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Abstract

We propose a model-based learning algorithm, the
Adaptive Aggregation Algorithm (AAA), that aims
to solve the online, continuous state space rein-
forcement learning problem in a deterministic do-
main. The proposed algorithm uses an adaptive
state aggregation approach, going from coarse to
fine grids over the state space, which enables to
use finer resolution in the “important” areas of the
state space, and coarser resolution elsewhere. We
consider an on-line learning approach, in which
we discover these important areas on-line, using a
confidence intervals exploration technique. Poly-
nomial learning rates in terms of mistake bound
(in a PAC framework) are established for this algo-
rithm, under appropriate continuity assumptions.

1 Introduction

Markov Decision Processes (MDPs) provide a standard frame-
work for handling control and sequential decision making
tasks under uncertainty ([4, 17]). Solid theory and a vari-
ety of algorithms enable the efficient computation of optimal
control policies in MDPs when the state and action spaces
are finite. However, an exact solution becomes intractable
when the number of states is large or infinite. In this case,
some approximation schemes are required. See [4] and [6]
for a thorough discussion. Also, see such recent works as
[1, 11, 14].

One natural approximation approach is state aggrega-
tion, in which the state space is discretized into a (relatively
small) finite collection of cells. Each cell is said to aggregate
the states that fall in this cell. Once the aggregation is per-
formed, the new problem is a planning problem in a reduced
state space, which can be solved by regular techniques. The
main question that arises here is how to perform the aggre-
gation, so that, on the one hand, obtain a “good” approxima-
tion of an optimal policy, and on the other hand minimize the
problem complexity. This question was addressed by many
works, such as [21, 9], which provide formal answers under
some continuity assumptions on the model parameters.

An extra difficulty is added when dealing with learning
problems, namely situations where the model of the MDP
is initially unknown. Reinforcement Learning (RL) encom-
passes a wide range of techniques for solving this problem
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by interacting with the environment. An important part of
an RL algorithm is the exploration scheme. The role of ex-
ploration is to gain new information by appropriate action
selection which directs the agent towards unknown states of
the MDP.

Recently, efficient learning algorithms were presented
and proved to learn nearly optimal behavior (with high prob-
ability) within a time or error bound that is polynomial in
the problem size. These include the E3 [13], R-MAX [7],
MBIE [18], GCB [8], UCRL [2] and OLP [20] algorithms.
These algorithms use efficient exploration techniques, which
are often based on the so—called “optimism in face of uncer-
tainty” principle. However, these algorithms are infeasible
in cases where the state and/or action spaces are very large
or infinite, since their time and space complexity is typically
polynomial in the size of the space.

On the other hand, most of the existing algorithms for
solving “large” problems that rely on state aggregation, are
heuristic in nature, without formal guarantees. These include
such works on adaptive aggregation as [15], [16] and [5].
An exception is the algorithm proposed by Diuk et al. [10],
which uses R-MAX as the basis. However, this algorithm re-
quires a specific structure of the problem; otherwise, its total
mistake bound is polynomial in the size of the state space,
which can be very large or infinite.

In this paper we focus on the online reinforcement learn-
ing problem in MDPs with very large or infinite state space,
finite action space, discounted return criterion, and with de-
terministic dynamics and rewards. For concreteness we will
focus on the continuous state case; however our schemes and
results also apply to the discrete case, where the number of
states is very large or countably infinite. The proposed al-
gorithms use an adaptive state aggregation approach, going
from coarse to fine grids over the state space, which enables
to use finer resolution in the “important” areas of the state
space, and coarser resolution elsewhere. We consider an on-
line learning approach, in which we discover these important
areas on-line, using a confidence intervals exploration tech-
nique. Certain continuity assumptions on the basic model
parameters will be imposed. Such assumptions are essential
for generalization in continuous state space, especially when
using the state aggregation approach.

The principle that governs our basic scheme is simply
to split frequently visited cells. The idea behind this prin-
ciple is as follows. As time progresses, we will visit cells
that are “close” to the optimal trajectory; on the optimal tra-



jectory, we need high resolution. Perhaps surprisingly, this
principle is not sufficient to obtain theoretical results. Con-
sequently, we will propose an improved variant of the basic
algorithm, for which learning rates in terms of total mistake
bound (see below) will be established. In this variant, in ad-
dition to splitting the visited cells, we also split cells that the
algorithm “could have” visited (according to the uncertainty
in the model of the MDP that was learned so far).

