 -, =
v-g-zjw[<wE>t—<wM>t]:—§g E. (3.2.23)

We now review a few simple examples in light of this theorem (a somewhat more
systematic discussion follows in the next chapters).

(a) Capacitor: For a capacitor J =0; we may ignore the magnetic energy yet <w>= 0.
Consequently, the imaginary part of the Poynting vector is non zero.
(b) Inductor: Similar to (a) except that now <w.>~0 and <w,,> = 0. The phase of S

is shifted by 180°.
(c) Resonance: <w,,>=<w.>= power exchange takes place inside the system.

Comparing (3.2.23) with (3.1.9) we observe that in the present formulation a minus sign
occurs between the average magnetic energy density and its electric counterpart.
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(d) Resistor:

<WM>N0\ .
<w>~0¢ V éZ—EO'E E
J=oE

= Only the real part of the Poynting vector is non zero.
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3.3 Global Energy Conservation -- Hydrodynamic Approximation

As observed in several cases so far, the electromagnetic field is a direct result of the
presence of a source and it was tacitly assumed that the latter was not affected by the
field. In practice this generally is not the case. In fact, since the source of any
electromagnetic field is electric charge, the source itself is affected by the field since each
individual charge is affected by the field through the Lorentz force F, = —q[E +V x BJ;
the charge here is assumed to be negative. Consequently, it is important to determine the
energy conservation relation for a specific case when the source is affected by the field.
For this purpose we shall consider the dynamics of electrons within the simplest
framework that is — hydrodynamics.

We assume that within an infinitesimal volume dv a uniform distribution of electrons
exists all having a common velocity (4) which may, in fact, be attributed to a single

particle in the center of the infinitisimal volume. It is further assumed that the dynamics
of this particular particle reflects the dynamics of all the electrons in the infinitisimal
volume. The full set of equations describing such phenomenon is given by

V-S+oWw,, =-J-E (3.3.1)
V-(nd)+o,n=0 (3.3.2)
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d1 o=
— —mu° |=—qu-E 3.3.3
dt[z } G (333

subject to the relation J = —qni; here n represents the density of electrons, —q is the
charge of a single electron and m represents its rest mass.

Before we proceed it is important to clarify the meaning of the last operator in Eq. (3.3.3)
For a function of three variables (Xx,y,z) varying in time (t), namely F(X,y,zt), the
total time derivative is given by
iF(x, V. ’t)_aF ox oF 6yaF 0z oF
dt ot ot ox 6t oy at 0z
_oF oF oF oF _oF

+U,—+U,—+U +(U-V)F.
ot OX oy “0z ot

(3.3.4)

Our goal is to determine the energy conservation associated with the dynamics of charges
and fields as reflected by this set of equations. Multiplying now Eq. (3.3.3) by the
particles density n we find that

d -

n—Ean=J- E (3.3.5)
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therefore Eq. (3.3.1) has the following form

—

V-8+omg, =-J-E=n"E,
(3.3.6)

= _n[aEAJrgﬁEkm}
ot

where in the last expression we have used Eg. (3.3.5). The last term may be simplified
since

0 =
= _naEkin —(nd)-VE,,

_%(nEkin )+ Edn %n -V -[E,nd]+E,,V-(nd)

= _g(nEkin)_6 -(NUEy,) + Eg, %I’H—% -(nd) (3:3.7)

L =0 |
The last term vanishes by virtue of the continuity equation; hence

V-[S+nlGE, ]+8,[w, +NE,]=0 (3.3.8)
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This expression has the form of a field conservation law: the term nuE,, represents the
kinetic energy flux, whereas nE, stands for the kinetic energy density. Employing
Gauss theorem we obtain that

qp da-[S+ nUEkm]+%jvdv[wEM +nE, 1=0 (3.3.9)

which implies that time-variations of kinetic and electromagnetic energies stored within a
given volume are compensated by the electromagnetic energy flux and/or by the kinetic
energy flux across the relevant boundaries.

e — Hydroelectric power generation Q I

Power transmission cables

Transformer |

Power house

Generator




by
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3.4 Conservation of Linear Momentum

The conservation of linear momentum can be considered by a similar approach. The total
electromagnetic force on a charged partlcle IS

F =—q(E+VxB). (341)

If the sum of all the momenta of all the particles in the volume V is denoted by P, , we
can write, from Newton's second law,
dP_.
—mech = |(HE +J x B)dv. 3.4.2
- j (p ) (34.2)
Using Maxwell's equations to ellmlnate p and J from (3.4.2) ie.,
p=V-D, J=VxH-9,D (3.4.3)

we obtain
pE+ij§:[E(§-5)+ §X5t6—é><(§x I:I)}
Further writing
|_5>an = a’D><B)—|—[#)><@
ot ot ot
and adding H(V - B) =0 to the square bracket, we obtain
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PE+IxB = E(V[3)+H(V|§)—6x(§x|§)—|§x(§xﬁ)—§(5x|§).

The rate of change of mechanical momentum (3.4.2) can now be written

—

%+5j(5xé)dv:ij[é(v D)-Dx(VxE)+H(V-B)-Bx(VxH)dv.
dt dty Ary,
(3.4.4)
We may identify the volume integral on the left as the total electromagnetic momentum

—

P..q 1N the volume v:
Proa = _[(5 x B)av. (3.4.5)
\Y

We interprete the integrand as representing a density of electromagnetic momentum; we

further note that this momentum density is proportional to the energy-flux density S,
with the proportionality constant ¢ (in vacuum). In order to complete the identification
of the volume integral of
G=DxB (3.4.6)

as the electromagnetic momentum, and in order to postulate (3.4.4) as the conservation
law for momentum, we must convert the volume integral on the right into a surface
integral of the normal component of an expression which may be identified to represent a
flow of momentum. Let the Cartesian coordinates be denoted by X, ,,. The a=1
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component of the electric part of the integrand in (3.4.4) is given explicitly by

[E(ﬁ‘ﬁ)—ﬁx(ﬁxé)]lzE1(8D1+8D2+8DSJ_D[aj aEl] [5E1 OESj
X 0% 0% 0% %, ox, 0%,

:%(eoEfH%ooElEm (eoEtEs)———(EﬁE%Eg)

This means that we can write the « - th component as

[E(V-D)-Dx(VxE)], —802 E.E, —%E. ES,) (3.4.7)

p=1 Xﬁ
obtaining in the right-hand side the form of a divergence of a second rank tensor. With
the definition of the Maxwell stress tensor T_; as

T, = &E,E, +14,B,B, E((c,~0|§-E+—|§-|§)5aﬂ. (3.4.8)
Ho
Eq. (3.4.4) may now be written in component form as
( con * Phg ) = j—T d. (3.4.9)
ﬂv ﬁ

Application of the divergence theorem to the volume integral finally yields
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d 5 .5 -
E(Pmech + Pfield )a - C'E ~ Taﬂnﬂ da’ (3410)
where n is the outward normal to the closed surface s. ZTaﬂnﬁ Is the « -th component
p

of the flow per unit area of momentum across the surface s into the volume V..

In other words, it is the force per unit area transmitted across the surface s and acting on
the combined system of particles and fields inside V. Equation (3.4.10) may therefore be
used in principle in order to calculate the forces acting on objects in electromagnetic
fields by enclosing the objects within a boundary surface s and by adding up the total
electromagnetic force according to the right-hand side of (3.4.10).

Sir William CrooRes (1873)




3.5 Regimes of Operation

After establishing the constitutive relations and the boundary conditions it is
possible, in principle, to determine the complete solution of the electromagnetic field.
However, it is not always necessary to solve the full set of Maxwell's equations in order
to determine the solution required. The Table below shows the equations that describe the
electromagnetic phenomena in three main regimes: on the left, appear the equations that
describe static phenomena. In the middle of the table the equations describing the quasi-
statics regime are listed, i.e. the regimes for which time variations may occur but as will
be discussed extensively subsequently, they occur on time scales much longer than the
time it takes light to traverse a distance in vacuum similar to the dimension of the
investigated device. On the third, the “complete” set of dynamic equations are presented.

Statics Quasi-Statics Dynamics
Electro | Magneto Electro Magneto Electromagnetics
VxE=0 VxE=0 |VxE+0B=0| VxE+4,B=0
VxH=J |VxH-0D=3| VxA=J | VvxH-0D=J
V-D=p V-D=p V-D=p
V-B=0 V-B=0 V-B=0
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We are now in a position to put forward a somewhat more quantitative classification of
this division. Both the potentials as well as the various components of the
electromagnetic field satisfy the wave equation, i.e., denoting by U (X, y, z,t) either one of

the components of the electromagnetic field in a Cartesian coordinate system, we have,

for matter-free space
2

0
{VZ — &,y ?}U (x,y,zt)=0 (3.5.1)

further, if the system oscillates at the monochromatic angular frequency o i.e.
U(xy,zt)=Re|U(x,y,.zw)e | then, for a homogeneous, isotropic time-

independent and linear non-conducting environment one has

{VZ +i)—22}g(x, y,z,0) =0, (3.5.2)

where ¢c=1/,/x,¢, is the phase-velocity of an electromagnetic plane wave in vacuum --

also referred to as the “speed of light”. The angular frequency @ and the speed of light ¢
determine a characteristic wavelength

A =27" (3.5.3)
a

in free space (subscript O indicates vacuum) or in a material medium
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=2 et (35.4)
A C

m

As a rule of thumb the criterion for a quasi-static regime can be formulated as
; {typical geometrical length of}

the system.

This criterion does not distinguish between magneto and electro-quasi-statics. For this
purpose, we should compare energies in the system,
(a) Systems operating in the magneto-quasi-static (MQS) regime imply
[ <wy>dv> [<we>dv (3.5.6)
(b) Systems operating in the electro-quasi-static (EQS) regime imply
[ <we>av s [ <w,>dv. (3.5.7)

(3.5.5)
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A variety of phenomena does not fall within the scope of statics or optics; these
phenomena correspond to cases in which the “characteristic time” of the system is much
longer than the time it takes the EM phenomena to traverse the system, or alternatively
expressed, one of the energies (magnetic or electric) is much larger than the other. To
quote an example, in statics or in a low frequency regime a capacitor stores energy which
Is predominantly electric, whereas the magnetic energy is taken to be zero. On the other
hand, as it will be shown here that at high frequencies the capacitor itself becomes
inductive. The opposite is valid for an inductor. These effects may have a dramatic
impact on the design of fast circuits. Thus, many commercial software packages
modeling various communication circuits utilize values of capacitance and inductance
calculated for low frequencies (<100MHz). With the increase in the requirements for
bandwidth, the frequency also increases and the predictions of these models at 10 or
35GHz are definitely wrong: the parameters have to be re-adapted to the new operating
regime or even better, the so-called “dynamic capacitance” and/or “inductance” must be
resorted to.

In this chapter we shall start with a discussion of Electro-Quasi-Satics (EQS) which is a
branch of electromagnetics treating phenomena characterized by the fact that the electric
energy stored in the system is much larger than its magnetic counterpart. The discussion
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will be followed by a section introducing Magneto-Quasi-Statics (MQS) i.e. — the
regime in which the magnetic energy predominates. Finally, in the last section, we
investigate the case in which ohmic losses play a predominant role. The latter case is

particularly important, since at high frequencies or for short electromagnetic impulses,
the field distribution in metals differs substantially from its dc distribution.
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Z
Z=h— T
IS P
4.1 Electro-Quasi Statics
In this section we investigate a structure that [Z=0 — f X
at low frequency behaves as a capacitor but at X =0 X =2

high frequency, its behavior changes dramatically.

The system under investigation is schematically illustrated in the Figure. Our goal is to
determine the electromagnetic field in the volume confined between the electrodes, and
further, to examine the values of the power and of the energy exchanged within the
system.

4.1.1 Assumptions and Notation Conventions

1.

2.
3.

o o

From the geometric point of view the system is “infinite” along the y-axis -- 6, ~ 0.

Along the z-axis, the system is narrow so that variations may be neglected -- 6, ~ 0.

In order to simplify the analysis we exclude end effects by introducing at x = a a thin
layer of material of “infinite” permeability (x, — o) at the end (x = a).

. The distributed generator (0, = 0) located at x =0, generates a signal which oscillates

at the monochromatic angular frequency  i.e., steady-state operation ~ exp( ja)t).

No sources and/or charges are to be found in the inner space.
g, , 1, stand for the relative permittivity and permeability of the material.

The electromagnetic field outside the device is assumed to be negligible.
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4.1.2 Basic Approach

Step I: Gauss' Charge Law. Inthe y and z directions the spatial variations are
negligibly small (see above) and therefore we can write

— oE

V-g,g, E=0=>=~0= E, ~ const.

OX

Furthermore since, E,(z=0,h) =0 [recall that 0, ~0]= E, =0.

Step Il: Conservation of Magnetic Induction

— —

Vi, ﬂ:O:gﬂXNO:ﬂchonst.
X

If this magnetic field is non-zero, we may apply an
compensate it. We therefore consider the case H, = 0.
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V(1) ()

Z:O —>

N
—>

Hy —> 0

!

x=0

P X
X=a

external magnetic field to




Step lll: Faraday's Induction Law
L 1 1 L
o0, 0 0O|=—jouuH =1 1
0 E, E, 1

Based on the boundary conditions, E (z

Zz=h— ZT

V(@) sy —> o0

=T T X
x=0 X=a

0=0
_asz = _ja):uolur ﬂy’
8)(Ey = _ja)luO/ur ﬂz'
=0,h)=0 and 6, ~0 concluding that E, =0.

Consequently = H, = 0. Hence from Faraday's law one obtains the non-trivial relation

0E, = jou,u H . (4.1.1)
Step IV: Ampere's Law
L 5 g L ¢ 0=
0, 0 0|=jwege E=1] 0=0
0 ﬂy 0 \_]; axﬂy = ja)gogr Ez

I.e. the non-trivial part is

axﬂy = jC()EOEr Ez

(4.1.2)

In conclusion, these two equations [(4.1.1),(4.1.2)] describe the dynamics of the non-zero

field components in the structure.
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For a solution, we substitute the latter into (4.1.1)

e

or

2

2

: d : : @
z - Ja)ﬂO/ur &ﬂy - Ja)luoﬂr (Ja)gogr EZ) - _?grlurgz

d? @*
T
{dx2 grﬂr CZ} Z

The general solution of the 1-D wave-equation is

E,= Aexp(—jxgx/erur j+5exp( N j

and according to (4.1.1):

H

—Y

1

dE,

jopp,  dX

1
/u0/ur

(—J’ %WJ{&xp(—jx%\/mj—gexp( Jx%\/ﬁﬂ
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(4.1.4)

(4.1.5)

(4.1.6)



This magnetic field component vanishes (prove it !!) at the high
permeability wall (z, — o at x=a); hence

ﬂy(x = a) =0= Aexp(_ja% VEr by j_gexp( Ja% VEr b j =0 (417)

and therefore

§=AEXP(—J'23%\/&M j (4.1.8)

Consequently,

ﬂy = 21A1 /ﬁ exp(_ja% \VE K, )Sin|:(x_ a)%\/ € H, :| (419)
Ko,

and

Ez = . axﬂy — ZAeXp(_Ja% \Er jCOS|:(X— a)%\/ &y :| (4110)

jweye,
Z, = /M (4.1.11)
EoE,

Note that the expression
in (4.1.9) usually labeled by wave-impedance in the medium.
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The distributed generator imposes at X = 0 a voltage V,; therefore the z-component of the
electric field between the two plates at the input is

N

\Y/
E,(x=0)= -2 “exp| ja% o
h _ V2 C
s=> A= T
E,(x=0)= Zﬂexp(—jaﬁw/gryr jcos[aﬂ/eryr } Cos[ai)\/gr,ur }
C C
(4.1.12)
so that finally
vV COS{(X—a)w«/gr,ur}
E,=—" : (4.1.13)
co{af« e }
vV 1 sin[(x—a)w«/gryr}
Hy=-j ¢ (4.1.14)

%y cos[aww/gr 7 }

C
Equations (4.1.13) and (4.1.14) determine the electromagnetic field components confined
within the structure.
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z=h—

v(t) (V)

Hy = >
4.1.3 Impedance Considerations 2=l = f T X
x=0 X=a

Assuming zero magnetic field outside the system implies at z=0,h a surface current
density accounting for the discontinuity in the magnetic field [see Eq. (1.7.6)]

1, x(H,-H,)=1J. (4.1.15)
If we consider the upper plate:
L, =1,
H, =0, (4.1.16)

; @
v, 1 Sln[(X—a)C«/aﬂr }

—

ﬂb - hZz 0] L
0 cos{acﬁ le 1 }
so that
v 1 sin[(x—a)w«/gryr}
Jo (X)) =-]—> < (4.1.17)

h 2, cos[aa)«/gryr }

C
The width of the system is denoted by w; accordingly, the current at the input is
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z=h— Z
V() (Y 4>
~ z=0 — f 9
. a X=0 X=a
sm[a &M,
Lin =< (X=0)w= ] V—ﬁ’;v < (4.1.18)
0 c:os[ac(;)«/gr U,
With the aid of the exciting voltage we are able to define the input impedance:
M- Vo . Zg | (4.1.19)
n L jVOWtan Pa e than Pa e j
h Z, ¢V h ¢V
At the limit of a small argument of the trigonometric function
Pafen <1 (4.1.20)
C
we find that
IUOIUr
Z, ~ N & ~ (4.1.21)

W @ : wal| jwC
JhXCa & H, J0)|:808r h:| J 0
wherein C, = g,&, wa/ h represents the static capacitance. If (4.1.20) is not satisfied, the
trigonometric function in (4.1.20) may become negative and the device rather than being
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a capacitor as per (4.1.21), becomes an inductor. As remarked, this conclusion may be of
great practical importance in the design of fast circuits, as components designed to
operate as capacitors at low frequency may behave inherently in a different form at high
frequencies. With this observation in mind we may express the input impedance as

@
1 —a H &,
Z =- - Cw (4.1.22)
1% tan(a yrgrj
C

Resonance. If instead of the generator we locate at x=0 a shunting plane, the input
Impedance reduces to zero (Z,, =0) and resonances of the system are determined from

the condition

cot(a%/gr 1 )=0=> %a, [e 1 = %i nr;  n=01,2,.. (4.1.23)
As opposed to the simplified lumped circuit theory, it is quite clear that infinitely many
resonances occur.
an(x)

X
the role of the various terms of Z,_ when viewed as an electric circuit.

.1 : : : i
Exercise: Expand the function in Taylor series (up to the third term) and discuss
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z=h— 2f

V() Q) e

z=0 — T %
4.1.4 Energy and Power Considerations x=0 X=2a

With the components of the EM field established, we now take one further step and
examine the power exchange in the system. This will be done in three stages: first we
calculate the power entering into the system, then we calculate the energies stored in the
system and finally we integrate Poynting's theorem taking into account the results from
the previous two stages.

(a) Poynting vector and power flow.
Recall that the field components are

CoS (x—a)a)q/gryr sin (X—a)w«/gr,ur
Vo C Ho=— V, 1 C
’ Iy — ) )
cos[aw« l&. 1, } 2y cos[aw« N }
C C
conseguently, Poynting's vector at the input comprises one component only, namely

1 * 11 V|| .V, 1 Q)
S |o=—=E,H | ,=—=| 2| j-2—tan| a—./ 4.1.25
=X |x—0 2_z_y |x—0 2|: h :H:J h Z ( C gr/ur j:| ( )

0

E,=-

z

(4.1.24)

H , represents the complex conjugate of the magnetic field H , .
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z=h— g
V() Q) 4 o0
z=0 — T %
The total time-average power flowing into the system x=0 x=a
P =[] da-S=whS,|,= |v |Zﬂzitan{a—1/gryr } (4.1.26)
C
0
or using (4.1.19) i.e.
Z = Zg = — 1C L (4.1.27)
jtan{ @ gur} Jo Otan(aw Erﬂrj/(aw«/&ﬂrj
h C C C
we obtain
) 1 I
|v o= Vol (4.1.28)

in

This result clearly reveals that the Poynting vector describes the energy flux to or from
the system. Moreover, the magnetic field is essential in the processes of storing (or
draining) energy in (or from) a capacitor.
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(b) Energy stored in the system. x=0

Consider next the time-average magnetic energy stored in the system
_ _ a 1 2
W, >= [ dv <w,>= wh ol | H, |

in2| (x—a)2
= Wh,Uolur |V0 |2 = Iasm |:( )C ‘9r:ur:|
2 2
4 h ZO 0 CosZI:aaC) ,gr/«lri|

e - a) A
sin| 2a—/&, 1, }
(Whto 1, )V [ 1 |:

—Ja- ¢

4hZZ§cos{aa)«/5r,ur } 2 22) £ |
C

dx

I.e., defining sinc(x) =sin(x)/ x

) 1 1-sinc 2aa)«/gryr
1 IV, [ 2 C
N, >= g8, —% (wha).
4 h [ @
COS aC\/gr:ur
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In a similar way the time-average electric energy stored within the system is given by
_ _ a 1 2
QN >= _[dv <W>= Wh_"0 dngogr | E, |

} Ioacos{(x—a)%\/grﬂr}

Vo [

1
h® ®
Coszl:ac\/grlur
( sin ZaQ«/g \
1 |VO |2 1 1 r/ur

C
= thgogr —a+ .

h? 2 @
Cosz[a?\/&ﬂr} 2 ek
Hissind 222 e,
1 IV, |” 2 C
== (wha).