We will use the total mistake bound as a performance
metric for our algorithms. This metric counts the total num-
ber of time-steps in which the algorithm’s implemented pol-
icy is strictly suboptimal from the current state. This metric
has been used in a number of recent works on on-line learn-
ing in discounted MDP problems1 [12, 18, 19]. In our case
we will establish two types of mistake bounds, which we
call the prior bound and the posterior bound. The first type
ensures that our algorithm is not worse than a non—adaptive
algorithm, which uses a single uniformly dense grid. In this
case, our mistake bound is thus polynomial in the number of
cells in this grid. The second type ensures that the mistake
bound is polynomial in the number of cells in the actually
used grid.

The paper is structured as follows. In section 2 we present
the model and the notation. In section 3 we introduce some
further definitions and assumptions. In section 4 we pro-
pose a basic version of our AAA algorithm, while section 5
presents an improved variant of the algorithm that is required
for its convergence. In section 6 polynomial bounds on the
total mistake count of this improved algorithm are presented,
while section 7 proves these bounds. In section 8 we provide
some additional results without proof. Finally, conclusions
and future work are presented in section 9.

2 Model and Performance Metrics

We denote a deterministic MDP by the 4-tuple M = (X A,
f,r), where X is a state space, A is an action space, f (z,a)
is the transition function which specifies the next state x’ €
X given the previous state + € X and action a € A, and
r(z,a) € [Fmin,Tmaz) 1S the immediate reward function
which specifies the reward of performing action a € A in
state € X.

Letd : X x X — R be a fixed metric on X. We assume
the following regarding the state and action spaces.

Assumption 1
1. The action space A is a finite set.

2. The state space X is a bounded subset of R™. That is,
there exists a constant A,,q. < oo such that for all
z, 2 €X d(z,2") < Apas-

The MDP M is used to model an environment, or a dy-
namic system, with which a learning agent interacts. The
interaction proceeds as follows: At time ¢ the agent observes
the state ; € X, chooses an action a; € A, receives a re-
ward r; = r(mt, at), and the process moves to state x4 =

f@e; a).

"These works refer to this metric as the sample complexity of
exploration.

Let hy = {z0,a0,%1,01,...,Tt_1,0:_1,7¢} denote the
history of observed states and actions, that is available to the
agent at time ¢ to make its choice of a;. Also, let H, £
(X x A)" x X denote the space of all possible histories up
to time ¢. Then, at each time ¢, the agent makes its deci-
sion according to some decision rule m; : Hy — A, so that
a; = m(hy), t > 0. The collection 7 = {m}," is the
control policy. A policy is stationary if the decision rule
does not change over time, and depends only on the last state
observed. We shall slightly abuse notation and identify the
stationary policy 7 with the map 7 : X — A, so that at each
time ¢, a; = mw(xy).

In this paper we focus on the discounted return criterion.
For a given initial state o = x, we denote the infinite hori-
zon discounted return of state x, for a given policy 7, in MDP
M, by

Ty (x Z’y r (e, me(he)),

where 0 < v < 1is the dlscount factor. In addition, we
use the definition of the finite horizon discounted return for
a given policy 7, which we denote by

S (x,T) = Z’Y

The optimal return is denoted by Vs (x) £ sup, J5; (),
which is also called the optimal value function. We often
drop M from the notation above, if it does not cause confu-
sion. A policy 7 is optimal if J™(x) = V(z) holds for all
x € X. For any € > 0, a policy 7 is e-optimal if J™(z) >
V(x) — e holds for all z € X.