ANL>=—ge, —
r 4.1.30
4 h COSZ( af:) e j (4.1.30)

= Wh%gogr
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With the aid of the last two expressions we are able to examine the ratio between the two
forms of energy stored in the system, namely

N, > | 1-sinc(u)
W.> | L+sinc(u) u:ZaCOW.
At the quasi-static limit (4.1.20) i.e., u= ZaQ\/gr,ur <1, we find that
C
sin(u) 1,
WN,> 1—u 1-(u—=u’)/u

6 L (Za £ }
: ~ —«/ | K1 (4.1.31)
1+S|nu(u) 1+(u—éu3)/u 12L

implying that the magnetic energy stored in the system is much smaller than its electric
counterpart, as one may expect for a capacitor.

AN,>
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(c) Poynting's theorem in its integral form.
In subsection (a) we have found that

_=z_1 1
E:” da-§:§|v0 ? jhz tan[a%\/gr,ur}
W 0

whereas in (b) we have found

1 : Q)
A 2{1+smc(2a«/gryr H
(wha) ,

C

"R N0,
COS aC\lgr:ur

1
L >= Zgog

W, >= 2508

"R N0,
COS aC\/ & My

) 1 1—sinc(2aw«/gryr)
1 IV, [F 2 C
(wha).

(4.1.33)

(4.1.34)

With these quantities defined we may now formulate the complex Poynting theorem in its
integral form. Using Gauss' mathematical theorem by analogy to (3.1.10)

§p ca-S+2jolin,) - eyl =——[ovd " -E,
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z=h— ZT

V() () P

z=0 — T %
x=0 X=a

so that in a sourceless space
b da-S-2jm[W>-w,>]=0. (4.1.36)
Hence on substituting (4.1.32)—(4.1.36) we obtain

1 i 0]
~l14sinc| 2a—/¢
1.1 o 1 |vo|22{ ( c ”H
—— |V, | an| a—/& 4, |=2]0— &8 —; (wha)
y, jhZ 4 h
0

c o
" cosz(acxlgrﬂr j

, 1 1—sinc(2aa)«/5rurj
1 IV, [© 2 C
—Zgogr h2 . (wha)
COSZ(aC \/gr:ur )

=77

V

: 1 sinc(Zaw«/gr,ur )
=0

(wha) -2 ¢ =
(0]
cosz(aC N )

hence the solution clearly satisfies the integral complex Poynting theorem.

: V.

—£|VO i 1 tan(ag,/gryrj—21w1508r| >

2 th C 4 h
W 0
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Conclusion. Within the framework of the electro-quasi-static (EQS) approximation, the
energy stored in the electric field is much larger than that stored in the magnetic field
(N, ><<>). One possible way to interpret this fact is to recall that the average

magnetic field is proportional to z,H? and since the energy stored in the magnetic field
IS negligible we may develop a simplified set of equations for the electro-quasi-static
regime by taking “u, - 0” (or “c® — «”). Explicitly, within the framework of phasor

notation these equations read

VxE~0
VxH =J+ jowD (4.1.37)
V.D=p

Thus the complex Poynting Theorem for the Electro-Quasistatic regime may be stated in
the form

V-S-2jo(w.)=-=J -E (4.1.38)

N |-
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Zz=h— 2]
V() () & o0
4.2 Magneto-Quasi-Statics 2=0 =73 X
x=0 X=a

In this section we examine in detail a system in which the magnetic field plays a
predominant role. For this purpose we consider the system reproduced in the figure.

4.2.1 Assumptions and Notation Conventions

The system is “infinite” along the ty-axis =0, ~ 0.

Along the +z-axis, the system is extremely narrow = 0, ~ 0.

At x = a the plates are electrically short circuited.

The voltage at the input oscillates at an angular frequency o = exp( jcot).

No sources exist within the inner space.

g, 1. stand respectively for the relative permittivity and for the relative permeability

of the material.
The electromagnetic field external to the device is assumed to be zero.

S o

~
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Z=h— ZT
v(t) () &>
_ z=0 — —
4.2.2 Approach to Solution f . f aX
X = =

The approach is entirely similar to that outlined in the previous section; thus from Gauss'
charge law [V - g,&, E = 0] we find

E.=0 (4.2.1)
and from the equation of continuity of the magnetic induction [V - B = 0] we find
H, ~0. (4.2.2)

The electric field component in the y-direction, vanishes since E (z=0,h)=0 and
0,~0,l.e.

E, ~0. (4.2.3)
From the z component of Faraday's law [1 :0,E, =—Jawu,u, H,] we conclude, relying
on (4.2.3) that

H, ~0; (4.2.4)
in addition, from the y component (of Faraday's law) we have
1, -0,E,=-jouu H,. (4.2.5)

Finally the non-trivial component of Ampere's law yields
L: 8,H, = jwee E, (4.2.6)
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Y —h—r
V(t)g?
=L
Substituting (4.2.6) in (4.2.5) we obtain the same expression as in (4.1.4):
2 2
{%+ £ yri’—z}gz =0 (4.2.7)
The general solution of (4.2.7) is

E,= Aexp(—jxﬁx/erﬂr j@exp( RN j (4.2.8)
C C

and here that the difference from the previous case arises: as opposed to the vanishing of
the tangential magnetic field, in this case the tangential electric field vanishes at x=a
(o — ) so that

E.(x=a)= AEXIO(— ja%/grur j+§eXp( ja%\/grur j =0 (4.2.9)
implying
B= —Aexp[—z Ja%\/erur j (4.2.10)

so that
Ez(x) = (—ZJ)AEXD(—Ja% VEr by jSin|:(X_ a)% & My :| (4211)
With Eq. (4.2.5) we obtain
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z=h— 2l
V(1) () &>
z=0 —
H, ()= 0 E, r x
Jopopt; x=0 x=a
.
exp(—Jan/gryr j " (4.2.12)
=-2A cos| (X—a)—./& i,
IUOIUr c
EoE,
The generator imposes at x =0 a voltage V, and therefore, the electric field at the input is
V A .
E,(x=0)=-—> Jexp(jaww/gryrj
h _V, 2 C
>:>A—F
E,(x=0)= ZjAEXp(—jaQ«/gr,ur jsin(agw/gryr jj sin(acgﬂ/gryr )
C C
(4.2.13)
hence, finally
v sin[(x—a)wﬂ/gryr} COS[(X—a)w«/gr,ur}
E.=® < H, = —j=2 ¢ C (4.2.14)
0 sm{a«/gryr}

sin{aw«/gryr} -

C
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z=h— 2
V() () o>
4.2.3 Impedance Considerations 2=0 — f %
x=0 X=a

The magnetic field in the region exterior to the system has been assumed to be zero,
therefore at z=0,h a surface current density balances the discontinuity of the tangential

magnetic field component excited: recall that
1. x(H,—H,)=J,.
If we now consider the upper plate

0
1 cos[(x—a)cﬂ/gr,ur }

—

1=1,H =0,H =—j-2 4.2.15
]h ]7 a b J h ZO _ |: W :l 1y ( )
sin acﬂ/gryr
hence
v 1 COS[(X—a)w«/gr,ur}
Jo () =—j2 ¢ (4.2.16)

h 2, sin{aw«/gryr}

C
The width of the system is w and so the total current entering the system is
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Ly =, (x=0)w= —JV—;Zﬂctan(aﬁx/erur ) (4.2.17)
’ C

0
With the input voltage introduced above, we define the input impedance of the system as

zmzfzz Ve j:jzhmﬂ:fJgMj (4.2.18)
W

| VAT ( )
—in —j-C—ctan| a—+/¢, 4,
h Z, C

In the quasi-static limit u = agw/eryr <1, and therefore

Z, ~ “Wf &vkm (4.2.19)

wherein L, = yoyr@ stands for the static inductance of the system. Upon frequency
w

Increase, the sign of the impedance may change, a fact which implies that the system now
exhibits capacitive characteristics. Based on Eqg. (4.2.18) a resonator is obtained by either
shortening the input = Z. = 0=

= Je.u =+xn (4.2.20)

C
or by opening the input Z,, — oo =
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aZ \[eu = %mn (4.2.21)

C
in both cases n=0,+1,%2---; tacitly in the latter case radiation throughout the open region

Is discarded.
tan(aww le 1t j

C

a” Je,u,

C

Exercise: Show that Z,, = jol,
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4.2.4 Power and Energy Considerations

(a) Poynting's vector and power flow.
With

_\isin{(x—a)i)«/gryr} v, 1 cos{(x—a)i)«/gry,}

E, = N , H, =—]— > (4.2.22)
sin{a?/eryr} 0 Sin[af«/&ﬂr}
we have for the average energy flux
. )] 0
1 ) i(IVE 1 sm{(x—a)c«/gryr}cos[(x—a)cw/gryr}
S, = —Egzﬂy =3 };’2 - - (4.2.23)
° Sin2|:ac \/grlur:|
so that the time-average power
P =[] daS|,,= (why LYo "1 tan| 22 J5 2
- . 2 h* Z, c'
= %|v0 |2VFV jzictan{a%/gr i } (4.2.24)
0
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Resorting to the definition of the input impedance, i.e.
Z = jzoﬂtan[a%/gryr} (4.2.25)
W
one may write

*

P= %vo \Z/—O = %vo I, (4.2.26)

in

an expression which represents the so-called complex power flow into the system.
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(b) Energy stored in the system.
The time-average stored magnetic energy in the system is given by

W, >= [dv <w,>= Whjoadx%yoyr IH, [

) 1{1+Sinc(2aa)«/5r,ur ﬂ (4.2.27)
2 C
j (wha).

Sinz(af\/ &ty )

In a similar way the time-average stored electric energy is
a1
W>= [dv <we> = wh anlngogr |E, [

=1%%O%|
4 h

L _1—sinc(2aa)«/gr,ur ﬂ
(wha)

1 (|v0 |j22 C
= —&pé; B
h

4
4 Sinz(ac\/gr/ur)
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z=h— 3]
V(1) () g
. z=0 —
Note that the ratio t
_ W X=0
AN> 1-sinc| 2a—/¢, i, 1 2
e~ ¢ g_{aﬂ/grﬂr} <1 (4.2.29)
W, > . 1) 3] C
14sinc Zac*/g“ur

IS much smaller than unity at low frequencies, implying that the system behaves as an
Inductor according to the prediction (4.2.19). Note also that the total time-average energy
IS given by

1 VAR wha
W)= )+ W, )= ., [ 1| — 4230)
sinz(a Er,urj
C
whereas the ratio
> _ >
AN, > — AL :sinc(ZaQ gr”fj
AN, > + > c

may be either positive or negative, according to whether the system behaves as an
Inductor or as a capacitor.

Exercise: Determine the reduced set of equations for MQS as well as the relevant
complex Poynting's Theorem.
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Z=h—

V(1) () o

4.3 Steady-State Field in a Conductor 2=0 =
x=0

Within the realm of stationary conduction phenomena, we are used to think that the only
manifestation of the finite conductivity of a metal is via its resistance, which is inversely
proportional to the specific conductance and to the area (A) across which the current
flows being, however directly proportional to the extension (I) of the conducting path,
l.e. Rocl /o A. In this section we shall investigate a simple phenomenon associated with
conductivity and EM fields at relatively high frequencies. For this purpose consider the
system in the Figure

4.3.1 Assumptions and Notation Conventions

The system is “infinite” along the +y-axis =0, ~0.
Along the z-axis the system is extremely narrow = 0, ~ 0.
The only possible variations are assumed along the x-axis.
The time dependence is exp( jat).

No sources reside within the metallic medium.
o is the conductivity of the medium; its other electromagnetic characteristics are
assumed to be represented by 4, &, .

Finally, o > we,.

oo hwbddE

~
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4.3.2 Approach to Solution z=0 — T
1. Gauss'law = E, =0. x=0

v

V-B=0=B, =0.
E,(z=0,h)=0ando0,~0=E, =0.
E, =0 and Faraday's law = H, ~0.
Faraday's law

o B~ P

—

1,: -0,E,=—jouH,. (4.3.1)
6. Ampere's law
L: -0,H,=J,+jwsE, =(o+jos,)E, (4.3.2)
The first goal is, as in the previous two cases, to determine the field distribution inside the
device. For this purpose we substitute (4.3.2) into (4.3.1) and assume that o > wg,
d? dH

. H, . dz .
@Ez =+ Jou, de = jou,(cE,) = {@— Ja)ﬂoa:|Ez =0. (4.3.3)

We assume a solution of the form e *: for a non-trivial solution s satisfies
s’ — jou,oc =0 (4.3.4)
hence
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<t

S=+./+jou,c == i\/ej”’2 oo =+ Jou,o = i%w/a)ﬂoa- (4.3.5)

We define the so-called skin-depth &

s= |2 (4.3.6)
WU,0
thus
s=+(1+ j)%. (4.3.7)

The general solution of (4.3.3) is now stated to be
E.(¥)= ABXD{—(H j)ﬂ +§exp{(1+ j)g} (438)

In the present case the system is “infinite” along the x-axis, we therefore conclude that
B =0 (otherwise the solution diverges as x — «); hence

E.(x) = AEXIO[—(Pr j)ﬂ- (4.3.9)

Note that this type of solution is both decaying as well as oscillating. The second
boundary condition is obtained looking at the generator, which imposes at x=0 an
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z=h— 2
OIS i
electric field component 20 — L.
V, t X
E.(x=0) =T (4.3.10) x=0

E.(X) = —V—;exp[—(u j)g}. (4.3.11)
The relevant magnetic field component is in turn

1 d 1+ V .\ X
H (X)= —E, = —9ex 1+i)=—1. 4.3.12
R PV S PR p{ ( ”5} (4312

Consequently, the surface current density along the confining plates is
3,09 =) iv—gexp[ (1+ J)ﬂ =1, =0, (x=0w= 2t W

jou, 6 jou, 5 h
implying that the input impedance is
Y/ Y/ ja)y oh 1 wu,oh
Z == . - 1+ - 4.3.13
1, +jwV, 1+ w = J2 <o ( )
Jou, 6 h

Note that in spite the fact that the conductance is assumed to be frequency independent,
the impedance is nevertheless frequency dependent. This fact is of particular importance
at high frequencies.
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z=h—

V() () o

4.3.3 Power and Energy Considerations z=0 — ;
x=0

Once the EM field components have been established, we are able to calculate the
relevant quantities associated with power conservation: the non-trivial Poynting vector
component is

1

§x:_§Ezﬂy
1], Xl 1= 1V, [ .x}
=——| ——=exp| -1+ )= ——exp| —(1-J)—=
el S Reel o0
2 _.
ARSI exp(—zfj, (4.3.14)
2 h° jou,o o
consequently, the average power at the input is
2 4 2
P=[[daSl,= -2l 1] 2y 14 )Ll W0
2 " jou, o 2 h* ooy,
(4.3.15)

the time-average electric energy is

0 1 1 (VY
A >= _[dv <W>= whj'O dngo| E,|'== thgo (F‘)j (0/2) (4.3.16)
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Similarly, the time-average magnetic energy is

2
W, >= [dv<w,>= wh_[owdx% I H, = wh% n (wﬂ25 . (V_r:J (512)  (4.3.17)
0
and finally, the dissipated power
el -1 V, Y
Po=| dv>J E —Ewha(ﬁj (512). (4.3.18)
W,
Some specific conclusions: (We) =5% Po ~1
W,) o 20(W,, )

It is important to remember that for an oscillating field the EM field penetrates only to the
extent of a characteristic depth ¢, which may be quite small. As a practical example let

us assume a 200MHz signal for copper o ~5x10'Q™"'m™ so that

_ 2 2
o= = - - —— ~ 3um.
ey TN 27rx(200x10°) x (5x10") x (47 x10™")
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4.4 Transient Conduction Phenomena

The behavior of quasi-static magnetic field differs

significantly from that of a d.c. excited magnetic field.

One of the most obvious phenomena is the “diffusion” of

the magnetic field into a metallic slab. Quite a substantial amount of time is required for

such a field to penetrate into a metal. This fact has several implications with regard to
many electromagnetic phenomena:

1. Let us assume that it is required to transfer a signal along a wire from point (a) to
point (b). Conducting the experiment in a matter-free space, one finds that the time
required is of the order of the distance to be covered divided by c. If, however, a
metallic piece is in the close proximity of the wire, the signal will have to penetrate
the metal, and this may cause a substantial delay in the propagation time of the signal.

2. Another case arises when the finite penetration time may be of importance occurs in
the grounding of a fast circuit: one is tempted to think that the charge associated with
an impulse “dissolves” immediately into the ground. As we shall shortly see this is
definitely not the case.

In order to examine transients associated with the penetration of a magnetic fields into

metal, let us consider an impulse of current carrying a charge q injected into a metallic

layer. Evidently, the goal is to investigate the field as well as energy in the whole space.
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Assumptions and Notation Conventions z=0 — ;
1. The system is “infinite” along the +y-axis =0, ~0. *=0
2. Along the z-axis the system is extremely narrow = 0, ~ 0.

3. Variations in the x-direction.

4. The system is driven by an impulse of currenti.e. 1(t) = go(t).

5. Electric properties of the medium: o, &,, 1.

o

1 |&, C
o\l 1, h

7. The electromagnetic field outside the device is zero.
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4.4.2 Approach to Solution 2=0— t

Gauss' charge law ~~ E, ~0
V.-B~0=B ~0

E (z=0,h)~0and 0, ~0=E, ~0
E, ~0 and Faraday's law = H, ~0
Faraday's law

ok 0w =

L: -0,E, = uoH,. (4.4.1)
6. Ampere's law
L: -0,H,=J,+¢50,E, ~0E, (4.4.2)
With the last two equations we shall determine the EM field in the entire space. Let us
first substitute (4.4.1) into (4.4.2)

0? 0
PVl H, = G,uoa H, . (4.4.3)
It will be convenient to define
X t
g = E : 7= o ? : (444)
0

a notation which enables one to rewrite the differential equation

107



0° 0

—H =—H 4.4.5
o Y or ( )
along with the initial condition
H,(x=0)="D=950=—9 _50)=H,6() (4.4.6)
w o w WoL,

wherein H, = q/wou,h’. At this point we may take advantage of the integral

representation of the Dirac delta function i.e., 5(z) = Zideexp(+ jQ7) hence
72-—00

H, (= .
H,(=0,7)= Z—;I_wdﬁexp( jQ7).

For a solution in the domain £ >0 one may include in the integral the spatial variation of
the form

H (¢7)= ;I—;j:dQexp( jQ7)exp(—K¢),
which being substituted in (4.4.5) entails that K* = jQ; consequently
H, ¢ : :
H, ($,7)= Z—;LDdQexp( JQr—JJQf).

Note that in this integral we chose only the solution that ensures convergence at & — oo,
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This integral may be evaluated analytically resulting in

_y ¢ 1 K
Hy(gif)_Hoz_MeXp( 42_]’

substitute in (4.4.5) and show that indeed the last expression is a solution.
The next two frames illustrate the diffusion of the dimensionless (H,/H,) magnetic

field into the metallic medium.

=
o

[EEY

0.5

Normalized Magnetic Field

Normalized Magnetic Field

. 0 02 04 06 08 1
£(= x/ h) 1(= Yopgh?)

Normalized magnetic field at various times (left) and locations (right).
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4.4.3 Power and Energy Considerations
Our next step is to investigate the power flow:

oH
S, =-EH, =- 1M, H =—iiH2=—1iiH2 (4.4.7)
d o OX Y 20 0x 7 2choé 7
2
P(&,7) = hws, __lhwo (gj iexp e’ H;
2 ohoé Arrr 27
_ 2 2
p=PlT) 2 2(1_ S jexp £ (4.4.8)
E\LVHZ At 2T 2T
2 0

This quantity (P) is plotted in the next two frames.

Normalized Power
Normalized Power

-20
0

05 1 15 2 0 02 04 06 08 1
£(=x/ h) t(= Uopgh?)
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In the next stage the energies are investigated. The energy stored in the magnetic field is
given by

W, 1ywhj dtz—lythH j d¢- §* grés
2" 27"

A’
_1 22 1 2, —u?12 ,UoWh2 2 (4:4.9)
= Zp,Wh’H,— '[ duv’e™ "’ = —2——H;
2 V327370
Jri2
or explicitly,
2 3
W, = — . (ﬂj , (4.4.10)
Are,W\ 27(cZ,h)\ ct

where as before, Z, =/ 4,/ &, 1s the wave impedance of the vacuum. Note that the

dissipation of the magnetic energy decays algebraically, in spite the fact that at each
frequency the field decays exponentially in space!!
Similarly, for the electric field:
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1 o 1(oH,Y 1ewhpe  (OH,Y
WE—EgOWh_[O dx—( j =, dg(

o\ x )] 2 o%h PE
- oH 0°H
:E%\l df i H y —H 2y
2 g% 0 7|9\ Y g s
1gw d ¢ , & 1 1d
=20 | déHZ=-20 W,
2 o° dr'[o =M u, o’ h*de
Hence
We o 1 _ LN _ d |n(r—3’2):§ L (4.4.11)
W, (moh)” dr (7,oh)” dz 2 on,(ct)

On very short time scales the electric energy stored in the system is dominant however,
special attention should be paid to assumptions which may be violated in these
circumstances. This may be understood in terms of the electric field linked to the charge
deposited by the external source in the system. When this charge starts to “dissolve”,
current flows thus the magnetic energy starts to dominate.
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Finally we shall calculate the power dissipated:

P, = wh| " dxJ,E, = who [ "oxE? = ia[leojwdef} =27 )y
0 0 g 2 70 &, (n,oh)” dt
20
P, g d —20lg,( 3)1 3
= > 1o WI\/I = ol T A | -
W, (n,0h)° dt (7,0h) 2)r t
hence

L (4.4.12)
WM

Consequently, the energy dissipated in the metal is three times the magnetic energy
stored in the system. It is important to emphasize again that the energy which was
injected in the metal “dissolves” quite slowly on a time scale of t™ - see (4.4.10).
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4.4.4 Input Voltage

A clear manifestation of the finite penetration time of the electromagnetic field in a metal
Is revealed when measuring the voltage, as the current impulse “hits” the metallic
“ground”. From pure dc arguments one will be tempted to say that since this is a so-
called “ground” the voltage must be zero. This is clearly not the case, since the electric
field is given by

e :_laHy:_ 1 aHy.
‘o 0oX ho o0&

Based on this expression the voltage at the input may be defined as V., = —hE,(x = 0) and

(4.4.13)

1 oH
\/in = _h(_— y] 1 (4414)
ho 0¢ ).,
which finally implies [recall that H, = q/ wou,h* and 7 =t/ ou,h’] that
V, = i iée—fzmr = il (4.4.15)
ot \ 0& s WOt

This result shows that the current impulse injected into the “ground” (lightning) generates
a long voltage transient which decays algebraically in time. For q~10™C, w~107m,

o ~10'0hm™m™ then V,_[V]~ 1/t[nsec] implying that there is a non-zero voltage for a
period that is of the order of a few nano-seconds.
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4.5 Transient Phenomena in a Capacitor

In an early analysis it has been demonstrated that in steady-state the impedance of a

capacitor of dimensions similar to the typical wavelength is

1 1 =0 R _
Z = : 45.1 z=h
A jucn(ory Y s d
T Vo
. a . -
wherein 7=—,/g . and C is the *“dc” My —> 0
C

capacitance. It is therefore natural to examine P T X
now the effect associated with the term z=0_ x=0 X=a

tan(wz)/ wr as expressed in the frequency domain, but “translated” into the time-

domain. For this purpose consider the circuit
If we assume w7 <1 (static approach) it is well known that

V. (1) :Vo[l— e t/RC }h(t)
and

| = Ve -y, cLgt/IRC _ Vo t/RC
it RC R
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a : :
Let us now account for the effect of r(z —\JE N, j It is convenient to solve the problem

C
in the frequency domain. The voltage source may be represented by
V(@) = = [ dtv,h(t)exp(~ jot) (4.5.3)
2 =,
therefore the current in the circuitis
R+Z.(0) R. 1 or
joC tan(wr)
The current is given by B
(t) = Tda)l_(a))ejwt _ waej“’t Vs(@) (4.5.5)
J J 1 T o

" jaC tan(wr)
Using the explicit expression for V() [Eq. (4.5.3)]
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!

L 1 | dt'v, (t)e !

. T 27T
1— |—cot —o0
J °R (w7)

_ 1% jot
I(t)—E__[Oda)e

o 4.5.6
. Le o giet-) (456)
== j at'V, (t)— j dw .
RZ 2725 1- -~ cot(wr)
RC
Let us now define the Green’s function
. jo(t-t")
G(t|1) = — [do—2 (45.7)
2, q1- i~ cot(wr)
RC
with it
(1) = % [adrGttv,(t) (4.5.8)

The next step is to simplify é-(t |t"):
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T olo(t=t) 1 elo(t-t) (1—e_21w7)
G(tlt’)zz—jda) T = [do T T
T (eja)r+e—ja)r) 1+L27z 1_( -7 )e—Zja)r
1-j - 2 RC 1+7/RC

RCi(eja)r _e—ja)r)

(4.5.9)
In terms of geometric series
1 0
— =& (4.5.10)
1-¢ Z(;
(provided | £ |< 1) it entails
G(t|t) = 17 21 | dwela’(t‘t)(1—e‘21”7)2{[1_T/che‘21“’1
14 % 277, =l \1+7/RC
RC
-1 Z[l‘T’RC} (S(t-t-2vr)-S[t—-t-20v+1)]}.  (45.11)
147 w=l1+7/RC

RC
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Substituting in Eqg. (4.5.8) we get

1 &[1-z/RCT -
I(t) =R Z{ L } 7IRC =0.1

1+~ vl 1+7/RC (4.5.12)
RC

x{V,(t—2vr) -V [t - 2(v +1)7]}
V,(t) =V, - RI(t)

Normalized Current

1 &(1-7/IRCY
=V._(t) - 4.5.13
(1) 1+ T ;{1+7/RCJ ( )

RC 1.0
{V (t—2vr) -V [t -2(v +1)7]}
These two quantities are illustrated for a source corresponding
to a step function i.e., V,(t) =V, h(t).

0.8

0.6

04" I z/RC =03

Normalized Voltage

02~ 7/RC=0.1
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Phenomens

One of the main differences between a classical particle and a field is that the former is
highly localized in space whereas the latter may cover a large volume and, in fact, in the
case of radiating field it may occupy an infinite volume. In the case of an antenna, for
example, we use this fact in order to transmit information. However, there are cases in
which the field property to permeate large distances may alter the performance of the
system. For example, if we wish to dispatch a signal along a wire from point A to point
B, and the entire information content were to flow within the wire there would have been
no problem. However, since as indicated in the past, the wire actually serves only to
guide the current, whereas the power flows outside the wire (see discussion on Poynting's
theorem), this signal may reach points that are not the designated ones. This problem
becomes quite severe as the frequency range is increased. In order to gain insight into
some problems inherent to signal transfer we consider in the present chapter three
coupling phenomena: electro-quasi-static coupling, conduction coupling and finally
magneto-quasi-static coupling.



5.1 Electro-Quasi-Static Coupling

In many fast circuits the current is low, primarily, in order to keep the dissipated power to
a minimum. Consequently, the typical magnetic energy stored in the structure is
significantly lower in comparison to the electric energy. In the present section we
examine the coupling process associated with such systems.

5.1.1 General Formulation

Let us commence by examining the arrangement
reproduced in the Figure; it consists of a set of metallic
surfaces § (electrodes) on each one of which the voltage

V. is imposed. The volume in which the electrodes

reside is confined by means of a grounded conducting
surface s,. Our first goal is to determine the electric
field permeating in the enclosed space; for this purpose
we have to solve Laplace's equation

V=0
subject to

where j =1,2...N.

121



By virtue of the linearity of Maxwell's equations we are able to
subdivide the solution into a series of solutions, ¢,, each satisfying

the equations

Vg, =0
V. on s
¢. - J J
10 on s,
By superposition, these solutions yield the complete solution, i.e.
6= ¢ (5.1.4)
j

Let us assume (for the moment) that ¢, is known and we wish to calculate the charge

upon each surface. Since within the volume of each electrode considered the electric field
vanishes, the surface charge density on the i'th electrode is

1. - &E; (5.1.5)
the unit vector in,i being the normal to the surface pointing inside the volume where the
field exists. Its total charge being therefore given by the relation

q :@ d{?l-(g‘ol_é=—<C,‘04ﬁS da-vo (5.1.6)
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and based upon (5.1.4) we obtain:

G =—% C_ﬁ)s dé'vz¢j
j=1
=& da-vy,
=1

We are now able to define the capacitance matrix

g = Z(;”_Vj’ (518)
j=1
where
g da-v ¢
. <ﬁ>§ ‘ (5.1.9)
Vi

The result in (5.1.8) indicates that the charge at the i™ port depends on the voltage at the
i™ port. In other words, the off-diagonal terms of the capacitance matrix represent the

coupling coefficients of the system.
With the capacitance matrix defined in (5.1.9) it is possible to evaluate the total energy in
the system:
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We = [d%2,E - E =22 [ M-V 9)- (V)]

=0

1 . 1 .
:—Ezi:go\/icﬁﬁS da.zj:wj :_Eizjlvig(’@s da-ve,

1 . |1 _
= ZgoIdV[V(Wqﬁ) _¢Z£ ] = _Eizgovi C_ﬁ;a da-ve

(5.1.10)

Comment 1. Based on this last result we shall demonstrate that the capacitance matrix is
symmetric. Intuitively, this seems reasonable since it is well known from algebra that a
quadratic form which involves a symmetric matrix is always positive and also, that the
electric energy is defined positive. So, let us assume that on one of the ports (k) the

voltage is increased by dV, without changing the charge. Such a conceptual increment
entails a change in the stored energy
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W, = %dvk =Q.aV, = {chvj }dvk. (5.1.11)

k j=1

According to (5.1.10) the charge in the stored energy is
{ Zc” —(v,vj)}dvk, (5.1.12)

Ijl

which may be simplified bearing in mind that = 0,, Wherein ¢; Iis the Kronicker

E: \2

delta function hence

dW = —Zc” S,V + 5J.k\/i)}dvk = BZCJ.kvj +%chivi}dv
| j=1 j=1 i=1
1L 01

= EZc:jkvj +EZCN.VJ. }dvk = {Za(cjk +ij)}dvk.

<=1 j=1 j=1
Comparing the right term of Eq. (5.1.11) with the last term in Eq. (5.1.13) leads to
1 :
E(C“‘ +C,) = C, and finally

(5.1.13)

C.=C, (5.1.14)
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Comment 2. The diagonal terms of the capacitance are also called the self-capacitance.
Clearly, it is defined as the ratio of the charge and voltage at a given port when all the
other ports are grounded. Applying a positive voltage implies presence of positive charge
on the specific electrode and negative charge on all the grounded -electrodes.
Consequently, the self-capacitance is always positive whereas the mutual-capacitance is
always negative (C ).
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5.1.2 A Simple Configuration //
In order to obtain an /
intuitive  feeling about the |,_g 5 4 i
' 2

physical processes involved we > e EEEE—— :
consider a set of plates as T D |
illustrated in the Figure and x=0 §y X=L

calculate  the  capacitance
matrix by ignoring edge effects.

The basic assumptions resorted to for the solution of our problem to a first order
approximation are:
1. The system is “infinite” along the y-axis so that we may assume that o, ~0.

2. Time variations are much lower than the time it takes a plane electromagnetic wave to
2 2

traverse the structure; this may be formulated as (2;/2/ < %| y |, defining
_L 3x107 _, 4 _ o |
= 3x10° 10~"sec~ 0.1 nsec, this assumption is valid as long as the highest
C

frequency involved is much smaller than ~10GHz.
3. Fringe-effects are neglected.
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The first order field solution is taken as

v, %‘7 Idl
v :
a .
-0 g d2
= ; A R Vi
I L
=0 7 x=L
A O<x<L-I
d +d, |0<z<d, +d,
vi-y, JL=l<x<L (5.1.15)
d, d, <z<d +d, o
A L-I <x<L
| d, 0<z<d,
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0 ¥

The energy stored in the electric field

1 V2 vo—v, Y v, )
Wo=Zgl—4 _w(d +d )(L—I)+( 1 2) Wdl+(—2] wd, |
E 2 O{(dl—kdz 2 1 2 dl 1 d2 2

:Evf £,W Ll +|_ —lvlv2 Zgowl— +1v22 EQW I—+I— .(5.1.16)
2 d,+d, d, 2 d | 2 d, d,

Bearing in mind that C, = C,, we conclude that

L—| | | | |
C,= +— 1, C,.= —+—1,C.,=C,, = —g,W—. 5.1.17
11 gow{dl_i_dz dlj 22 50V\{dl dzj 12 21 &y d, ( )

Note that the off-diagonal term of the capacitance matrix, is linear in |; it will be shown
that it is this term which accounts for the cross-coupling. Let us stress, once more, the
fact that a very simple configuration along with a much simplified solution were
assumed, in order to obtain source insight into capacitive cross-coupling.
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5.1.3 Coupling and Fringe Effect

In the previous example we have developed the
capacitance matrix by ignoring fringes effect. In
the present example revisit this problem by
consider a three electrodes system. The lower plate
IS grounded, the inner electrode is connected to a

V2

(1)

L

d2
oo
dlI (1)
T —
x=0 v

voltage source V, being placed at a hight d, above the ground plate, extending from
0 < z<ow; finally, the third plate is placed at an elevation d, +d, being kept at an

imposed voltage V,. Formally the solution
r Z - : znz |
V. + sin exp| + X
>4, +d, 2.9 {d1+d2_ p( d, +d,
@ =]V, +(V, —Vl)z_—d1+Z,BVsin ’;—‘”(z— dl)}exp
2 v=1 | 72

Z < .| muz T
V,—+ sin exp| ———X
' dl ;)/ﬂ [ dl J p{ dl j

\

of the

VA
——X
.

Note that to each region we attributed a different index.
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Laplace equatio reads

x<0
(I) 0<z<d +d
- — Y1 2

(”):{x>0

d <z<d+d,
x>0
(III)=
0<z<d,
(5.1.18)




Within the context of the previous formulation we take first

V, =0, V, =0 and determine ®%(x, 2):

(D(l) =
further,
(D(Z) —

0 i { nz } ( j {X<O
D a,’sin exp| + X
i d +d, d +d, 0<z<d +d,
z—-d, & | v TV x>0
=V -V, 4+ gYsin| Z(z—d,) lexp| ——x
1 1 d?_ ;ﬂv d2 ( 1) p d2 dl <7< dl +d2
U x>0
= sin exp| ——=x
+27/ﬂ ( j p( dl j {O<Z<d1
we establlsh ®®(x,2) by taking V, =0 and V, # 0:
( i (x<0
V,—2—+> aPsin N2 expl + x|
d+d, &= d, +d, d +d, 0<z<d +d,
_ * (x>0
v, 2 A, BPsin| Z(z-d,) lexp| -ZEx |
d, = d, d, d, <z<d,+d,
£ (x>0
Z;/f)sin(wzJexp(—ﬂx] <
(u=1 dl dl \O <zZ< dl
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(5.1.19)

(5.1.20)




the overall electrostatic potential being the superposition of the two ZL.
solutions, i.e. ®=®% +®®. In what follows we determine the X

overall potential.
Obviously the goal is to the three sets of amplitudes (an, V,;/#) and for this purpose

we impose the boundary conditions. For this purpose we impose the boundary condition:
continuity of the potentialat x=0 and 0<z<d, +d,:

Vl£+z;/ﬂsin[ﬂzj 0<z<d,
( TNz j dl u=1 dl
+Za sin - =
= +
1 SOV VARV L +Z,Bsm{—(z d)} d, <z<d +d,
L d,

(5.1.21)
Resorting to the orthogonality of the trigonometric function sin [ﬂnz/ (d1 -+ dz)] :

2 d y4 y4 : Nz Uz | . Nz
= dZV.—-V. dzsm sin
“n d1+d2{-[0 Z{lh 2d1+dj [ j ,,Zy” (dl) Ldl—l—dzj

d +d, z—-d y . [ 7nz = dy +dy Nz
dz| V. -V L_V sin dzsin| —(z—-d,) [sin
+J.d1 |:1+(V2 1) q 2d1+d2:| (dl-l-d) Z:BJ. { ( ):| (d d2]}

2 v=1 1+
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Continuity of D, in each aperture firstin 0<z<d,: ji

T .| mu zn : zn
—y,Sin| —z|=— o, Sin Z
;‘dl g [dl ] Zr,“derd2 (dﬁdz ]
and secondind, <z<d,+d;:

VA% . VA% Tn . n
—p, sin|—(z-d,) |=— o, Sin Z| 5.1.23
gdzﬂv {dz( 1)} Zn:d1+d2 " (dl+d2 ) (5129
We resort to the orthogonality of sin(ﬂuz/ dl) In the first expression and to that of

sin|zv(z—d,)/d,] in the second to get the next two algebraic:

o 2d & 7n 4 . zn . [ mu
V=" g anjo dzsm( stm(d—z] (5.1.24)

(5.1.22)

d, mut=d, +d, d, +d,

B, =- 2 9, al anjd2+d1dzsin
d, ved +d e

zjsinh—‘”(z— dz)} (5.1.25)

d, +d, )

Based on these expressions it is convenient to define the source term S and the matrices
M and N
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Z
d, +d,

vateh

z—d,

J10d1 dZ|:V1§ .
<
d1+d2 d
AV + (v, - V)
|y dl 2

late

d, +d,
2 dzsinh—v(z— dl)}sin[d i
+
2 1

nu

dy .
dzsin
d, +d,-°

2 J‘dl
d, +d, 4

nv

dl

n
Z |
d ]

Nz
+d,

]z

“d, +d,

2

X

3

> (5.1.26)
nz
d, +d, )
(5.1.27)
(5.1.28)

With these definitions we are able to write the boundary conditions in algebraic form

a, =S, + iMnﬂyy + i N, B,
u=1 v=1

o0

n
M

o0

n
ﬂv _z :_ Nnvan
n=1V

Substituting the last two relations and defining t
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(5.1.29)



Unn' E5nn' +2Mny£Mn'y +ZNnlen'v
= | 24

we obtain U @ = S and consequently

a=U"3| (5.1.30)
The  figure illustrates the
ntours of constan ntial - —
o s oy - —
applied voltages. 2‘1’ j)‘"m —/
d, =0.6cm
f
V=0V
a J e
N=10
AN dy =04cm
T | | . dy=06cm
V=1
- V=0V
N=10
| d;=0.4cm
d, =0.6cm




Once the amplitudes have been established, we proceed to the calculation of the
capacitance matrix, trying to estimate, in particular, the impact of the edge effect. For this
purpose, let us assume that the electrodes have a total length 2A  i.e. —A < xX<A,, thus

bearing in mind that the x-component of the electric field is

nz N Xx<0
—Z sin exp| + X
o} d, +d, d, +d, 0<z<d +d,
= vV . _m/ V4% x>0
E = —sin| —(z—-d,) |exp| ———X
X <;ﬂv d2 _dz( l)} p( d2 j {dl<z<dl+d2
i x>0
Zyﬂﬂsin e exp| -2 x
H=1 dl dl d1 O<Z<d1

whereas its z directed counterpart reads

Nz zn x<0
+Z Cos exp| + X
d - +d {dﬁdj ( d +d, j {Oszsd1+d2

v

1 °° v ] TV x>0
E =— —V,))—+ coS (z—d,) lexp| ——x
== Ve Wy ;ﬂ”d g, 7% p[ d, J {d1<z<d1+d2

x>0
_+Zyﬂ—cos£ dZ exp(—%x {
1

) 0<z<d,
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The total electric energy stored is given by

d1er2 Ax
W = %goAy [ [ XE (%2 +EX(x2)]
0 —AX
A (i + LJAX - 2\/1V2ﬁ +V22( 1,1 ]AX
1 , 4, d, d, d-+d,
- ESOAy<
7Z. o0 o0 o0
+—{Zna§ + ZV,BVZ + Z,uyfl}
L 2 n=1 v=1 u=1
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Ignoring the edge effects one has therefore
0)
C,, _ 1 N 1
&AA, d, d+d,

i
N
C, _ G _ 1

EMA, AN, _d_j/

138



However, when the edge effects are considered,
C,=2WM, =V)V, =0)

1 1
C, =W\, V,) - 5(311\/12 - 5(322\/22 ]v1:1v VYA

Cp =2W(V, =0V, =1)

Consequently, the relative error associated with neglection of edge effect is

C,, —CY C,, —CY C.,-CY
5C,[%]= % x100, 5C,[%]= % x100, 6C,[%]= % x100.
11 22 25
. . . ] 20—
The figure on the right shows this error as a function of o
N -- the number of harmonics used. Evidently, for the | 1.5
chosen parameters this error is typically less than 3%; a i
different set of parameters leads towards a different error L0
ercentage. e
P g 0.5 5
O —
~0.5
- 606Gy
LT === == = =
139 2 4 6 8 10 12
N




Exercise: Repeat the analysis in Section (5.1.3) for the configuration illustrated in the
figure below. A three electrode system: the lower one is grounded on the central one at
voltage V, is imposed and V, on the top electrode. Note that in each region the dielectric

coefficient is different.




5.1.4 Dynamics of Coupling Process

We now briefly examine the implications of the off-diagonal term (C,, = —y) in the

capacitance matrix; we refer to this term as the "coupling term" or the so-called ~“mutual
capacitance”. The other terms C, =C,, =C,. Consider two gates (1) and (2) as

illustrated in the figure below

@ @
G, Ry Rg
M D/L{% p /Cg
/ A Vs

Vﬂ/ V2‘7
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In principle, the two gates should not be coupled (see left frame); however due to the
proximity of the two there exists a mutual capacitance (—y) which means that the

capacitance matrix is given by

C, —x\(V
T 2y

Each gate is characterized here by its capacitance C, and by its resistance R; ¢, and g,

being the charge on each gate. When considering the coupling between the gates, the
equivalent circuit is represented by the right-hand frame. Let us now examine the
equivalent circuit of the system for two different regimes of operation.