It is well known ([17]) that the optimal value function
satisfies Bellman’s equation

V(w) = max {r(z,a) + 7V (f(z,0)}, 2 €X, (1)

$t,ﬂ't ht))

and any stationary deterministic policy 7* which satisfies
m(x) € argmax, e, {r(z,a) + YV (f(z,a))}, z € X, is
an optimal policy. Let Q(z,a) = r(z,a) + YV (f(z,a))
denote the action—value function, or )-function, which pro-
vides the return of choosing an action a in state x, and then

following an optimal policy. Also, we let V4, = ”1”_—“;
Note that V,,,,, is the maximal possible discounted return of

any policy.

Our main performance metric will be mistake bound (or
policy-mistake bound), introduced for RL in [12]. It counts
the number of time steps ¢ in which the algorithm executes a
not e-optimal policy from the current state, ;. Specifically,
let 7; be the decision rule that the algorithm uses at time
¢ to choose its action. Then, given hy, A, = {m;}—, is
a (non-stationary) policy that the algorithm implements at
time ¢, and > o, v*~'r;, £ JA(2,) can be interpreted as
the return of this policy from time ¢ onward, where r; =
r(wy, Te(2r)) and 241 = f(@r, T (21)). Now, the policy-
mistake count is defined as

oo

ENT{TA (@) < Vi(we) — e} 2)
t=0

For deterministic domains with finite state—space, we have

the following near-optimality criterion.

PM(e)



The Policy-Mistake Bound Criterion

A learning algorithm is PAC (Probably Approximately Cor-
rect) if for each € > 0 there exists a polynomial

1 1
G

such that PM(e) < B.

Note, that while the “probably” aspect is absent in our de-
terministic case, we will find it convenient to keep the PAC
terminology here.

A possible alternative to the policy-mistake count is the
action-mistake count, defined as follows:

AM(e) £ ZH {Q(zy,ar) < V(xy) —e€)}. 3)

t=0

This criterion counts the number of sub—optimal actions, that
is, the number of times that an algorithm executed an action
whose action—value is e-inferior to the optimal value. It is
easily verified (see Corollary 1 in [3]) that policy-mistake
count is a stronger criterion, in the sense that AM(e) <
PM(e). Hence we focus here on the former.

In the above definition, the bound B depends on the num-
ber of states |X|. In case |X] is infinite, some other mea-
sures of X must be considered. As already mentioned, in our
case we will replace |X| by the number of cells in sufficiently
dense grid over the state space.

3 Preliminaries

a. Grid-Cell Notation

A grid S over the state space X is a partition of X into disjoint
elements that covers the whole of X. We call any s € S a
cell. We say that a grid Ss is a refinement of a grid S, if for
every cell s € S, there exists s € Sy, such that s C s'. We
denote this relation by S; < S;. For any sets A and B of
cells, we define the intersection operator between these two
sets as

A/\Bé{sAﬂsB:SAEA,SBEB}\{Q)}' )

Fora givencell s € S, let A(s) £ sup, ¢, d (z,2”) de-
note the cell size (or diameter) in the given metric d. For two
given cells s, s’ € S, we define the biased distance between
these cells as

inf s,z’ s’d 3 ! ; /a
db(s,s')é{lilg(i)’xe (@,2) ziz )

Of course dy (s, s’) is not a distance in a regular sense, since
it can be negative. Also, for given state x € X, let s,, € S be
the cell that includes x (x € s,). Then, givenacell s € S, we
define the biased state-to-cell distance dy (s, ) = dj, (s, 55).

b. Feasible Splitting Schemes and Grids

Given a source grid S; and a candidate s € S; to split,
a splitting scheme tells us how to split s into cgpys; cells
81y s Segprier With 83 N 85 = @, U;s; = s, to form a refined
(target) grid So = S;. We are interested in splitting schemes
that decrease the size A(s) of a cell s. More formally, we
require the following condition on the splitting scheme.

Definition 1 (Feasible Splitting Scheme) A splitting sche-
me with splitting coefficient cpy;4 is feasible if there exists
0 < A < 1 (independent of s) such that A(s;) < MA(s) for

t=1,..., Coplit-

Now, given a fixed feasible splitting scheme and an initial
grid Sy over the state space X, we define the set of feasible
grids as the set of all grids that can be obtained by using this
given scheme starting from Sy.

c. Continuity Assumption

The following continuity assumption will be imposed on the
basic model parameters.

Assumption 2 There exist constants « > 0 and 3 > 0 such
that, for all x1,x5 € X and a € A it holds that

r(x1,a) — r(x2,a)] < a-d(z,2), (6a)
d(f(z1,a) = f(22,a)) < B-d(w1,22). (6b)

A continuity assumption of some kind is obviously es-
sential for generalization in continuous state spaces. As-
sumptions of similar nature to the one above were used in
various works on state aggregation, such as [21, 9]. However,
we note that the specific assumptions used in these papers re-
fer to continuity of probability densities. Consequently they
are too strong for the continuous deterministic case as they
imply that all states are mapped to the same target state.

In this paper we will treat in detail the case 70 < 1
(where v is the discount factor), in which there is some “con-
traction” effect in the system dynamics. Results for the com-
plementary case of 73 > 1 are presented without proof in
section 8.

We assume that both « and 3 are known for the purpose
of learning.

4 The Basic AAA Algorithm

In this section we present the basic variant of the AAA al-
gorithm, which is directly based on the principle of split-
ting frequently visited cells. As it turns out, this algorithm
may fail in some cases, and therefore no theoretical guaran-
tees will be presented. Instead, we will provide an example,
showing the source of the problem. This will provide the
motivation for the improved scheme in the next section.

In the following subsections we present the different parts
of this algorithm in detail. An outline of the complete algo-
rithm is presented as Algorithm 1.

a. Action—Grids and Common Grid

In our algorithm, we will use separate grid for every action.
This will allow to use a different resolution for each action.
We denote by S;(a) the grid that is used by the algorithm at
time ¢ for action a. We denote by S; the coarsest grid which
is a refinement of all S;(a) at time ¢. That is

St é /\ St(a),

a€h

where the intersection operator is defined in (4). We call this
grid a common grid (at time t). This grid will be used to
compute the value function, while the action—grids are used
for empirical model estimation.



Algorithm 1 Basic Adaptive Aggregation Algorithm (out-
line)
Input parameters:

Maximal reward 7,44,

Lipschitz continuity parameters « and /3,
Count threshold N,

Cell size threshold A..

Initialization:

1. Initialize the grid to some initial grid Sp(a) = Sy for
all @ € A, and the cell count N(s,a) = 0, forall a €
A s € Sp;

2. Forall s € Sp(a) and a € A, initialize the reward upper
confidence bound and the transition confidence set:

7(s,a) = maz, Cly(s,a) = Sp(a).
For timest =0,1,2, ... do:

1. Policy Calculation: Algorithm 3
2. Policy Execution: Algorithm 4
3. Cell Splitting: Algorithm 2

b. Empirical Model

We use a single sample to estimate empirically the reward
and transition. Specifically, suppose that we choose action
a in cell s. We thus obtain the sample (z,a,r = r(z,a),
' = f(z,a)), with z € s and 2/ € s’. We define the
empirical model based on this single sample:

7(s,a) =, @)
f(s,a) =" (8)

Once the sample from (s, a) is obtained, the model remains
unchanged for this pair (until the cell is split).

c. Splitting Method and Episode Definition

Assume that a fixed feasible splitting scheme is used through-
out (cf. Definition 1). Define a count threshold /. We will
split a cell if the number of visits to it exceeds . In addition
to this splitting criterion, we also employ a “stop—splitting”
rule, based on the size of the cell. Let A, be a (small) cell size
threshold parameter. Then, if a cell s satisfies A(s) < A,
it will not be split anymore. Using A., we define an episode
of algorithm execution as follows.

Definition 2 (Episode) An episode is a period of time [ty t1],
in which the algorithm encounters cell-action pairs (s, a;) =
(s,a) with s € Si(a) such that A(s) < A, at all times
t € [to,t1 — 1], but at time t = ty, the above condition is
false.

Thus, the execution of the algorithm can be divided into dis-
joint episodes, each of some (variable) length H = t; — 1o+
1. As described below, we will use a fixed (stationary) pol-
icy during each episode, and will update the policy only at
the beginning of a new episode. Since the number of times
that the algorithm encounters a pair with A(s) > A, can be

bounded, it follows that the number of episodes, and thus the
number of different (stationary) policies that the algorithm
uses, can be also bounded. This will eventually enable us to
prove a bound on the policy-mistake count, in section 7.