Case 1: DC condition. I, =1, current is injected into the first gate. The voltage on the
resistor which represents gate #1 is V =iR;. On the second resistor the current and the

voltage are both zero; however, on the coupling capacitor (—y) the voltage is V; this

Implies that charge is being stored on that capacitor which may eventually affect the
operation of the second gate.
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Case 2: Transient condition. No current is being injected into the second gate; however,

current pulse (I p) of duration 7z is injected into the first one. Ignoring coupling, the

voltage on the capacitor increases during the pulse duration and then decays (rg = RgCg)

(IpRg :1—exp(—t/rg)] O<t<r,

i (. (5.1.32)
IR, _1—exp(—rp/rg)]exp —2 1 t>r,

Ty

V, =4

"

When taking into consideration the coupling capacitor we may expect it to drain part of

the current from Gate 1
dVl Vi d(Vz _Vl)

Gatel:1 =1. +1, +1 =Cay o _
Gate2:|Z:|C2+|R2:C2%+\%
— d(\/Z_Vl)
p—r—

In the above equations the indices 1 and 2 were introduced in order to emphasize the
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relation to the specific gate. From the first equation we obtain

avioooav, V
(Cy+2) + ¥ é- , (5.1.33)
whereas the second implies the relation
\av, dv, V.
(C,+ 1) % X a RZ =0. (5.1.34)

From the last expression we see that V, is driven by the derivative of V,, the driving term
being proportional to y:

\av, V dv,
C, + 2 = ! 5.1.35
(Cy+ 1) it Rg e ( )
In order to solve equations (5.1.33)—(5.1.34) it is convenient to define }:;(/Cg,
r=t/IRC,, V,, = | :
(1+})2 — d\il +Vi(l+ 7))+ N2 =11+ y) (5.1.36)
(1+;})2 o dvtz +Vao(l+ )+ Ni=1g. (5.1.37)
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For a solution of this set we assume the driving current to
be given by

1(2)=1(2)/1,=7e 2,
A set of solutions is illustrated in the Figure below, for
three values of the coupling coefficient (y =0.51.0,2.0).

We conclude that capacitive coupling may generate a
substantial voltage on the adjacent gate. Note that this
coupling is inversely proportional to the distance between
the gates as shown in (5.1.17) i.e.

1

Y A
distance between gates
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5.2 Conductive Coupling

In this section we examine the coupling process
associated with the flow of electric currents due
to the presence of electric fields. We shall
formulate this coupling in terms of a
conductance matrix similar to capacitance
matrix introduced in the previous section.

5.2.1 General Formulation

Assumptions:
2

oy

C2

1.

2. o isuniform in space.
3. s; surface of electrodes at which v; is imposed.

4. s/ denotes the remainder of the surface at which the normal current density is

specified. If this boundary is insulated, then the normal current component is zero.
5. No sources reside inside the medium.
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As in the electro-quasi-static case, we rely upon the fact that V-J =0 and thus
V.oE =0 implying

V-[oV¢] =0, (5.2.1)
or if o is uniform
V=0 (5.2.2)
subject to
=V, on §
7= 3 (5.2.3)

~1-.0Vg=J on g
By virtue of the superposition principle we may once more write

$=> ¢, (5.2.4)
j=1
where each ¢, satisfies the requirements
Vg, = 0
5= V, ong i=] (5.2.5)
b lo ons i=|

s'j Is defined as the area over which the i'th electrode contacts the conducting material,
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and therefore the current at the ith electrode is given by
|, =0[ V¢-da
S

In terms of (5.2.4) we may write
| = aj% VY ¢,da= GZL da-vg, => GV,
j=1 j=1 j=1

where the conductance matrix is given by

_ q 1
Gij —(TJ.%, daV¢JV—

J

(5.2.6)

(5.2.7)

(5.2.8)

Note that this relation is similar to the expression for C ; in (5.1.9) with o replacing &,.

The power dissipated therefore reads

P= Z IV = Zn:Vi ZH:G”.VJ. = ZGijViVj-
=1 N

In Appendix 5.A an example is presented based on
the configuration in the right.
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Vi
s —ho» @
- a -
T ma
O
Z
z=0~ L.




5.3 Magneto-Quasi-Static-Coupling

control
electromics

battery
pickup coil/wafer

fo
stimulator

(a) (b) l




Consider a distribution of N wires (see figure in the right) each
one carrying a current |, located at (X ,Yy,) and having a radius

R,. The total current carried by the wires is zero

ih=Q (5.3.1)

otherwise the magnetic vector potential describing the field

(R.1,)

@
(

(Ru1,)

(R.15)

’IN ‘

components in the system, diverges. In other words these wires form a series of loops, or
whatever distribution of wires we may have there is at least one wire that ensures the
flow of the return current. The current density linked to this current distribution is given

by

JAKW=Z;Ede)
wherein the step function is defined as
x y):{ J(x—xn)z T <R
0 Jx=x)+(y-v,) >R,

(5.3.2)

The magnetic vector potential generated by this current distribution is
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-

X=X ) 4 (v— 2
N l Rs ( Xn) Rﬁ(y yn) OS\/(X—Xn)2+(y—yn)2 <Rn
A= ey oy )
1+In{ e } R, <y(X=% ) +(y= )} <o
(5.3.3)
here we resorted to the well-known result of a single wire
g 1,
L] —r 0<r<a
Az(r):_ 02<
a la2+1azln% as<r <o,

a being the radius of the wire after imposing A, (r =0) =0 and assuming that A at r = a
IS continuous.

Before we proceed to the evaluation of the inductance matrix it is important to emphasize
the implications of the condition in (5.3.1) . Firstly, it is evident that in case of a single
“infinite” wire the magnetic vector potential diverges for r — «. Consequently, any
arbitrary distribution of wires that do not satisfy (5.3.1) leads to a diverging magnetic
vector potential.
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With the magnetic vector potential established, we may proceed to the evaluation of the
magnetic energy stored in an element A,

W, = A, ]O dx]o dy%[Hi +HZ] (5.3.4)

Since the magnetic field components are given by
H, = 1A . H _—1oA (5.3.5)

Hy oy 7 Ky oX
the total magnetic energy may be evaluated by substituting in (5.3.4)

ooy (2] (%)

:2—%jdv{ (AV,A)-AVIAL (5.3.6)

wherein V is the corresponding 2D operator. As indicated above, the condition in
(5.3.1) implies that the contribution of the first term in the curled brackets is zero.
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For proving this statement we use Gauss' mathematical theorem

[aw, -(AV,A)={pda-(AV,A)

The surface integral in the right hand side has two contributions; the first is associated
with longitudinal variations

.

2z 0 aAZ 2z © 8AZ
£d¢£drr o > —<£d¢_([drr B -
=0 JJ -a =0 JJ -

and it is identically zero. The second term {m qujh%}} vanishes since Zln =0
‘ 5 or o n

implying that A (r — o) = 0. Consequently, (5.3.4) is simplified to read

2A,; deifdyAz(—)ViAz (5.3.7)

and with Poisson equation in mind, V5 A = —,J,, we finally obtain

W, :%defdyAsz. (5.3.8)

W, =
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Exercise: Show that in general in the framework of the magneto-quasi-static regime the

magnetic energy is given by W, ocjdx j dy j dzA- J. Determine the exact proportionality

—00

factor. Repeat the exercise for electro-quasi-statics and show that W; o _[ dx j dy I dzgp.

—00 —0o0 —00

Find the proportionality factor in this case too.

Now back to our original problem. Substituting Egs. (5.3.2)-(5.3.3) we obtain

1 i f N OIn X N Im
Wiy =§Az£dX IOO dy ;(—1)5—%%&(& y)}LZM—Rihn(X, y)} (5.3.9)

wherein
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X=X ) 1 (vy— 2
( Xn) Rg(y yn) Oﬁ(X—Xn)2+(y—yn)2<Rf
PONZ) ) e (=)’
1+In{ e } R < (x= %) +(y-,) <o
In terms of the currents in the system the total energy stored in the system is
Zunm N (5.3.10)
wherein
U, = jd¢ijdrrF (X, +rcosg,y. +rsing). (5.3.11)
| (ZﬂRn)
For n=mthe mtegral can be calculated analytlcally the result being
Rf _/UOA
U 2 : 5.3.12
ol ¢I Ry R 342

In the Appendix 5.B |t IS shown that the off-diagonal terms (n= m) are given by

U=t {2+4In£D H (5.3.13)
’ 87 R,
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= \/(xn —x )’ +(y. —y.)’ denotes the distance between (center) of

two wires, thus
( 1 n=m

Unm:_/’lOA24 D
! 87 |2+4In /T n=m.
Rn

"

With the exception of the general statement regarding convergence of the magnetic
vector potential (A,) we have not used the condition (5.3.1). This is the stage that we

may calculate the self as well as the mutual inductance of a realistic system. Consider a
three wires system and without significant_loss of generality let us assume that the wire
#3 Is the return path of the currenti.e.q; = —I, — T > thus

_E{Uulf +U22|22 "'U33|32 ;(D:z +U21)|1|2:|
+H(Up +Ug )1l + Uy +Ug)LL I

M

:%[41|12+242|1|2+£22|2|2] (5.3.14)

hence
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Lu :U11+U33_(U13+U31)
Ly =U,, +Ug —(Uy +Uy,)
2[12 = 2U33 +U12 +U21 _(U13 +U31) _(Uzs _U32)-

In our special case U, =U,, =U,, =

_ M4, 1 D, _
el 2] o

The matrix

(5
) L,

_|_0

IUOAZ

T

L,
Ly

is the inductance matrix with £, = L,, .

|

|

A
_ By hence

1

4
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87

&

D23

JRR,

o

IUOAZ

(5.3.15)

o

(5.3.16)

D13 D23
R3 D12

)



Z=h— R
C FEX = O
Appendix 5.A: Example of Mutual Conductance i
o
: . . : - Z
Resorting to the superposition principle we establish | ; — g L
the field in this system, assuming v, = 0: : ; X

Vg =0(5.A.1) x=0 V2 x=a

subject to the following boundary conditions
$(x=0,2)=0
¢ (xz=0)=0
¢ (xz=h)=V,
0,4 (x=a,2)
thus ¢ oc sinh(kz)| Ae ™ + Be'™ | and
$(x=0)=0=>A+B=0
o0
OX |yca
The latter is a direct result of the fact that J,(x=a)=0= E,(x=4a)=0. These
expressions imply that

(5.A.2)

0

| | 5.A.3
=0 o Ae_Bel=z ( )
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cos(ka)=0=ka = %Hzn ; n=0,£1,£2 (5.A.4)

Thus, after having imposed three out of four boundary conditions, we have

4,(%.2) = i;ﬁh sinh E(gmnﬂsin F(gmnﬂ . (5.A5)

a
On the electrode a voltage V, is imposed, thus ¢ (x,z=h) =V,, or explicitly
V, = ¢(x,z=h)= " A sinh D(zwmj sin[”—X(Zn +1)} (5.A.6)
= a\ 2 2a

Taking advantage of the orthogonality of the trigonometric functions one can show (it is
recommended to do so) that

A = V, Al (5.A7)
2n+1sinh[7rh(2n+l)}
2a
so that
. sinh ﬂz(2n+1)}
hix2)=v, 2> 1 .28 sin[ﬂx(2n+1)} (5.A.8)
702N+ i 7z221(2n+1)} 2a
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By a similar approach, one may calculate the potential for the case V, =0. The result is
actually straightforward since one has only to replace v, with v,, and instead of z one
takes the difference, h—z, so that
: (h—2)
sinh 2n+1
1 {ﬂ 2a ( ) Sin[ﬂx

—(2n+1)} (5.A.9)
2a

4 o0
¢ (X.2) =V, =)
hm2n+1 sinh{zzg(ZnJrl)}

Based upon the definition of the conductance matrix in (5.2.8), we conclude that the
mutual conductance is given by

—(2n+1)

A A X era
G, = 2 [Pl = Ty, A3y 28 sin| 22 (2n +1)
0z, N, ‘m&o h 2a
2 n=0 (2n+1)sinh[7z(2n+1)}
2a
4oN, 1 &
_ %y 7 Z 1 X L (—)[cos§(2n+1)—l}

T 2ano. h T
n hl 7— (2n+1 —((2n+1
sin |:7Z'2a( n+ )} 2a( )

(5.A.10)
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40'A 1

)

"=0(2n+1)sinh [ﬂh(Zn +1)}

(5.A.11)

1. The result includes edge effects (infinite number of eigen-functions).
2. If only the first term is considered, i.e. (h/a) is sufficiently large, then

8o
G,, > — ysinhl(yzﬂj
’ 7T 2a

. : : . h
which implies that the mutual conductance decays exponentially with the ratio —.
a

Comment 1. In analogy to the case analyzed under the heading of ~“mutual capacitance”,
the mutual conductance may couple between two or more ports.
Comment 2. The self-conductance G, is always positive.

Comment 3. The mutual- conductance [G ;] Is also always positive. In order to
understand this statement envision the case that on one port we apply a positive voltage

all the others being grounded. With no exception the current at all ports must be positive,
therefore G ... > 0.

i, j=
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Appendix 5.B: Off-diagonal terms of the matrix U

The off-diagonal term is given by

U m=- 2(2 ) jd¢—jdrrF(xm+rcos¢ Y, +Ising)
- ~tob Id¢ jdrr<rl+ln (%=X, + 1 COS§)’ +(ym—yn+r008¢)2}}
o Rug _ R
_luo d drr<f1 |n_Dnm+r2+2rcos(¢_¢nm):|}
o oo Bt

(5.B.1)

e =5 T 5 o, %

Bearing in mind that

L _ &cos(vy) .,
| - 5.B.2
n{\/1+§2—2§c05z//} VZ:;‘ y 3 (5.B.2)
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we conclude that

In

=1In

The integration over ¢ is straightforward therefore,

<

DZ( 2 r

RnL o 25 cos(¢—¢nm)}}

DZ, cos[v(p— ) T
jzz x konm)

U = ZHhs {2+4ln(D ﬂ
' 87 R,
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(5.B.3)

(5.B.4)



Chapter 6 Some Fundamental Theorems

In this chapter we further investigate three fundamental concepts associated with
Maxwell’s equations: the first is the linearity of Maxwell's equations allowing one to
resort to the principle of superposition by representing each source in the form of a
distribution of point-like sources leading, in turn to the total solution being represented by
the sum of solutions of each individual point-source. The second basic topic to be
considered, is uniqueness of a given solution within the framework of a static or quasi-
static regime. The question in this case is the following: let us assume that by some
means we have found a certain solution. How do we know it to be the only one? The
uniqueness theorem shows that once a solution has been found, it is unique and any other
solution is just a different representation of the same solution. The third concept
considere, is the concept of reprocity.



6.1 Green's Theorem

In this section we shall examine some implications of the linearity of Maxwell's
equations. The first step is to note that they are first order partial vector differential
equations
@xéz_aﬁﬂoﬁ VA =0
t (6.1.1)

VxH = j+§goé, V.5 E=p,
which may be written in the form of a second order differential equation by following
the next steps:

Step I: taking the curl of Faraday law we get

. o 0,0 =\ o = = 0= 10 -
Vx(VxE)=—u, —(VxH)=>Vx(VxE)=—y, —J —-———E. 6.1.2
(VxE) /ant( ) (VxE) Ho = (6.1.2)
Step II: in a Cartesian system of coordinates
2
Vx(VxE)=V(V-B)-VE=VE-BE)-VE=-u23-L%E  (613)

ot c? ot?
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Step I11: Introducing now Gauss' law (V - &,E = p) one obtains the relation

D o= 03 1 8% -
V| —|-V'E=- — E 6.1.4
(%j Moot o (5.14)
Step 1V: We substitute the result in Eqg.(6.1.4) in Eq.(6.1.3) so that finally
1 0% |- oJ 1
Vi — |[E=y,—+—Vp. 6.1.5
{ c’ GtZ} o o &, y (6.15)

Exercise: Show that in a similar way, starting from Ampere’s equation we obtain the

following expression for the magnetic field:
1 0° |+ - =
Vi-—— |H=-VxJ. 6.1.6
{ c’ atz} (5.1.6)
These are non-homogeneous vector wave equations. In the past we have demonstrated
forr the potential functions similar equations, one being a vector equation

1 0° |+ -
|:V2 —?E}A:—ﬂo J, (617)
whereas the other being a scalar equation

{VZ _ii}é = _ﬁl (6.1.8)

¢’ ot’ £
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Within the framework of quasi-static approximations we may limit the discussion to
oJ 1

VZE=py, —+—Vp and V?H=-VxJ (6.1.9)
ot &,
or
VA=-u4J and V=-L, (6.1.10)
€o
which are all equations of the Poisson type, i.e.
Vi =-3(X, Y, 2), (6.1.11)

wherein y(x,y,z) represents either one of the Cartesian components of the vectors E, H

or A or the scalar electric potential ¢; s(x, Y, z) stands for the corresponding source term
of the Poisson equation.

Before turning to the general approach, we illustrate a simple case: consider a single
point charge ¢ located at . i.e., p=-qo(r—r) . Its potential in free-space is well
known to be given by

4= -8 -
! Arey [T -1 | 47[50\/(x—xi)z+(y—yi)2+(Z—Z)2

| (6.1.12)
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observation

observation V
point

Potential generated by a point-charge and several point-charges at a given place.

and therefore a distribution of discrete particles generates a potential

#(F) = Zczﬁ (F)= Z (6.1.13)

4. 50 77|
If in a unit volume AV there IS an |nfen|t|3|mal charge Aq such that we may postulate the
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charge density p = 2—3 one may replace the sum by an integral:

or explicitly, for a continuous distribution p(r), the summation is replaced by

2\ — = 1 /O(r) 1 1 1 1 p(x"y"z')
(1) = |dr — = |dx'dy'dz :
I Ar|r-r| & '[ 47r\/(x—x')2+(y—y')2+(z—z')2 &

(6.1.14)

wherein we represent the volume of integration by di, a notation which will turn out to
be more convenient for the approach that follows.

Comment: Note the similarity to the transfer function.

The last expression is the so-called Green's function associated with Poisson's equation
[EQ.(6.1.10)] in the boundless, i.e.
1

G(F|F) = -
)= =
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Let us now return to the general approach. We employ the superposition principle in the
sense that any source s(X, Y, z) may be “divided” into a distribution of point-sources. We

denote by G the field “generated” by such a point charge subject to the boundary
conditions of the original problem. In other words if we denote by . the location of the

source then G satisfies the equation
VAG(F |T,) = —5(7 - T,). (6.1.15)
Two comments are of importance:
1. Integration of the right-hand side of (6.1.15) over the entire volume leads to -1.
2. According to its definition, G is symmetric with respect to the two variables
G(r[r) = G(r, |T). (6.1.16)
To proceed, we now multiply (6.1.11) by G and (6.1.12) by w. The resulting two
expressions are subtracted, i.e.
G(T, 1)V ey (7)) —w (R)VG(T, | T) = -G(T, | T)S(T) + w (F,)S(T, —T) (6.1.17)
Integrating now over the whole space (with respect to the variable with index s - source),
one obtains the relation

JAVG(E I PV () -y (VG IM] =-[dV.G(EIMS() + [dvy (R)5(F -F.)

=~ [AV.G(F, | ")s() +y ().
Using the factthat GViy =V_-(GV.)-V G-V w we now obtain that
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[AVIG(T 1)V (1) -y (F)VIG(T, | T)]
V.- [G(r MV ()] - V.GEN-VF(T)
V- [w(F)VGE )]+ Vuf)- 61T

= [aV.V (G TV (1) - w (R)V G (R, 7))}
resorting now to Gauss’ mathematical theorem, i.e.
[av,[ G, )V () -w (VG| T) ]

= [AVV - [G(F | 1)V ()~ (F) V. G(F, | T)]

= fpda, [G(r, NV () -w (V.G 7))
we obtain the relation
p(7) = [vG(T, [ N)S() + b da[G(T, |T)V (%) - w(R)V.G(R 1))
and with (6.1.16) one finally finds that

=jdv

w(r) = [av,G(r [F)s(r) + b daG(F 7).y (r) v ()V.G(F|F)]
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(6.1.19)

(6.1.20)

(6.1.21)



This is the scalar Green's theorem and several comments are now in order:
1. G(r|r,) is called Green's function of the specific problem.

2. Inasense, G(r |T,) is the equivalent of a matrix since if we identify the continuum
Integration with a discrete summation we can write

v, =y(r) =ZG(I’ =r|r'= rj)s(r’= rj)EZGiij

3. Even if the source term is zero (s=0), w is not necessarily zero provided that at
some boundary v or Vi are nonzero [Neumann or Derichlet conditions].

4. We may generalize (6.1.21) to include slow time-variation of the source terms. Since
the geometric parameters are typically much smaller than the characteristic
wavelength of the electromagnetic field, the ““information” traverses the
device/system instantaneously; therefore, in the quasi-static case (6.1.21) reads

p (1) = [ dv, G(T|T) s(i,t) + §p da[G(T|T) Vy (Tt) —w (7, t) V. G (F|T)]

Here the time t is no more than a parameter.
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6.2 Magneto-Quasi-Static Example

In order to illustrate the concepts presented in the previous
section we examine the magnetic field linked to a current flowing
in a metallic strip of width b its center being located at
x=d, z=0; the flow is in the y-direction. The electromagnetic

field is confined between two plates consisting of a fictitious 4_b,
material of “infinite” conductivity; their separation is denoted by
a. Our goal Is to characterize the system namely, to determine its “’:
inductance, employing the approach introduced above. d

: : ZI :
The basic assumptions, relevant to the model b REEEEEEEEE > y
1. Acurrent density J, (X,zt) is imposed.

2. No variations along the 'y axis, i.e. 0, ~0.
3. o — oo on the two walls implies zero magnetic vector potential i.e. A (x=0,a;2) =0.
4

. Magneto-quasi-statics = Pa<l1.
C
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A current density in the y direction is linked to a y-component of the magnetic vector
potential

0> 0°

{a—Jr—}Ay(x Z,t) = —p,d, (X z,1). (6.2.1)
X?

Following Green’s function approach we shall calculate the

Is a solution of

o° 0
|:87+87:|G(X Z|%,Z,) = —6(x - Xs)—y5(2 Z,)

(6.2.2)

G(x=0,a,2|x,2)=0

It is convenient to express the function in terms of a complete set of orthogonal functions
that satisfy the boundary condition
: nx
(”—j (6.2.3)
a

After ensuring the the boundary conditions are satisfied we proceed to ensure that the last
expression satisfies (6.2.2) thus

Z{;ﬂzz —(?j }9 (z]x,, Zs)sm( 2 j —5(X— xs)—5(z z). (6.2.4)
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Use of the orthogonality of the trigonometric functions leads to

d’ 2 _
{ = }g,xz\xs,zs) =S| R Lot 2) =, ote2).

dz a y
(6.2.5)
and it is left as an exercise to demonstrate that the solution of the last equation is
0,(2]%, 2) = 4 exp(——\z zs\j (6.2.6)
27
a

Since the resulting Green’s function

. 7nX X

1 2 SIn a sin a .

=== Sz 6.2.7

)= A al m exp( 1z zs\j (6.2.7)
a

G(x,2|x,, %

satisfies the boundary condition, the magnetic vector potential is given by
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A (x2)=sm[dxa, [ dzG(xz]x, 2)3, (x2)

sin (6.2.8)

_gz

n=

(ﬂxjjdxssm( jjdzsexp( ‘Z_Zs‘ij(XS’ZS)

a
Now that we have a general expression for the potential we may proceed to calculate the

inductance. For this purpose we determine the magnetic energy bearing in mind that the
current in the strip is

| = [ax, [ dz.J, (%, 2) (6.2.9)
0 —00
and since the magnetic energy is
W, :%LI ? :%jdxij dzA, (x,z)J,(x,2) (6.2.10)
0 —00

we conclude that
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] Idxzdsz(x,z)Jy(x,z) Idxzdz\]y(x,Z)Idxszdzs[AyG(x,z\xs,zs)]Jy(xs,zs)
= = Hy

Y des]:odszy(xs,zs)T des]:odzgy(&,zs)}

ZINX,

sin| — [sin| ——=
L)
_[dxjdz\]y(x,z)jd@jdzsa a - a exp(—é\z—zs\j J, (%, 2)
0 —0 0 —© n=1 27

a

- | Ed&zduy(xs,zs)}z |

(6.2.11)
For simplicity sake, let us assume that the strip is extremely narrow in the vertical
direction and the current is uniform in the horizontal direction or explicitly,
1|1 |x—d|<b/2
J.(Xz)=16(z)— 6.2.12
y( ) ( )b{o \x—d\>b/2 ( )

implying
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L,

7T n=1 N d b/2

o e 302
——Z—sm n— |sinc®| =zn—
T oan a 2 a

The figure below shows that maximum inductance occurs for d = a/2 - for a symmetric

configuration. In this case numerical
evaluation shows that

L. O.G—EIn(Ej (6.2.14)
A, i, 3 \a

Exercise: Repeat this evaluation for the case
when the strip is vertical rather than
horizontal.
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Normalized Inductance

2.0
b=0.2a
15 - =
b=0.4a
ol /\ 7
0.5 -
b/2<d<a-b/2
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6.3 Uniqueness Theorem

So far it was tacitly assumed that once a solution y, of the equation of the type
Viy,=-s with y, =y on § (6.3.1)
was found this is the only solution. Let us show that this is a valid assumption. For this
purpose let us assume the opposite namely, that another solution y, exists which also
satisfies the relations
Viw,=-s with w,=w onS. (6.3.2)
By virtue of the superposition principle, we may now define the difference of the two
solutions y, = v, —w, as asolution which, evidently, must satisfy the relation
Viw,=0 with y,=00nS§S. (6.3.3)
If w, satisfies Laplace's equation then it cannot reach a maximum or minimum but on the
boundaries. This means that "moving" from one boundary to another the function
must monotonically increase or decrease. But since on the boundaries y, =0 one must
conclude that y, is zero in the entire volume, including the boundaries. Hence
Wa =¥ (6.3.4)
Conclusion: v, may be different representations of the same solution.
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6.4 Two Simple Examples

In what follows we shall examine two examples to illustrate the implications of this last
theorem:

6.4.1 Example #1

It is well known that the potential ¢, of a point charge q is given, in free and unbounded

space, by the expression
1
A C R LI — (6.4.1)
Arey X +y? + 2
l.e. (6.4.1) is the solution of
O’p, ¢, O'p, _—q
Vip, =—La4—Ta~7a=-_25(x)5(y)o(2). 6.4.2
%= Vo "o = (x)6(y)o(2) (6.4.2)
However, without loss of generality we may write (6.4.2) in a circular cylindrical

coordinate system taking advantage of the azimuthal symmetry 8% ~ 0, i.e.

2
10 (ra¢b)+ 0 gzb = _ﬂig(r)g(z) , (6.4.3)
rark or 0z &y 27T

where r is the radial coordinate extending from the location of the source, r = /X" + y°.
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The solution of this differential equation may be written as
_ 9 ¢
A 2= - [ Ak, (kr)exp(-k|2), (6.4.4)

where J,(¢) = Zijohdz// exp(—jécos W) IS the zero order Bessel function of the first kind.
T

The expression in (6.4.4) is a different representation of the solution in (6.4.1) so that in
fact the identity with the previous definition that

oo 1

jo dkJ, (kr)exp(—k|Z) = N (6.4.5)
follows. Let us now utilize this formulation in order to >
calculate the potential of a point-charge (q) located at a I
height h above a grounded (metallic), infinitely extending q T,
plane. Based on the previous observation, the potential of | _ ) ,

the source (subscript s) excited in the absence of the plane
boundary is conveniently written as

q o0
=——| dkJ,(kr)exp(—k{z—h). 6.4.6
(Ds 47[80 jo 0( ) p( ‘ D ( )
In the presence of the plane there is an additional contribution to the electrostatic

potential. This contribution must be a solution of the homogeneous eg. (subscript h)
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Vip, =0, (6.4.7)
since the source has been already accounted for. Consequently, choosing an expression
“coherent” with the exciting one, we assume

o (r,2) = —3 [ dkA(Kk)J, (kr)exp(-k 2), (6.4.8)
Arg, 70
In order to establish A(k) we impose on the total solution
Dot (12) = @51, 2) + 9, (1, 2) (6.4.9)
the boundary condition (¢, =0) at z=0 forany r, i.e.
d _[dk[A(k) +exp(—kh)]J,(kr) =0, (6.4.10)
4re,
thus
A(k) = —exp(—kh). (6.4.11)

In other words, the presence of the metallic plane has generated an additional
contribution to the potential due to the point-charge alone (6.4.6) which has the form

py(r,220) = L [k, (ko) exp —k(z+ )] (6.4.12)

Comparing to (6.4.5) we conclude that we can represent this solution as

182



0. (r,2>0) = —3 1 (6.4.13)
Az, \Jr? +(z+h)?
which may be interpreted as an image charge (—q) located at z=-h. Finally, the
potential in the upper half-space (z>0) only, is given by

o(r,2>0) = —3 1 - 1 (6.4.14)
A7y \Jr2 +(z—h)?  4mgy \Jr? +(z+h)?

6.4.2 Example #2

The second example to be considered consists of
a point-charge located between two plates as
illustrated on the right. We put forward three
different representations of the same solution
starting from the simple field-solution in integral
form, which, by virtue of an adequate expansion

N

IS in fact equivalent to an infinite series of charge
images; finally, a third representation, which
converges quite rapidly, is also presented.
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Integral Representation. As in the previous case, the potential is a superposition of the
non-homogeneous

_ 9 ¢
0,(r,2) = Fgojo dkd, (kr)exp[ —k|z—D ] (6.4.15)
as well as of the homogeneous solution
o (r,2) = 4:(90 j:dkao(kr)[A(k) exp(—kz) + B(k) exp(+kz) |. (6.4.16)

The two amplitudes A(k) and B(k) are established by imposing the boundary conditions
at z=0 and z= a; at both locations the total potential is zero. For z=0 we have

P (1, 2= 0) = [ "k, (kr )[exp(—Kb) + A+ B] =0, (6.4.17)
Arg,~0
which must be satisfied for any k; therefore
exp(—kb)+ A(k) + B(k) = 0. (6.4.18)
The potential function is zero also on the second plate and thus

P (1,2 ) = — [ "dkd, (kr){exp[—k(a—b)]+ Aexp(—ka) + Bexp(+ka)} = 0(6.4.19)

A7,

l.e.
exp[—-k(a—b)]+ Aexp(—ka)+ Bexp(+ka)=0. (6.4.20)
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Using (6.4.18) and (6.4.20) we find that
AK) = _smh_[k(a— b)] B(K) = - s!nh(kb)
sinh(ka) sinh(ka)
The total scalar potential in the integral representation is therefore given by
p(r.2) = [ "ok, (kr)| e e * sinh[k(@=b)] _ e | gtaSINNCKD) 1| 6 4 50y
Are, 0 sinh(ka) sinh(ka)

exp(—ka). (6.4.21)

Image Charges Series Representation. From this integral representation we may
develop an infinite series of image charges as may intuitively be deduced. In order to
obtain this infinite series we use the relation

1 _ 1 _ oake zzie_(gml)ka (6.4.23)
sinh(ka) 1[k ] 1-e?® &

e” —€
2

with  this expression in mind and taking into consideration that
sinhu =| exp(u)—exp(-u) |/2 we find
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- q ¢~ —k|z—b| —kz[ k(a-b) —k(a—b) C —(2n+l)ka
r,zy = ——| dkJ,(kr)se —e“le —e e
o(r,2) WOJO o ){ [ 1>

n=0

_ek(z—a) ekb . e—kb - e—(2n+1)ka }

I )
At this point we employ the identity in (6.4.5) namely,
j:dkao(kr)exp(—k\z\) =1/r?+ Z* , obtaining

(6.4.24)

(D(r,Z): q [ 1 B © 1 N © 1
47T<9ol\/r2+(z—b)2 yr+[z+b+2na?  yr? +[z-b+2(n+1)a]’

> 1 < 1
-2 +2 -
Srt +[z+b-2(n+1)a]? Byr2+[z—b-2(n+1)a]’ }
(6.4.25)
The summations correspond to the potential of an infinite series image charges outside
the plates z>a or z<0; the first two terms correspond to image charges located at z<0
whereas in the case of the last two, the image charges are located at z > a.
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Eigen-function Representation. The expressions in
(6.4.22) and (6.4.25) are two different representations of
the same potential. In fact, we are in a position to establish
a third representation of this potential distribution using
the fact that the boundary conditions are satisfied by a set
of orthogonal functions. Recall that we have to solve the

equation
10 o0 o° q 1
——r—+ =————0(r)o(z—b
{rar or 822}0 &y 27T (No(z-b)
subject to the boundary conditions
p(r,z=0)=0and ¢(r,z=a)=0.
Based on the last constraint we have

o(r.2) = iFn(r)sin{%nz}

NN

(6.4.26)

(6.4.27)

(6.4.28)

Note that the trigonometric functions form a set of orthogonal functions in the region
0<z<d. In order to determine now the equation for F (r) we substitute (6.4.28) in

(6.4.26)
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Zsm(;m—j{li[ r—F (r )} ( aj F (r )} —8—55(05(2 b). (6.4.29)

aj|rdr )
Resorting now to the orthogonality of the trigonometric functions, i.e.
= j dzsm( ”stm(@j 15 (6.4.30)
a a 2
we obtain
—{11{ 2 F (r )} ( ) F(r )} ——ig(r)sm( ”bj (6.4.31)
rdr a &y 27T a
The solution of the homogeneous equation (r = 0) has the form
F.(r) = Al, (mj +B,K (ﬂgr j (6.4.32)

where 1,(&) is the zero order modified Bessel function of the first kind; K, (<) is the zero

order modified Bessel function of the second kind. For £>1
£ ot
1, (&) ~—= Ko (&) ~—= (6.4.33)
e Jé

Since our charge is at r =0, we conclude that A =0 otherwise the solution diverges,
implying that F (r) = B,K,(znr /a). In order to establish B, we integrate (6.4.31) in the
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vicinity of r - 0
Ilmj drr—iriF( r) = _ggijd”—ﬁr)sn(”nbj
a

A—0 rdr dr ag, 2
B ||mj dririKo(”—nrj = —Eﬂism 7nb (6.4.34)
" A0 dr a aeg, 2r a
B.lim riK (ﬂnrj =—Eﬂism 7nb :
A—)O dl’ a 0 ago 27 a

The modified Bessel function for small arguments (& < 1) varies as K, (&) ~ —1In(¢&)
consequently

_ _| = _F= 6.4.35
fg&nf 55 ( )

and assuming that exactly at r =0 this value is zero (contemplate a uniform distribution
of charge between r =0 and r = A) we have for the left hand side of (6.4.34)

B Ilm{j drr—K (’mr ﬂ= B, (1) (6.4.36)

A—>0 a

Hence
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g =241 sin(ﬂzbj, (6.4.37)

or

a(r,z) =3 ﬂisin(%mjsin(ﬂ—m)Ko(ﬂ—mj. (6.4.38)

Arg, Qs a a
For large arguments the modified Bessel function varies as K, (&)~ €<; consequently,
we realize the immediate advantage of this third representation of the potential: the sum
converges rapidly.
The potential in Eq. (6.4.38) contains the singularity expressed by Eq. (6.4.1). In
order to prove that it is convenient to express the two trigonometric functions as

sin (ﬂngjsin (ﬂnzj = l{cos V—n(z— b)} —CO0S [ﬂ—n(u b)}}. (6.4.39)
a a/ 2 a a

For our purpose we shall consider only the first term (why?) and evaluate the limit when
the boundary conditions are not important (a — o) hence

. q .. |45 zn zn
é(r,z) = Ilm{gnzzécos [?(z— b)}Ko (?rj}. (6.4.40)

Arg, a>n
Using the fact that
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J; dzcos(&V)Ky(&) = ﬁ (6.4.41)

and that at the limit of a — oo the sum may be replaced by integration we obtain

#(r,z)= 4q ||m—Z—cos[ n(z- b)} (anrj

72«-8 a_>oo7z-n 1a.

—j dk cos[k(z— b)]K, (kr)

47[50
- o - ( 02 12 (6.4.42)
9 °- £-0 I L L A el
47z507zr dg {5( r ﬂ Ko(e) Are, 2L1+( r ] }
q 1

Ang, Jr? 1 (z—b)
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Exercise 1: Determine the total charge on each one of the plates [ j:dango(f) =1].

Exercise 2: Calculate the force acting between two particles located at two arbitrary
locations between the grounded plates. Compare your result with the force acting
between the same point-charges when in free-space. Is there a difference? Explain!!
Exercise 3: The charge density of a charged loop of radius R located parallel to the
electrodes at z=Db is given by

p(r,z) = qié(r —R)o(z-Db). (6.4.43)
2rr

(a) Show that the potential associated with this charge density is

(6.4.44)

) K, (nniju)(;mBj r>R
¢ = d ﬂZsin(ymgjsin(nnzj% 4 2

Are, A a
&y A'n=y | (n-nLj K, (ﬂ'r\Ej r<R
\ R a

Note that d%Ko(@ = —K,(&) d%lo@) =1,(&) and 1,()K, (&) +1,(E)K, (&) = %

Plot the contour-lines of constant potential.
(b) Show that the force acting on the loop when A =a/ 2 is zero.
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(c) Calculate the capacitance of the loop. Hint: consider the limit a — .
(d) What is the potential of an azimuthally symmetric charge distribution p(r, z)?

(e) What is the potential of an azimuthally symmetric charge distribution p(r, z) if on the
electrode at z= a we impose a voltage V, #07?
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6.5 Reciprocity Theorem

The Lorentz reciprocity theorem is a useful theorem for solution of
electromagnetic problems, since it may be used to deduce a number of
fundamental properties of practical devices. It provides the basis for
demonstrating the reciprocal properties of electronic microwave circuits

Surface

and for showing that the receiving and transmitting characteristics of
antennas are the same.

To derive the theorem, consider a volume V bounded by a closed surface S. Let a current
source J, in'V produce a field E,, H, which satisfies

VxE =-0uH,  VxH =8¢FE +J, (6.5.1)
while a second source J, produces a field E,,H, which is a solution of
VxE,=-0,uH, VxH,=08¢E,+J,. (6.5.2)

Expanding the relation V- (E, x H, — E, x H,) and using Maxwell's equation show that
V'(EXI:Iz _Ez Xl:il) = (VXE)' I:Iz _(VXHz)’ E1_(VXE2)' I:|1"'(V><H1)' E,

=-J,-E,+J,-E,. (6.5.3)
Integrating both sides over the volume V and using Gauss' theorem
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|[V-(E xH,-E xH,)dv =p_(E xH,-E, xH,)-fidS
V
=[(E,-J,-E-J,)av, (6.5.4)
Vv
where 1 1s the unit outward normal to S.

There are at least two important cases where the surface integral vanishes: in the first
case of radiating fields (we shall not discuss here) and in the case of quasi-state fields

when Eoci2 and H ociz. Since the surface of integration is proportional to r* at the
r r

limit r — oo the surface integral clearly vanishes, therefore (6.5.4) reduces to
[E-J,av = [E,-Jav. (6.5.5)
\% \Y

If J, and J, are infinitesimal current elements (Dirac delta functions), then
Ei(rz)' ‘Jz(rz) = E2(r1) ) Jl(rl)’ (6-5-6)
which states that the field E, produced by J, has a component along J, that is equal to

the component along J, of the field generated by J, when J, and J, have unit
magnitude. The form (6.5.6) is essentially the reciprocity principle used in circuit
analysis except that E and J are replaced by the voltage V and current | .
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Chapter 7 EM Field in the Presence of Matter

In this chapter we consider to a certain extent the effect of matter on the field
distribution and also to some degree the effect of the field on the distribution of matter.
Although a variety of topics are presented, they constitute only a very small fraction of
the array of phenomena engineers may encounter, and, therefore, we mainly emphasize
for each case the conceptual approach.

7.1 Polarization Field
So far we have postulated that the relation between D and E is linear and given by the
simple relation D =¢,e,E where g, stands for the relative dielectric coefficient. We

consider in this section a simple model, which provides some basic insight as to the
source of this result as well as its limitations.
Step 1: A point-charge in free space generates a potential

p(r)=——. (7.L.1)
Arg,r
Two such point-charges (q,,q,) located at (r;,r,) generate a potential which is a
superposition of two single particle potentials namely,




%

F) = Are,
JX=X)2+(y-y) +(z-2)
g,

o(
(7.1.2)

N Ars,
JO=3) 4 (Y= ¥,)* +(2-2.)°
For the sake of simplicity, we assume that ¢, = —q, = g and that their coordinates are
X=X%=0,y,=y,=0and z =d /2, z, =-d /2 respectively -- see Figure ; explicitly
g g

4 4
= &, B &, | (7.1.3)

d\)’ d\y’
X+ Y+ z—— X+ Y 4| Z+—
J ’ ( zj J ! ( 2)

Consider now an observer located at a distance r = \/xz + Yy + 27" which is much larger
than the distance d between the two charges (r > d). This observer will measure a
scalar electric potential
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g g

Are, Are,

- - d?
\/x2+y2+zz—zd+4 \/x2+y2+zz+zd+4

2

qg | 1 1}

a 47750l\/l'2—2d _\/r2+zd

(7.1.4)
hence ] i
@~ g t 1 7 |= g (1+1§—1+£Z?}: g Z? (7.1.5)
dreyr| 1z, 1zd Arer| 2T 21 drgy 1
| 2r? 2r1° |
In polar coordinates z=r cos@d therefore
¢~ q izcos@; (7.1.6)
Arg, 1

the quantity p=qd is called the dipole moment. Contrary to the potential of a single
charge, that of a dipole decays as r~ (rather than r*); furthermore it is & dependent.
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Step 2: In a more general case the potential of a charge distribution is
a superposition of all charges
r')
 P(T) (7.1.7)

<0(F)—
|r—r

as illustrated in the Figure. Here r represents the observer location whereas 1" is the

coordinate of the source. If, as previously, we assume an observer positioned far from
the charge distribution we may approximate (7 1.7) by the following expression

p(r) r-r

r g
e
r

p(F) =~

- . (7.1.8)
11

= [avp(ry + izr v o)

—

| =p
According to this result we generalize the concept of electric dipole-moment, and in the
case of a general distribution, we define it as

p=[dvp(r)F (7.1.9)
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hence
o(r) = . E[(H p'r}- 1 9, 1 ip’-rﬁ (7.1.10)

—|=
Arg, 1 Are, v Ame, 1

r
In many cases of interest the system is neutral (q=0) (e.g. atom) and o(7)

the only field we can measure is that of a dipole ignoring higher order
terms in the expansion, i.e.

—

()~ -1 (7.1.11)
Arg,r
Step 3: So far we hade demonstrated that even a neutral body may exert a potential far
away from its location due to its dipole moment. Now we shall examine the opposite case
namely, we demonstrate that an external field exerted on a neutral body, it may
generate a dipole moment. For this purpose, consider an electron at the microscopic
level and we limit the analysis to one dimension. In the absence of the external electric
field this charge is assumed to be in equilibrium, i.e. no net force acts on it. As the
external electric field is applied, the force which acts on it, is given by gE and since the

particle moves a distance x from equilibrium (1D model) the equation of motion may be
approximated by

md;’t‘z(t) = _kx(t) + G, (7.1.12)
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where m stands for the mass of the charge, and kx represents the [E#0 -

internal reaction force to the deviation (X); therefore the *“new <
equilibrium” occurs when

X, = %E. (7.1.13)

Based on the previous definition of the dipole moment we may use X, to define the
equivalent dipole moment as

P = 0%, (7.1.14)
Clearly, by substituting (7.1.13) in the latter one finds that this dipole is proportional to
the local electric field

pP=0x, = &, (7.1.15)
wherein a =q° / g,k is a parameter that has units of volume and it is a measure of the

electrostatic force relative to the internal forces represented by the coefficient k. In a
macroscopically small volume the contribution of all the dipoles (p.) determines the

polarization field P = Zi n p. where n is the volume density of dipoles of type i'th
P=>np =) n&aE=gE> na, (7.1.16)

wherein it was assumed that each type of dipole p is also characterized by a parameter
a.. Now postulating the relation between the polarization field (P) and the electric
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induction (D)
D:gOE+P:g{a(zij}:g@aE (7.1.17)

we conclude that ¢, =1+ y_ = 1+Zniozi wherein y, is called the electric susceptibility.

It should be pointed out that the above relation has been derived subject to the
assumption of a 1D system. Further assuming an isotropic material it is possible to
generalize this result to a 3D system namely

D = ¢g,¢, E. (7.1.18)

Comment 1: There are cases where the dipoles are preferentially aligned in a specific
direction and their net contribution to the polarization field is non-zero even in the
absence of external electric fields: P, = Zi N Py, - In this case the material is considered to

be permanently polarized.

Comment 2: The distribution of the dipoles in space is non-uniform. In such a case the
field equations may differ significantly. Consider for example Maxwell's equations when
the dielectric coefficient is space dependent &(r)
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- 9,
VxE=——uH
atﬂo

IVxH=1J +§gog(r)|§ (7.1.19)

V- [&e(NE]= p

V- uH =0.
Clearly they look 3|m|Iar to the vacuum case however, both Poisson, Laplace or the wave
equation differ. In order to envision this fact let us introduce the magnetic vector

potential A, which defines the magnetic induction B=V x A and the scalar electric

potential @, which together with A determines the electric field (E =—%A—VCD).

Assuming a Lorentz-like gauge

A L, (7.1.20)
c* ot
it can be shown that A and @ satisfy
2
{vz gg); }A (V-AVIne(F)=—pu,J (7.1.21)

and
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{vz ‘9(2)62 }cp E-VIne(r)=—p/ &,e(F), (7.1.22)
c® ot°

which differ from the case of a uniform dielectric medium.

Exercise #1: Prove (7.1.21)-(7.1.22) based on (7.1.19)-(7.1.20) and the definitions of E
and B in terms of A and ®.

Step 4: In Eq. (7 1. 17) the relation between the electric induction and the polarization
was postulated: D = g,E + P. In fact, this relation can be concluded from the relation in
(7.1.10). With this goal in mind, let us assume that in a given region of space there is a
free charge distribution of charge p,(F') and a polarization field P(F') however,

contrary to the expressions in (7.1.10) these are macroscopic quantities hence
1 p-r
o
Argy| 1 r

1 '[dr*'{ pi(r) LT )}. (7.1.23)

e IT-T1 [T F

microscopic: ¢(I) =

macroscopic: ¢(F) =
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Based on this last expression, we observe that

F’(”(H)—p(*')v[| 1 )—6’( ?(FL?H 1F.|j?'-f>(r') (7.1.24)

|r—r" | r—r'| |r—r"| [T —
implying
o(F) =

I?" __’I. /=1
p o) 1 ar =~ Pfr ) (7.1.25)
|r—1"| 4nre, |r—r"|
since the polarlzatlon IS assumed to vanish at infinity. Consequently, this is a potential
generated by an effective charge distribution p_. = p, —V - P since

1 1 ~ =
r dr -V'-P(r') | 7.1.26
o(7) = mj e l[pf( )-VB(T) | (7.1.26)
Bearing in mind that in a static regime E = —V ¢ we conclude
VE:i(pf—vﬁ):v.[goém]:pf (7.1.27)
€0
implying
D =¢g,E+P, (7.1.28)

which is exactly the vector form of the relation in a left-hand side of (7.1.17).
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7.2 Free and Bound Charge

Gauss’ law states that the divergence of the electric displacement equals the free-charge
density p i.e.

V-D=p. (7.2.1)
In the previous sections it was shown that
D=gE+P (7.2.2)
therefore
ﬁ-gOE:p—ﬁ-Is. (7.2.3)

This result indicates that the divergence of the electric field has two sources: the free
charge density p and the bound (polarization) charge density p,

6-50E2p+pp, (7.2.4)
where
p,=—V- P. (7.2.5)

This result has implications on the boundary conditions since in the past we have shown
that

—

1 .(5<a> _ 5<b)) = p., (7.2.6)
therefore, we can now define the polarization charge surface density (o, ,) by means of
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which we are now able to write

—

ln'(gOE(a) _EOE(b))zps+p3,p' (727)
Note that in terms of the polarization field in the two regions p , Is being expressed as
pop=—1,-(P® -P"). (7.2.8)
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7.3 Artificial Dielectrics

We have previously indicated [Section 7.1] that the macroscopic
dielectric coefficient may be interpreted as a superposition of |
microscopic dipoles. In principle we can “construct” macroscopic
dipoles and build in this way an artificial dielectric material. Let
us assume a series of metallic spheres embedded in a dielectric
medium ¢,. For simplicity we shall assume that the radius of the spheres is much smaller

than the distance between them. In this way it is possible to determine the field in the
vicinity of a single sphere and extrapolate for an entire ensemble of spheres.

In order to commence with the analysis, we assume a grounded sphere of radius R
surrounded by a dielectric material ¢,, residing in a space permeated by an imposed

uniform, constant electric field, E, = E,.

In absence of the sphere the “primary” (superscript p) potential is

¢® = -E,z=—E,rcosé. (7.3.1)
The presence of the metallic sphere generates a secondary field which is a solution of the
partial differential equation
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2
L 82( rg) + 1 (sm 6’6¢j 1 . o'¢ =0. (7.3.2)
ror r’sind oo r*sin’ 0¢°

Since both the initial field as well as the sphere exhibit azimuthal symmetry, we assume

the same for the secondary field (superscript s), i.e. aiwo. The solution outside the
@
sphere is readily checked to read
¢ = Arizcos 6. (7.3.3)

The coefficient A is determined by the condition that the total potential at r = R is zero
(grounded sphere), thus

dr=RO=¢Pr=RN+4"r=RO=0 =
~E,Rcos@+(A/R°)cosf#=0 = A=E,R’, (7.3.4)

hence

P = EOR(TRJ cos . (7.3.5)

In (7.1.6) we have shown that the potential of a dipole positioned at the origin of a system
of spherical coordinates reads
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(s) _ p cosé

7.3.6
drgye, I° (7:3.6)

and therefore, we conclude that this sphere “generates” an effective dipole moment
p=4znee ER . (7.3.7)

In order to determine the polarization field we assume that the average distance between
spheres (dipoles) is d, which implies that the average volume density of the dipoles n is
of the order of

N~ %. (7.3.8)
Consequently, the intensity of the polarization P is
3
P=np= %(4%0@ E,R’) = 4rzye, (g) E, (7.3.9)
and finally we may estimate the contribution to the electric displacement (D) is given by
3
D= Eo&y E0 + Ifsspheres = &gé, {1"' 4”(?) }Eo = EpEets E0 (7.3.10)

which implies that we obtain a small artificial increase in the effective dielectric
coefficient of the material:
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3
Egtf = &, {1 + 472(5) }
d

For comparison, if instead of metallic spheres we consider air bubbles, the outer solution
has the same form:

Dot = Arizcosé? (7.3.11)
but the inner reads
¢, = Brcosé. (7.3.12)
Continuity of the E, at r = R implies
10¢ : A . :
E,=———= -E,sInd+—=sinfd = Bsin g, 7.3.13
I R® ( )
hence
A
B_?_ E,. (7.3.14)
In a similar way the continuity of the radial component of the displacement is
(E, cosH+%Acos 0)e,&s, = —Bcosbe,, (7.3.15)

hence
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= (EO +2§3jgr. (7.3.16)
From Egs. (7.3.14) and (7.3.16) we find

e —1
A=-R’ 7.3.17
E025 +1 ( )
The potential is therefore
2
$9(r>R)= EOR LR - C0s 6, (7.3.18)
2¢, +1 r?
implying that the dipole moment of the bubble is
-1
=4 RS R 7.3.19
p=—-4ng,¢, Ky 28 1 ( )

Using the same approximations as in (7.3.8) we are able to estimate the intensity of the
polarization:

P=np= +${(—47z)80 EOR 1R } (7.3.20)

2¢, +1
which finally implies that the effective dielectric coefficient is smaller than &,
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= gc {1—47[ i _11(Bj }EO, (7.3.21)

3
Eti = &, 1-4r i _1(Bj
2¢, +1\ d

Exercise #2: Determine the effective dielectric coefficient of an ensamble of dielectric
spheres (&,) embeded in an uniform background (¢, ). As above, the radius of one sphere

IS R and their typical spacing is d.
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7.4 Unisotropic Medium

In the first section it was indicated that applying an electric field may “induce” a dipole
moment p that in the framework of the one dimensional theory employed, was written as

(Eq. (7.1.5)) p=¢,xE. Extending this approach to a full three dimensional analysis, we

may conceive a situation in which the reaction of a material to an applied field is not
identical in all directions. For example, applying a field of the same intensity in one
direction (x) will induce a dipole p,, whereas the same field intensity when applied in

the z direction induces p, and p, # p,. Moreover, a field component in one direction E,
may induce a dipole in the z-direction i.e. p,. Consequently, in the framework of a linear

theory a general constitutive relation describing a linear unisotropic (but non-polarized)
material is given by

D, E Exy &y |l E,
D, |=&| &x Eyy £y, || By | (7.4.1)
D, & Eq &, I\E,

&

For envisioning the field distribution in unisotropic materials, let us examine a simple
case of a point charge (—q) in a uniform but unisotropic medium. For the sake of

simplicity we assume that the dielectric matrix is
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E 0 0
= 0 E 0 | (742)
0

1t

Yy

0 g

Y74

wherein &, =¢,=¢, ¢, =¢ . Bearing in mind that in the static case Faraday's law

reads VxE =0 we may assume that this field may be derived from a static electric
potential

E=-V¢ (7.4.3)
therefore, with Gauss' law
V-D=p=0,6 E +0,6 E +0,6 FE,=pleg (7.4.4)
we conclude that this potential satisfies
0° 0°
( — 0+ 2¢]+5 822¢ —pl &,. (7.4.5)

This equation may be readily brought to the regular form of the Poisson equation by first
dividing the last equation by &,

agﬁ ¢, & 82;;5: +— L 5(05(y)5(2) (7.4.6)
ox> oy’ q 0z &o&

and further defining &=z /¢, / ¢
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0°p, 0%, 0% _ a _ /e,
o oy Tort = e SWB(Eele, ) = =598 NSENTAT)

This result indicates that within the framework of the “new” coordinate system (X, y, <),
we have an effective charge g, =q/, /ngH with the potential satisfying the Poisson
equation

o° o° 0 _ Ot
(axz + o + o j(ﬁ s S(X)o(y)o(&)- (7.4.8)

Consequently, from the solution of this equation in isotropic space

(X y,5) = k (7.4.9)
47750\/X +y +<

or
q 1

472'50\/5L8|| \/Xz n y2 +[5J_]22
&

Note that contours of a constant potential are ellipsoids

D(x,y,2) = -

(7.4.10)
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Exercise #3: What is the potential if the same charge is located at a height h from a
grounded electrode.

Exercise #4: Based on Maxwell equations show that if the matrix & is symmetric i.e.
g; = &;, then the energy density is given by

W, = %50 E<E. (7.4.12)
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7.5 Electro-Quasi-Statics in the Presence of Matter

The purpose of this section is to illustrate a quasi-dynamic effect associated with the slow
motion of a dielectric layer; the term “slow” implies here that the velocity is much
smaller than c.

s

o

At t = 0 the capacitor - see Figure - is
charged so that V_(t = 0) =V,. The

question posed is: what is the velocity
(v) of the dielectric slab (¢,) in the x-

direction which leaves the voltage across
the capacitor unchanged.

In order to solve this problem we first X
have to find an adequate description of its electro-quasi-static characteristics; we start
from the calculation of the total electric energy stored between the two metallic plates.
Since the z component of the electric field (E, ~V /h) is continuous, and, further

Ignoring edge effects, we have
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L x

—
h
y

L L J

1 (VY 1 (VY t=0
WE - EEO(FJ XhAy +§808r (Fj (L — X)hAy. (751)
This expression determines the capacitance of the system as W, = %CVC2 and therefore

A
C(x) = &, Ty[x+gr(L—x)]. (7.5.2)

The equivalent circuit of the system is a capacitor C(x) in series with a resistor R,
subject to the initial condition (x=0 at t=0) as well as V_(t=0)=V,. The equation
describing the voltage dynamics in this circuit is
V.+IR=0, (7.5.3)
wherein | is the current linked to the time-variation of charge stored in the capacitor, i.e.
| =dQ/dt, hence
dQ _

d
V. =—-R—=-R—(CV,). 7.5.4

Here we observe for the first time that the capacitance varies in time. Explicitly (7.5.4)
reads

va(i + d—Cj +crMNe - g (7.5.5)
R dt dt
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At this point it is interesting to observe two facts: t=0

1. Time variations in the capacitance play a similar role in the
circuit as the conductance.

2. Contrary to conductance, which is always positive, C may be negative. This implies
that capacitance variations may cause energy to be transferred to the circuit (recall
that an ordinary passive resistor always dissipates power!!).

We may now use the explicit expression (7.5.2) for the capacitance and, further bearing
In mind that the dielectric slab moves, i.e. X varies in time, we may write

dC dx dx
@ NI o _)y WX 7.5.6
a— h{dt e )dt} (e - n dt (7:5.6)

Further, for simplicity (and reality) we assume at the outset that the slab moves at a
constant velocity (v), being much smaller than the speed of light (v<c), hence

Eq. (7.5.5) may be explicitly written as
A, vt |dV,
1-Reg, (¢, _1)FV +R| C, C =0, (7.5.7)

dt

wherein

AL AL

rL Clzgo(gr o

C, = &¢ (7.5.8)
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: \Y/ .
The requirement of constant voltage (ddtc = Oj clearly implies

that the first term square brackets on the left hand side of (7.5.7) must vanish, i.e.

A
1-Rg, (&, —1)?yv= 0 (7.5.9)
so that
Ho
v=c—t N V& (7.5.10)
& —-1A, R

R 4 x10°
condition in Eqg. (7.5.9) is not satisfied the equation may be rewritten in the form
dv R(CO - Cl\ll_t)
: +V. =0. (7.5.11)

AV ¢
at g Re, (&, _1)F;

For ¢ ~30, h/A, ~107, x /ﬂo ~ 229710 we obtain v~ 1m/sec. When the
€0

We now define a new variable

221




t

7=

AV
{1— Re, (&, —1)—?’]}, (7.5.12)

as well as the coefficient
-1

A
=SV L R e~ o]l (7.5.13)
C, L | RC, h

With these definitions (7.5.11) reads
av. (1-¢0)+V. =0
dr

yielding therefore the solution

dVC__ dr . :i ~ _ B /¢
VT T N = S S V) =V Ot ¢7]

c

(7.5.14)

1/¢
- Gt
Vc(t)—VC(O){l S J .

A
Note that according to the sign of & i.e. 1—5(5r _1)TVX, the voltage across the
T c

capacitor may increase or decrease. In case the velocity is below its critical value
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R EL—x y g,
: : xo/' L |
determined by (7.5.10), i.e. £>0, the voltage decreases | ¢=0

whereas above this value, it actually increases. The former
case implies dissipated power whereas the latter implies that there is net energy
conversion from kinetic energy (the slab) into electric energy. A similar approach may be
resorted to in the synthesis and in the analysis of micro-mechanical detectors.

Exercise #5: Calculate the electric energy stored in the capacitor, the power dissipated in
the resistor and the power provided by the moving dielectric slab.
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7.6 Magnetization Field

7.6.1 Dipole Moment . : .
For the magnetic field we follow an approach similar to

that introduced in Section 7.1. The main difference in this
case is the experimental lack of a magnetic monopole. As a
result, the magnetic field depends on the electric current
density whose divergence in quasi-statics is zero namely,

V-J=0.

In a boundless space the magnetic vector potential, in Cartesian coordinates, is given by
A(X, Y, Z) — ﬂj‘dxrdyrdzr J (X Y Z ) .
4r VX=X +(y-y) +(z- 2"
Let us consider for simplicity a rectangular loop in the z-plane, its dimensions being
a, xa,. Explicitly the current density is given by

(7.6.1)
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2
. (7.6.2)

oo sl xo B ) sl xa A
J,(%Y,2)=16(2) 0| x 2) 5(x+2ﬂ

Based on the previous relation, the relevant magnetic vector potential reads

J.(XVY,2)=16(2)| o y+3]—§[y—%ﬂ

AK='U—OI a,/2 X’ 1 B 1
A -a,/2 , ay 2 ay 2
(x-x) +(y+2j +7 (x—x’)2+(y—2j +7
E G e
- ] (_ ya, a, _ MMy
drr|  r? 4rr®”

where we have defined here the magnetic dipole moment as
m =laa,. (7.6.4)
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In a similar way

wl a2 1 1
A\/:i.[_;/ylz y 2 B 2
\/(x—?j +(y-y) +7 \/(x+azxj +(y-y) +7
7ol 8 W) (e w)
47zrj—ay/2 y{( 212 r? 212 r?
_ | QX _ HMmX
Axrr r? Arr®
and finally
A(XY,2)=0.
Based upon these results we find that
A= 'uosrﬁxf,

Ay

(7.6.5)

(7.6.6)

(7.6.7)

and the definition of the m, the magnetic dipole moment can be generalized to its vector

form
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m % [ady'dzix 3(r). (7.6.8)

Relying on (7.6.7) the magnetic induction

I§:§XAZ§>{ASIT]X F}: o 3]T(m°3")_m (7.6.9)
Arr A r
In our particular case M= m,z
B =AM 3X
" A r°
5 _ M 31 -1 _ MM, 3yz
B= 4;: r3 mz g By = 40_—7z-r—5 (7610)
B = IUOmZZZZ—XZ—yZ
’ 4 r° ’

consequently, the magnetic induction components form an ellipsoid
2 B 2 2 2
(&j B +(Ej :(Eﬂo_mziaj, (7.6.11)
3 3 2 2 Ar 1

Exercise # 6: Plot the contours of constant magnetic field in the various planes.
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Exercise # 7: In order to avoid breakdown, the secondary parts of a transformer are 30
cm apart. Assuming that the wires form a square loop carrying 500 Amp of current, show
that the magnetic induction 10 meters away is of the order 8 x107° [T], or 0.08 [mG].
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7.6.2 Force on a Magnetic Dipole

The Lorentz force acting on a negative electric charge moving in an external field (B) is
given by

F=—quxB. (7.6.12)
For a distribution of particles of density n, the force density is given by
f =—(gnv) x B. (7.6.13)

Bearing in mind that the current density linked to a flow of charge is defined by
J = —qgnv, we have for the force on the entire ensemble

F= _[ dx'dy'dz’ J (X', y',Z)x B(X,y', 2). (7.6.14)
Assuming that the magnetic field varies slowly in the region of the current distribution
we may expand, obtaining

B(X,Y,Z) = B(0)+ - (VB)reo L, + - (VB)), oL, + - (VB,),,oL, (7.6.15)
For dc or quasi-static currents (flowing in closed loops) the integral over the current
density is zero i.e. _[dx’dy’dz’j (x',y',Z") = 0 therefore,

F = [oday'dz {J(X, Y, 2){ I (VB,) oD, + T+ (VB, ), oL, +T-(VB,). L || (7.6.16)
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Following each component separately (using the fact that V- B = 0) we find
F = (MxV)xB=V(m-B)-m(V-B)=V(m-B) (7.6.17)
This directly implies that the mechanical energy associated with the presence of a
magnetic dipole moment in the magnetic field:
g, =—m-B, (7.6.18)
since
E

~VE,. (7.6.19)

Exercise # 8: Prove the steps that lead to (7.6.17).
Exercise # 9: Show in a similar way that for an electrostatic dipole moment in an electric

field, the energy is & = -p-E.
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7.6.3 Bound Magnetic Charge

If we assume that at the microscopic level a magnetic dipole moment is represented by
m, then the magnetization

M =>'nm (7.6.20)

with this definition, and similar to Gauss' law and the electric polarization, we may define
the magnetic induction as

B=u,(H+M), (7.6.21)
where M is the magnetization and we recall that
V-B=0. (7.6.22)
Consequently,
V- uH ==V u,M (7.6.23)
and it is therefore convenient to define the magnetization charge density (p,,):
P ==V ;M (7.6.24)

and, correspondingly, the magnetization charge surface density p . is
Psm = _in ‘:uo(l\_/](a) - M(b) ) (7625)
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7.6.4 Magneto-Quasi-Statics in the Presence of Matter

Magnetization fields are widely used for data ve s
storage. In this sub-section we consider a simple {ﬁ
model for the process of signal retrieval from a et
pre-magnetized  tape as well as the 7

electromagnetic process associated with it. A L Q
schematic drawing of the system is illustrated in CTZ

the Figure. Its essence, the magnetic flux
imprinted in a moving tape is measured as voltage by a suspended loop.

The magnetization of a motionless thin tape (thickness d) is in the z-direction and is
taken to be periodic along the y-axis:

M = M, cos(ky)L; (7.6.26)
the tape is infinite in both y and x directions. At an elevation h above the tape a
rectangular (/) loop is positioned. The tape moves in the y-direction with a velocity v

and the question is what voltage V is induced by the moving tape in this loop.
The first step is to "translate” the moving magnetization into the (rest) frame of the loop.
By virtue of the non-relativistic transformation i.e.,

y—>y =y+wt (7.6.27)
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we conclude that in the laboratory frame of reference

M = M, cos[k(y +Vt)]L,. (7.6.28)
Explicitly this means that in the laboratory frame of reference the magnetization varies
periodically in time with characteristic angular frequency

@ = kv. (7.6.29)
Since for practical purposes we have assumed
VLG, (7.6.30)

we are able to calculate the magnetic field in the entire space assuming v=0. After
calculating the magnetic field in the entire space we shall make the adequate
transformation to account for the motion of the tape.

The magnetic scalar potential y» from which the magnetic field is derived is a solution of
the Laplace equation therefore,

(Aexp| —k(z-d/2)cos(ky) z>d/2
w(y,2) ={B sinh(kz) cos(ky) |z|<d/2 (7.6.31)
—Aexp| k(z+d/2)]cos(ky) z<-d/2,

where use has been made of the fact that H, is an even function of z which implies that
w has to be an odd function of z.
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|
Let us now examine the boundary conditions associated d
with this problem: i

(a) The condition that the tangential magnetic field is continuous at z=+d /2 implies
A= Bsinh(kd / 2). (7.6.32)
(b) The divergence of M is zero throughout the space therefore there exists at the
discontinuity a magnetic surface charge density

Psm = HoM, COS(Ky) . (7.6.33)

As indicated earlier, p. ., determines the discontinuity in the normal component of the
magnetic field (H,) hence

,uOHZ(Z:%JrOj—,LzOHZ(Z:%—Oj:,uOI\/IOCOS(ky) (7.6.34)
therefore, bearing in mind that H, = —aa—(’”, we obtain
Z
+KAL, + kB, cosh(kd /2) = 4, M, (7.6.35)
and the solution of (7.6.32), (7.6.35) reads
B= %exp(—kd/Z) . A= %sinh(kd/Z)exp(—kd/Z). (7.6.36)

The scalar magnetic potential in the upper half-space for a motionlesstape is given by
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w(y,z>d/2) = %exp{—k(z—%ﬂ[sinh(kd/Z)exp(—kd/2)]cos[ky]. (7.6.37)
When the tape moves
w(y, zt) = %exp[—k(z — d/2)]| sinh(kd/2) exp(—kd/2) |cos[k(y +vt)].  (7.6.38)
The magnetic flux through the Ioop IS
/2 I/2
O(0) =4[, 0

1/2 /2

z=h+d/2

= —( k)e_kh [smh(kd/z)e‘kd/ 2} [ dycosk(y +vt) (7.6.39)

= “Toll\/l ; [sinh(kd / 2)e_kd/2e_kh}25in (klzj cos(kvt)

By virtue of Faraday's law (in its integral form) @E-dr:—%_fdé- *——%d) we

observe that the magnetic flux induces in the loop a voltage given by V o ®
consequently,

V(t) = —(ZyOIMO)v[sinh (kd/?2) e

—kd/2 _kh}sin (K /2)sin (kvt).|  (7.6.40)
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Comments:

1. The amplitude of this voltage is a linear

function of the velocity (v) and of the
magnetization of the tape.

Ve /Fff -7
I»_/_i_h/
i d
f X

2. Storing more information along a given length implies a larger value of k. This, in
turn, implies that h has to be reduced | M,e ™" | or that M, must increase.

3. If k/'/2 <1 (nosignificant field variation across the magnetic tape) then
V = —(kv)(,M,| 2)[sinh(kol 1 2)eKd/ Ze_khJsin(kvt)
the first term is the angular frequency as defined in (7.6.4) and M ¢, is the
maximum flux crossing the rectangular loop.
4,

The term sinh(kd/2)exp(—kd/2), for large kd / 2, tends asymptotically to 1/ 2,

whereas for kd /2 <1, it equals kd / 2. Consequently, the smaller the value of d, the

lower the induced voltage.
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7.7 Field in the Vicinity of an Edge

In the chapter on quasi-statics we have discussed extensively the transition from statics to
dynamics with regard to the characteristics of devices. It has been pointed out that one
criterion of deciding between quasi-statics and dynamics is the ratio between a typical
geometric parameter and the exciting wavelength. So far we have considered primarily
low frequency devices, but the concepts of quasi-statics are valid even if we consider
optical wavelengths (1 m), provided the geometric parameter is smaller than 100 nm.

7.7.1 Metallic Edge

Consider for example the case when the wavelength
IS much longer than the radius of curvature of an
edge (1> R) as illustrated in the figure on the
right.

For example, one may conceive a laser beam
(A ~1um) illuminating a nano-meter size probe (R~ 10nm). Based on this assumption

the electric field in the vicinity of the edge is a solution of the Laplace equation since
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¢’ o’
or explicitly
V3D =0, (7.7.2)
Assuming that the system is infinite in the z-direction and so is
the excitation, then

{VZ 1y }CD =0 (7.7.1)

2
18r8+1282 ®=0 (7.7.3)
ror or r°o¢
Is the equation to be solved subject to the zero potential on the walls
d(r,pg=al2)=0 and d)(r,¢=27z—%)20. (7.7.4)
The solution has the form
D ~ (AeJV¢ + Be_jv¢)rv,
thus imposing the boundary conditions
p=al2: pelvel?  pgmival? _

4

‘::::JHHHHNN . _! ________ )z L

2
S|

b=2r—al2: Aejv(27z—05/2) N Be—jv(Zn—a/Z) -0,
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or in a matrix form
ejva/Z e—jva/Z A o
oIv@r-al2)  ~jv(@2r-al2) | B e

A non-trivial solution is possible provided the determinant of the matrix is zero implying

sin[v(2z —a)] =0, (7.7.6)
hence
v(2r—a) =7n n=1,2,3..
or
V= U2 n (7.7.7)
l1-al2x
According to the boundary conditions _
pelval? geivel2 _o_ g _pplva, (7.7.8)
thus
O(r, @) o< sin[v(g — al2)]r¥ (7.7.9)

and finally the general solution may be written as
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o
. ¢__ zn

o o ;o 2 2T —«
DOlr,—<¢g <27x—— =§ sin| 7z n r : 7.7.10
( g <0 < 2) 2SNy (7.7.10)

It is important to point out already at this stage that the angle of the edge determines the
curvature of the potential. The figure in
the right illustrates the contour of constant
potential for « =7 /6.

For a thorough analysis let us examine the
field components linked to the first
harmonic: the potential is given by

o T
"2
(27— (7.7.11)

@, = Asin| r

27—«

and the cor;esponding_] field components

240



i ¢_g W T 1

E=-Yg, r—2 27—« (7.7.12)
or 2T —«a
| ] )
(94 T
P 1
E, = ooz A cos 7 2 f2r-a (7.7.13)
r og 2T —«a 2T —«a

One of the most intriguing properties of this field is that at the limit r — 0, if o <, then
the electric field diverges nevertheless, the energy is finite. The first part of this statement
Is evident from Eqs. (7.7.12)-(7.7.13) whereas for the second part, one needs to examine
the energy in a finite volume around the edge. Explicitly this is given by

2r—al2 R 1 1 1 272-
W=a, | d¢jdrr[§goE2+§goE;} 250AA TR27 -« (7.7.14)

al?
Consequently, regardless the value of «, the power of R is positive

AN (7.7.15)
2T —«a
therefore, at the limit of R— 0 the energy is finite. Clearly, assuming that the voltage is
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known, and it is proportional to A, it is possible to determine the capacitance in the
system. In order to have some feeling as of the cappacitance associated with the metallic
edge let us define the voltage as the potential at ¢ = 7, r = R thus EQ.(7.7.11) reads

a
P (r
2r—a \ R

T T

jZW—“ or A=V,R 27~ (7.7.16)

®, =V, sin| z

consequenly, subject to this definition of the voltage, the capacitance is independent of
the angle of the wedge

W:%CVO2 = CIA, =¢gl4. (7.7.17)
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7.7.2 Dielectric Edge

R

A similar approach may be followed to investigate the field distribution ¢
in the vicinity of a dielectric edge. Based on the knowledge of the field
in the vicinity of a metallic edge, the character of a typical solution may

be anticipated to be symmetric relative to the x-axis. Specifically,

E,(4=0)=0=,(r,4) = Acos(vg)r” (7.7.18)
E,(¢=7)=0=®,(r,4) = Beos[v(z - g)Ir". (7.7.19)
Since we have taken care of the symmetry, we impose the boundary conditions only at
p=al?.
Continuity of @ entails

Acos(va / 2) = Beos[v(z —a 1 2)], (7.7.20)
whereas continuity of D,
Assin(va | 2) = -Bsin[v(z —a I 2)] (7.7.21)

For a non trivial solution, this equation system formulated next in a matrix form

(co_s(vaIZ) _C?S[V(ﬂ_a/Z)]j(Aj:O (7.7.22)
esin(val2) +sin[v(z—al2)] \ B
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entailing the determinant ought to vanish i.e.

o v Jon| -5 ) s[5 Jos o -5 ]|
(=5
an(+5)

Clearly, the curvature parameter depends on the dielectric coefficient of the medium.
Note that at the limit & — oo the first solution is
(94 T T
vit—-——|=—=+0=v=
( ZJ 2 2T —«
Identical to the result in (7.7.7) . The figure on

the right illustrates the dependence of curvature
parameter on the dielectric coefficient.

(7.7.23)
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7.7.3 Capacitance in the Vicinity of an Edge

Previously we have made a rough estimate of the
capacitance associated with the presence of a metallic
edge imposing a certain voltage. In this section we shall
determine the capacitance in a self-consistent way.
Consider an electrode that is infinite in the z-direction, 777777 065
infinitesimally thin and it has an angular spread =

|d—7|< g A voltage V, is applied to this electrode, all
the other surfaces being grounded — including the edge («) and the surrounding surface
see Figure. Consequently, the potential is given by

vin vn
A (R%] —(ﬁj R<r <R,
N o L xt r
q>(r,¢)_n2:;sm{nv(¢ 2)} o (7.7.24)
B, LR) 0<r<R

wherein as before, v is given by v = . Continuity of @ at r = R implies

27T —«

245



vn vn
R\ (R« _
A‘KF@J (Rj ] o (7:1:25)

Therefore, we may rewrite the potential

o(r,¢) = YU, R, (r)sin {nv(qﬁ—%ﬂ, (7.7.26)

wherein
( vh —vn
(r [
Rext] (Rext)
R<r<
R(r)=1 ﬁvn _ﬁ—vn Rox (7.7.27)
NG
(—) 0<r<R
R
and R= . In order to determine the amplitude it is assumed that the electrode is

Xt

Infinitesimally thin, thus the charge-density reads

p(1.4) = p(#)5(r -R) (7.7.28)
entailing that the discontinuity in the electric induction D, is
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R+0 1R+O
j drr——r—CD( == j drrp(r,4), (7.7.29)

£ R0 A~
thus '
R+0
{ o {rai’ == [ drep(rg)
o [r=R+0 O l=R-0 % R.Q
1
= ——Rp,(9). (7.7.30)
&o

Substituting (7.7.26) we get
_a)| dr(r) _AR\(r)
RZU Sm{n‘/((b ZH{ dr lr=Rio O

or explicitly based on the definition of R (r) in Eq. (7.7.27)
d -vn 2
—R (r
(dar( )r:R+O (dar( )

= (7.7.32)
and using the orthogonality of the trigonometric function we find

}z‘—lRps(qﬁ),(?.?.sn
r=R-0

&y

r=R-0 R 1_ﬁ2‘/n
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27z—g

2
| d¢ps(¢)sin{vn(¢—%ﬂ (7.7.33)
a

Un = iﬁ(l_ﬁzvnj 2
2g,vN 27 —

2
implying that if the surface charge-density, p.(#), on the electrode is known, the

potential may be established. However, in practice the opposite is the case; we know the
voltage on the electrode

CD(r =R |¢-r|< gj =V, (7.7.34)

based on which the surface-charge distribution should be determined. The exact solution
requires solving an integral equation that is beyond the scope of this lecture.
Nevertheless, we may proceed to an approximate solution by replacing the continuous
electrode with N line charges located at certain angles ¢ i.e.

ps(9) = ZWQ 5(p—4) (7.7.35)

In this way the unknown charges may be readily established by imposing the potential in
N points on the electrode
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O, =0(r=Rg¢=9¢)= isin{nv(gﬁj —%ﬂ
xiﬂ(l—ﬁzvn\ 2 ZQ sln{nv(gé ——ﬂ (7.7.36)

)Zﬂ—aAZR,B

1 2r &1 =2vn, . )l a
Xi = Ty ,BZ;z—anZ:;‘vn(l_ R )sm{nv@ﬁj —Eﬂsm{nv(ﬁ —EH,U.?.S?)

we realize that

O = ilini' (7.7.38)
or -
Q= Z[Z_l]ijq)j- (7.7.39)

Bearing in mind that for any j, @, =V, implies that the potential is known in the entire

space. Moreover, it is possible to calculate the capacitance since the total change on the
electrode is
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N
Qtotal = ZQH then
i=1

Qua = X007 IV = C=2 = Y1y, (7.7.40)

i=1j=1 0 i,j=1
A simpler approach to the solution of the potential in Eq. (7.7.26) subject to the charge
distribution that determines U in Eq. (7.7.33) is possible if we assume that the charge is

uniformly distributed on the electrode. Explicitly, the surface charge density p, is
assumed to be given by

_ Q B e, B
P = AZR,B{h(QS r+2)-n{4-7 Zﬂ (7.7.41
implying
Q1 =2vn, 27 . (1 : a
U, = 27z A, Vn(l— R )Zﬂ_asmc(avnﬂjsm{nv(y—zﬂ. (7.7.42)

For the evaluation of the total charge Q we again impose the condition in Eq. (7.7.34) ,

or if to be more precise, since we assumed that the surface charge density is uniform, the
potential on the electrode is expected to vary. Therefore, we shall assume that the
average potential on the electrode equals the voltage V, i.e.
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7+£ il

2 2
j dgd(r = R, ¢) = ZU— | d¢sm{nv(¢——ﬂ
F B
- -
iu smc( nvﬁ)sm{nv(y—%ﬂ, (7.7.43)

consequently, the charge
Q= Y
1 27 =2vn, . (1 j _ ( a) ’
1-R )sinc? =nv 2lnv|y——
2me A, 271 — a;vn( ) (2 p Sm{ 7732
whereas the normalized capacitance

652 Q . . —— . (7.7.45)
ﬂgoAzVO 27 Z (1 R )SinCZ(;nvﬂ)SinZ{nv(y_aj:|

2T —atSvn 2
The potential distribution associated with this electrode, in the framework of this last

approximation, is illustrated in the Figure below and the dependence of the capacitance
on the various parameters follows.

(7.7.44)
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With the capacitance established, it is possible to determine the energy stored in the
system.

W(a, 8,7, R Ry, A,) = %C(a,ﬂ,% R R AN - (7.7.46)

Assuming that the voltage V, is set, we may determine the force on the electrode. For
example, the radial force on the electrode is

.= —%, (7.7.47)
OR
whereas the azimuthal force is
F, = _la_W. (7.7.48)
R oy

Exercise #10: Calculate the resistance per unit length between o
the edge and the electrode. Analyze the effect of the various 0%
parameters on this quantity. G
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7.8 EM Field in Superconducting Materials

Superconducting materials play an important role in low noise devices or intense
magnetic field devices (MRI, levitation trains and particle accelerators). In order to
understand the basic process occurring in a superconductor, let us examine a simplified
model which describes the conduction in regular metals. In vacuum the motion of an
electron subject to an electric field E is given by
dy=_%¢ (7.8.1)
dt m
In a metal, the electron encounters collisions therefore, if we denote by 7 the typical

time between two collisions, then the dynamics of the particle is determined by

dy=_V_®e¢ (7.8.2)
at T m
From this relation we may deduce that the average velocity of the electron is given by
v=-ZE (7.8.3)
m

hence, the current density

J :—env:—en(—sz: M E-GE, (7.8.4)
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wherein

(7.8.5)

represents the conductivity.

For superconductors r — oo therefore we end up with a situation similar to vacuum

therefore

v A

d_ = _E E= _3 _a_ ’ (786)
dt m m\ ot

where A is the magnetic vector potential; we have ignored the electric scalar potential

and consequently we may assume a typical velocity

v=SA (7.8.7)
m

Based on this relation we may define the current density associated with the
superconducting electrons as

J.=—-en.v= —enSCEA, (7.8.8)
m

where n. is the density of the "super-conducting” electrons. Note that as in
semiconductors, the mass is not necessarily the mass of a free electron.
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An important observation is that the relation in (7.8.8) dictates in the static case the gauge

since charge conservation entails V-J =0 hence V-A=0 also dictating zero electric
scalar potential as it reflects from (7.8.6). Equation (7.8.8) dictates the so called London's

equations for the microscopic electric and magnetic field

- oA o m = m aJ,
E=z=—=——| — > JSC = >
ot ot e'ng en, ot
and
1
Ho Ho

H =

2 - 2
€ nsc :uoe nsc

§XAZL§X[— m jscj_ il §stc'

(7.8.9)

(7.8.10)

Combining the last equation with Ampere's law (VxH =J) and neglecting the

contribution of the electric induction D we find
Vx(VxH)=VxJ

- . e’n. -

V(V-Hj—vz = —y, —=H

-0 m

hence
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2
vA=S 1 g- 1
me, C A
(7.8.12)
A —is called the Meisner coefficient and it describes the penetration ALY
depth of the magnetic field in a superconducting material. In order to materigl

illustrate the effect consider a 1D problem, where we set
H,(x=0) = H,, all other components being identically zero:

d> 1

Consequently H, =Ue™* +We** and since the solution needs to converge at X — « we
conclude that W = 0 therefore

H,=He" (7.8.14)
In order to have an idea of the penetration depth consider n_ ~10°"m™ hence
1 1.6x107" x10” 1 1

42~ 051x10° x8.85x10%  2.710

A ~107 m ~100nm. (7.8.15)
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Note that although the electric field may be zero (dc) the current density is nonzero, and
In spite of the static condition the magnetic field does not penetrate the material.
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7.9 EM Field in the Presence of Moving Metal

When a metallic film moves in the vicinity of a magnet, currents are induced in the film.
These currents have two effects firstly they dissipate power and secondly, they generate a
decelerating force J xB; the two are related and in this section we shall consider this
relation. The example to be examined in this section relies on the observation based on
the Coulomb force for a motionless charge

F=qgE (7.9.1)
and its extension to a moving charge

F =q(E+VxB) (7.9.2)
we can extend the constitutive relation in a motionless metal
J=0cE (7.9.3)
to
J=c(E+VxB) (7.9.4)

when the metal moves at a velocity v, in the Figure we show a simple example to be
considered consisting of a periodic magnet and a metallic layer.
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Q

In the absence of the moving metallic layer the > ;
magnetic field generated by the periodic _ S - A
magnets may be roughly approximated by g N| [S] [N] [S] [N

L X V4 -
() =B — cos| 27— lexp| —27— 7.9.5 2=0
A Py. ( T C p| —27 1 ( )
therefore the magnetic field components read

OAP)
B{P = A BOCOS(ZLLXjexp(—ZzEJ (7.9.6)

0z

O (p)
g = N - —Bosin(zil_xjexp(—Zﬂfj; (7.9.7)

OX
the superscript p indicates that this is a primary field. The presence of the moving
metallic layer generates a secondary magnetic vector potential (superscript p) which is

: : 2 :
a solution of the Laplace equation (Tﬂ > 2). Between the magnets and the metallic
C

layer A is
AT (x0<z<h)= {Aexp(ﬂzf) + Azexp(—szﬂsin (ZLLXJ (7.9.8)

and
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_ h
A(/sec)(x,z> h) = %exp(—Zﬂz—thsin(ZLLXj. _ . ? <

Since the magnets which impose the primary
magnetic vector potential may be represented by a

surface current density and assuming that the
secondary field is weak enough such that it does not affect this current,

Hf(sec)(z:O):O = A._AZ =0 (7910)
and consequently
(=) (x 0 < z< h) = 2Acosh| 27Z |sin| 272 | (7.9.11)
L L

The amplitudes A and A, are next determined by imposing the boundary conditions at
z=h. First the A™ has to be continuous [fi- (B, —B,) = 0] at z= h:

2 A cosh (27:%) =A

and second the x-component of the secondary magnetic field is discontinuous. The
discontinuity is determined by the current which flows in the metallic layer
H.(z=h+0)-H,(z=h-0)=J,,.

(7.9.12)

(7.9.13)
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Based on (7.9.4) and bearing in mind that E=0, | * .
we conclude that h

J,=—ovBP® = J  =—-AvoB (7.9.14) XN () W (s

hence

...........

1 A

Hy 0Z

z=h+0 z=h-0

27 ) X 27 i h) . X
—Asin| 27— |+—-2Asinh| 27— |sin| 27—
L (”Lj LA (”Lj (”Lj

27 L . 2zX h
=+uAov—2B sin exp| —27— 7.9.15
HoR O =50 L p( Lj (7.9.15)

Explicitly this reads

ZC[Ag + ZEZZAsinh(Zyz%) = ,uOAavBOexp(—Zﬂ%] (7.9.16)

and together with (7.9.12) we can determine the two amplitudes:

1

A= E(BO ij(,quVG)exp(—Mzgj (7.9.17)
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and Y. f
L h h o |
A = (Bo Zj( ,quVG)eXp(—47Z'Ej COSh(Zﬂ'I} X | NGO E S--. o
(7.9.18) z=0 +~— L g
Consequently, the secondary magnetic field reads
0
B = _ Y A=)
g Gzﬁx
(. z h
—smh(ZnI]exp(—Mtj 0<z<h (7.9.19)

= B, (¢,Avo)sin (27{%)4

0
B = 9 A=)
‘ OX A

= B, (¢,Avo) COS(Z%%}

exp(

—27[2—— 4ﬂﬂ)cosh (Zﬂ'ﬂj Zz>h
L L L

cosh (Zﬂfjexp(%;z%j 0<z<h

exp(

—Zﬂz;h — 47zhjcosh (Zﬂ'ﬂj z>h.
L L L
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(7.9.20)
7.9.1 Power and Force

The power dissipated in the metallic layer is given by

2
_ L o1 1 h L. X
P= ijo dxAJy;_AyAg{avBoexp(—ZEIﬂ _[0 dxsin (Zzt) (7.9.21)
hence
2
P=A Al avBOexp(—ZﬂDj L (7.9.22)
o L)| 2

Recall that the power is the product of the force and velocity, consequently the
decelerating force which acts on the metallic layer is

11 h
F, = KL—BO (AyAL)M ,uoo-vAexp(—4ﬂIﬂ. (7.9.23)

Ho
Note that this force is proportional to the magnetic field stored in the metal, it is
proportional to the velocity and the conductivity and it decays exponentially with the
height (h).
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Chapter 8 Some Basic Electrodynamic Concepts

8.1 Plane Waves in Non-Conducting Medium

So far we have seen that energy can be transferred by an electromagnetic field when the
latter is guided by wires or plates. One of the most important features of Maxwell's
equations is that they support solutions which carry energy in free space without
guidance. The simplest manifestation of such a solution is the plane wave. It deserves its
name from the fact that the locus of its constant phase is a plane; the solution has the
form

exp(ja)t - jE-r); (8.1.1)

k being the wave number and at this stage we shall assume that all its three components
are real. Substituting in Maxwell's equation we find immediately several features:

1. Faraday's law

VxE=-2 uH = H=KxE—

at a):uoﬂr |
i.e. E&H are perpendicular.

(8.1.2)



2. Gauss' law
V-geE=0=k-E=0 (8.1.3)
implying that k and E are perpendicular.

3. Conservation of the magnetic induction

V-uuH=0=k-H=0, (8.1.4)
thus k is perpendicular to H too. If we go back to (8.1.2) we observe that k,E and H
are three orthogonal (in space) vectors.

4. The complex vector Poynting

S=ZExH =2| Ex(KxE) —
B 2 2 a)/uoﬂr
(8.1.5)
- [(E-E*)HE-R)E*}: " |EFK,
20441, T 2044, 14,

—

where we used the fact @x(bx¢)=(a-¢)b—(a-b)c. Therefore the complex vector
Poynting is real and parallel to k. Note that V-S=0.
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5. Magnetic and electric energy density

- *

W =%803rE-E

(8.1.6)
1 =] N 1
Wy =ttt A H = g | (KxE)-(K<E) | - (8.1.7)
4 4 (contos, )
where we have substituted (8.1.2). Now we can take advantage of the fact that
(axb)-(€xd)=(a-¢)(b-d)—(a-d)(b-c) (8.1.8)
and obtain
. o e L 2.2
Wy = KCEE ~(K-ENK-E) | =265 E-E X0 (819
4o /u01ur T 4 @ lurgr
Since we have shown that V- S =0 we anticipate that W, —W,, = 0 which implies
2
K-k = %gr,ur. (8.1.10)
6. Wave equation:
VxH =08,6¢E=E=- 1 kxH. (8.1.11)
WELE,

We may now multiply (8.1.2) by k:
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} 1 (8.1.12)

_((;Ogr = .
WOy K, TS0 Wy K,
hence
-  — a)z —
{k-k——zgryr}gzo, (8.1.13)
C
which is the wave equation and for a non-zero solution, it implies
2
Kk=%cp. (8.1.14)
C

This result is identical to that in (8.1.11) obtained from energy considerations.

7. Phase velocity. In case of a plane wave the temporal and spatial variations of the
field are according to cos(wt —kz+1). Clearly, the region in space of constant phase is
determined by a plane (from here the name plane wave) @t —kz = const. For an external
observer to measure this constant phase it needs to be stationary with this plane i.e.

@At —kAz =0 thus its velocity ought to be
AZ

=—=—; 8.1.15
AL K ( )

this is the phase-velocity.
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8. Group velocity. Consider two plane waves

w(z,t) = cos(w,t — Kk, z)+cos(w t—k 2) (8.1.16)
of two different frequencies @, =@+t Aw and their corresponding wave numbers
k., = k£ Ak. Using trigonometric identities we have

w(z,t) = 2cos(Awt — Akz) cos(awt — kz). (8.1.17)
Now, assuming that o >|Aw| and k>>|Ak| we may consider cos(Awt—Akz) as a

slowly varying amplitude. Therefore, we may ask what is the speed an observer needs to
move in order to measure a constant amplitude. Similar to the previous case,

Awt — Akz = const. This is to say that, Awot —Akoz =0, or at the limit 6t > 0 we may
define the so-called group velocity

_Ow

V, =—. (8.1.18)
ok
In the simple configurations discussed here both V, and V. are constant satisfying
V,V, =c* /e p,. (8.1.19)

This is not the case in general.
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9. Dispersion. Consider an electromagnetic pulse that when monitored at z=0 has a
known form, for example a pulse (though the next steps are not dependent on this specific
form):
E 0,t L [ter/ t 8.1.20
Z: ) - = ) ) bl
(Z=00=E, = P T) (8.1.20)

where 7 is the pulse duration. The question Is what will measure a different observer
located down the road at z=d equipped with an identical probe.

In order to address this question it is convenient to define the Fourier transform of the
signal at z=0 I.e.

E,(z=0,) = [dog(w)e!™ o &(w) = ij dre VN E (z=0,t). (8.1.21)

With the spectrum established we may proceed and determine the functional dependence

of this pulse in space, assuming it propagates along the positive direction of the z-axis
E,(z#0,0) = [dog(w)el1K@)Z (8.1.22)

Substituting Eq. (8.1.21) We_obtain
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E.(z20,1) = Jd{%J dre JN E (2=0,1) [l IK(@)Z
LA 2

= [dtE, (2= o,t')ij dowelt-1)-1k(@)z (8.1.23)
7 2
The expression
G(t,z|t) = — [ dwel 1) Ik(@)z (8.1.24)
2
may be conceived as Green's function i.e.,
E,(z20,t) = [dt'G(t, z|t)E, (2= 0,t'). (8.1.25)

Evidently, the shape of the pulse at z>0 will be preserved only if Green's function
becomes a Dirac delta function and the only case where it happens is, if the phase
velocity of all frequencies is the same. In order to prove this statement consider Eq.
(8.1.10) which entails

G(t,z|t) :ij‘da)exp{ja)(t—’[’—E &M, ﬂ = é‘(’[—t'—E gr,urj
2r * C C

or
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E(z>0,t)=E, (O,t’ :t—é & M, j (8.1.26)
This is to say that the pulse propagates at a velocity c/ /¢, 4. which in case of vacuum is

c. And the pulse reaches the point z=d after At = d &M, .
C

In order to understand how important the fact is that all the waves have the same phase
velocity, let us assume without loss of generality that x =1 and a dielectric coefficient

which is frequency dependent. For the sake of simplicity, we shall assume that it equals
g, for frequencies below a critical value (a, ) and unity otherwise

£() = {‘9f )< @, (8.1.27)
1 o> a,.

This is to say that waves of low frequency have a phase velocity c/ \/gT , Whereas high

frequency waves have the same speed as if in vacuum. We may now evaluate G(t,z|t’)

subject to the assumption above i.e.
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G(t, z|t') =i'[da)exp[jco(t—t')— ik()Z]

= i:Tda)exp{ jo(t—t') - jﬁ\/g(w)z}
27 Y C

Oy

| da)exp{ja)(t—t’)— j%z}

—00

1 o : N @
_§< +_0J: da)exp{Ja)(t—t)— jz\/gjz}

+ [ deexp| jo(t-t) - 2z
Py C

cr

vV

) (8.1.28)

o jo(t—t)-]%z
Without loss of generality we may add and subtract o j dwe C | inwhich
T

Oy
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Ccase

G(t,zt") —jdwexp{m(t t'—;)}—fdwexp{l%t t-%(ﬂ

el
e o5 o]

(8.1.29)
wherein sinc(&) =sin(&) / £. Substituting in Eq. (8.1.25) we get
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E (zt)= Tdt’G(t, Z|t)E, (0,t")

C

cfond o (1125 and o e-102]

clearly indicating that the pulse does not preserve its shape. This phenomenon when a
pulse changes its shape because waves at different frequencies have different velocities is
called dispersion. The equation that determines the relation between the wave number k
and the angular frequency o is called the dispersion relation. Equation (8.1.14) or

K= Q«/grﬂr Is the simplest manifestation of a dispersion relation.
C

Z\ w. 7
=E |[0,t—— |+— | dt'E,(O,t’
( j [, (o)

Comment: It is important to point out that the dispersion is not only a result of frequency
dependence of the material but also the geometry of the structure where the wave

propagates.
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8.2 White Noise and Cerenkov Radiation

The source of electromagnetic waves is always charged particles. Let us now investigate
the waves attached to a moving point-charge

J,(r,z,t) = —qV5(z—Vt)2—1r5(r) (8.2.1)
T

that moves in a dielectric medium (e.g. glass ). It is convenient to determine the Fourier
transform of the current density

iz(r,z;a)):ijoo dte_ja)th(r,z,t) =
279
00 o v = C
= L cav)-2s)]” de 1 s(z-w) st
21 27y o0
N 3
1 —1 V 1 . B¢ q
=—(-qV o(r)e — < . -
27r( a )27zr (r) V ) v
. ()
_ —1=Z
-9, v

27w 27r . Cerenkov cone
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Here we observe that the spectrum of a moving point charge is constant (frequency
Independent); this is one possible interpretation of white noise. This particle moves in a
dielectric medium &, >1 and g, =1. The z-component of J, excites the z-component of

the magnetic vector potential A,(r,z @) which is a solution of:

{V%g = }A (r,zw)=—u,J,(r, zw)—%#exp( jgz} (8.2.3)

The term exp(—j gzj dictates that A,(r,z o) is given by

A(r,zw)= az(r)exp(—jszj (8.2.4)
hence
1d d o1 _qu, (r)
{? dr rdr & | S —grﬂaz(r) C 27 2ar’ (8.2:5)

where =V /c.
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The general solution of this equation is

a(r)= ClKo{r% /%—gr }czlo[r% /%—g, j (8.2.6)

but K, (&>1) =exp(—¢£)/ /& andl (&>1)=exp(&)/JE. Consequently C, =0
otherwise the solution dlverges for r > oo. In order to determine C, we can integrate
(8.2.5) intheinterval r:0 > o

o 5drrliriKo @ iz—grr = q“"z, (8.2.7)
0 rdr dr c\ p (27)

C, riK0 @ iz—grr = q,uoz.
dr °lc\p ., (@n

It was previously indicated that for small argument K (& <« 1) >~ —In(¢&) therefore

{5 gK(s)} {(5(—) 5} —cl-(‘;“; (8.2.8)

The magnetic vector potential reads

hence
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. ()
r /%—gr ]e v (8.2.9)

0 1
——T

ol [T

Coy 94, o

e ool 1) 6219
T C ﬂZ r

1. Invacuum (&, =1) the field decays exponentially in the radial direction.

o= S

and for large arguments

2 L s >0ie V<V = c/J¢, then the behavior is similar to that in vacuum.
IBZ r ph r

3. If i—g <0i.e V<V, =c/,e thenthe particle emits a wave which propagates
,82 r ph r

at an angle
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r 2

tan @ = . e pi-1=
ol
cCp

coso, = L

BJe,
This is called Cerenkov radiation and 6, is the
Cerenkov angle.
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8.3 Radiation from an Oscillating Dipole

Among the simplest and at the same time widespread X
manifestation of radiation emission is the one occurring when | :
two charges oscillate. In Chapter 7 we examined the potential of | '

two stationary charges. In this section we allow them to oscillate.
Here are the main assumptions of the problem we analyze:
1. The charges oscillate at an angular frequency . The motion of the charges is in the

z-direction only generating a current density J, = ja)%qz—lré(r)ﬂz). In free space
T

(no boundary conditions) this current density generates magnetic vector potential A .
2. The system has azimuthal symmetry = d, ~0.

3. By virtue of a Lorentz gauge ® = 0.
4. (A, @) ~~1I,
C()2
|:V2 +?:|Hz = _Ez / €o- (831)

Away from the source
1 d? o’
=)+ 11, =0 (8.3.2)
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and the solution is

i
exp| —j—r
I, = A ¢/ (8.3.3)

-7 r
In order to determine the amplitude A recall that the potential of
a static dipole is [see Eq. (7.1.6)]

0] P icos 0,

2

Argy 1
where p=qd. According to the definition in (2.3.8)
@ =-
0z
which for @ =0 reads
® = —Q(é) = Aizcos 0.
oz\ r r
Comparing with (8.3.4) we obtain
1
A=
A7,

hence
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(8.3.5)

(8.3.6)




jam

= Ee><|0(—j9rj. (8.3.7)
Arg, 1 C

The next step is to determine the emitted power. For this purpose
we have to calculate the Poynting vector

~r —p—0

S =%[E9ﬂ;—E H,, | (8.3.8)

The only terms which contribute to the total power are those which decay as 1/r hence

. @ . @ 1 . @
Az = | zﬂz = | 2 P |:_exp(_1_rj:|
C C™ Arme, | 1 C

@=—& =__P > —jgrexp(—jgrj—exp[—jgrj cosé (8.3.9)
0z Are,r C C C

:jﬂ & Fexp(—jgrﬂcose.
Cdrng, | 1 C

Since electric scalar potential @ is ¢ independent and the magnetic vector potential _A
has no component in the azimuthal direction we conclude that E, =0 which implies that

S :EEQH* (8.3.10)

—r 2_ _qj'
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In cylindrical coordinates
oA

HH, = - a;z’ (8.3.11)

where r =/ p> + Z° , therefore the azimuthal component of the magnetic field is given by

o p 0|1 Lo o p |1 ( Lo j .
H =—]— ex —r || ~—— —exp| —]—r | |sIn@ 8.3.12
HoZZo Jc A7, 8,0{ p( I ﬂ ¢ 4re, {r Pl ( )

Next we calculate E,. In principle it is given by E, =—(1/r)0® /06 - jwA, but since

the first term is proportional to 1/ r* we shall consider only the second one. Thus
A, ~ A ssing (8.3.13)

and consequently
2
= _jwA, = joAsing=-2 P Fexp(—J Qrﬂsinﬁ (8.3.14)
r C

¢’ 4re,

According to (8 3. 10) we now obtain
1,2
S { p(—jgrﬂsine}{ 10)2 P Fexp(jgrﬂsine}
o C Uy C Armgy | 1 C
= ‘0 8.3.15
2uC ( j (4%5()) zSin ( )
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and the total average power reads

o e (o p Y1 | 2t (@ p Yr
P=r jo dgojo dgsm{ZﬂokC@woj sin 9}2%(:“4%0} jo dgsin® @ (8.3.16)

The integral can be evaluated analytically

,; 7r _ _ 1 2 4
= 30 — 2 — - 30 Ir - -
'[0 d&sin6 = Io dé[sin 8 —sin Bcos O] = 2+(3cos (9|0j 2 373

hence

22 2\?
p=2, L[ P “)j4— L( p “’]8”. (8.3.17)

72' _ -
21,0\ by & ) 3 2n\ dng, € ) 3

Denoting the current associated with the oscillation of the dipole by | = gw we obtain

p=lp 2{(2 dj i} | (8.3.18)

2 C 671

Comment 1: Based on this observation we may define the impedance of this radiating
dipole

P 1(w Y
Rz— =p—1%4/1. 8.3.19
12/2 noGﬂ[Cj ( )
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Comment 2: Another interesting observation relies on the fact that the average power
emitted per period of the radiation field W = PT = 2zP/w, hence

1 o’
W= P pz?- (8.3.20)
Bearing in mind that the energy of a single photon is expressed in terms of Planck's

constant is given by (% =1.054 x10>*Joule-sec) W, =%, then the number of emitted
photons by the dipole is given by

2 2 2
Nph = ﬂ = (ng 2z € 1 = Zza(ggj (8321)
W, ec) 34rmg,hic 3 \ec
2
wherein o = ¢ 1 ~ 1 is the so-called fine structure constant and e=1.6 x10"°[C]
Are,hc 137

IS the electron's charge. Examining this relation (8.3.21) for a single dipole reveals that
the number of photons emitted per dipole is very small bearing in mind that typically the
size of the dipole is much smaller than the wavelength.

Comment 3: We may now re-examine one of the basic assumptions of the analysis in
Section (8.3). Namely, the fact that the oscillating dipole has a constant complitude d. It
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IS possible to conceive this dipole as a harmonic oscillator which when its radiation is

ignored satisfies
2

mg?z 1 KZ =0, (8.3.22)

wherein m is the mass and K is the "Hook coefficient" representing the binding potential

— whatever its characteristics are. Multiplying by ?j—f we obtain

2
d T(d—zj +Kz20og (8.3.23)
dt| 2\ dt ) 2
WikIN Weot

which is the energy conservation when the radiation emitted is ignored. Note that based

on Eg. (8.3.22) the oscillating frequency is @ =+~/K/m. It is therefore evident that the
oscillatory motion is

Z(t) = %cos(a)t +y) (8.3.24)
implying, according to Eq. (8.3.23), that the total energy

m'd
Wrorar =Wian +Weor = E(ij (8.3.25)

287



IS constant. This is justified as long as we ignore the electromagnetic energy emitted by
this dipole. When accounting for this energy namely, assuming that the change in the
total energy (W5, ) equals the emitted (em) energy then

d 2 n,l?
EWTOTAL =—P= _{gﬁ}NTOTAL' (8326)

Since in the past we denoted | = ew and assuming now that e is the charge of an
electron, then

d 2T,
EWTOTAL = —[53(20))2 TOTAL (8.3.27)
wherein r, ~2.8x107°[m] is the so-called classical radius of the electron
2
¢ 1 (8.3.28)
g, MC

According to Eg. (8.3.27) the energy of the dipole is not constant but decays
exponentially with a time-constant

-1
7= gg{%j . (8.3.29)

At 1[GHZz] this time-constant is 45[min] whereas at 100[THz] it is less than 1[ «sec].
Consequently, for most practical purposes the decay process is negligible on the scale of
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a few periods of the oscillation.

Comment 4: Subject to the far-field approximation we have concluded that the amplitude
of the oscillating dipole is not constant. From the perspective of the oscillating charge
this implies that in addition to the “binding” force there is another force associated with
the radiation field.

Evaluation of this field is facilitated by three straightforward observations: First we know
the total average emitted power

P= %,70| | |{(de i} (8.3.30)

C 67

as evaluated in the framework of the far-field approximation. Second, this radiation is
emitted in a loss-less medium implying that the far-field power equals the power
generated by the dipole or according to the Poynting theorem

P= —Re{%_f dvd” - E}. (8.3.31)
Third, the current density which generates this power is

J, :—q(ngjziﬂp)a‘(z) — jop——5(p)5(2) (8.3.32)
70 227mp
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implying that the power in (8.3.31) is
Pz—?%{ﬁm%&m}. (8.3.33)
Using the definition of the dipole-moment (p = qd) and comparing (8.3.33) with (8.3.30)

we find that the radiation reaction is proportional to the dipole moment and cubic with
the frequency

1

Ars,

(8.3.34)

" .2 o\
E§®=r—0p{—J
3 C
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