We will use some extended grid notation. As before,
St(a) will denote the grid that is used at time ¢ for action
a. Soo(a) will denote the grid that is used for action a at in-
finity. Finally, S, will denote the coarsest feasible grid with
A(s) < A forall s € S.. We call this grid e-optimal grid.
The number of cells in S, can be bounded as follows (see
Lemma 6 in section 7):

Avvas logy /5 (esprit)
) )]

A
where Sy is the initial grid, A and c,p;;; are the parameters of

the splitting scheme (Definition 1), and A,,,,,. is the diameter
of the state space (see Assumption 1).

Ne = |Se| S |SO|Csplit (

d. Confidence Intervals and Upper Value Function

In the AAA algorithm we will use a confidence intervals ex-
ploration technique as it applies to deterministic systems due
to aggregation. Below we present the definition of the con-
fidence intervals in case of continuous state space, and how
we use them in the algorithm.

At any time ¢, and for every a € A and s € S;(a), we
define the reward confidence interval around the empirical
reward (7) as?:

ClL.(s,a) = [ﬁ(s,a),F(s,a)]
= [f(s,a) — alA(s),7(s,a) + aA(s)]

if the pair (s, a) was sampled till time ¢; otherwise, the re-
ward confidence interval for this pair is inherited from the
parent cell. By the continuity Assumption 2, this confidence
interval satisfies that r(z, a) € CI,(s,a), V& € s. Also, the
transition confidence set is defined as:

Ciy(s,0) 2 {' €814y (5, f(s,0)) < 0(s) )

where d is the biased distance defined in (5). (If the pair
(s,a) was not sampled till time ¢, the confidence set is in-
herited from the parent cell as in the reward case). Again,
by the continuity assumption, this confidence set satisfies:
f(z,a) € Clf(s,a), Vo € s. Using this notation, we define
the following dynamic programming operator.

Definition 3 The upper DP operator at time t for any given
function g : S; — R is

Tig(s) = P(s,a) + g
19(s) = max {r(s a)+7 oonax g(s )}

Now, using this operator, we define the upper value func-
tion (UVF) as the solution of the following fixed point equa-
tion: _ _

‘/t(s) = /Tl‘/t(s)a s € St-
It can be shown that this equation has a unique solution,
which can be found using Value Iteration or linear program-
ming. Moreover, we can show that this solution is indeed an

“We drop the time index from most of our notation for ease of
exposition.



upper bound on the optimal value function V. In addition,
on dense enough grid this solution is also very close to V.
We do not provide here proofs for these claims. However,
these claims easily follow from our analysis of the improved
algorithm in section 7.

The policy that is used during each episode of the algo-
rithm (see Definition 2) is now the optimal (or greedy) policy
with respect to Vi (s):

Vt(s’)} , s €Sy

m¢($) = argmax {f(s, a)+7y max
ach s'€Cly (s,a)

We summarize the splitting process in Algorithm 2, and
the UVF and policy calculation algorithm in Algorithm 3.

Algorithm 2 Splitting Algorithm

1. Initialize Sy41(a) = Si(a), forall a € A.

2. For each cell-action pair (s, a), with s € S;(a), which
satisfy N(s,a) > N and A(s) > A, perform the fol-
lowing:

(a) Split this cell-action pair according to the given
(feasible) splitting scheme. Let s1,...,8¢,,,;, €
St+1(a) be the resulting sub-cells after this split.
Let s; be the cell that contains the sample of the
parent cell s.

(b) Initialize the reward upper confidence bounds of
the new cells:

7(s;,a) = 7(s,a), Vj #k,
7(sg,a) = 7(s,a) + aA(sg),

(c) Initialize the transition confidence sets of the new
cells:

Clf(sj,a) = Clf(s,a), Vj #k,

Cly(sk,a) = {S/ €S :dp (5/7 f(s,a)) < ﬁA(sk)} )

(d) Update the counts of the new cells as follows:
N(Sj7a) = 07 \V/j 7é ka
N(sg,a) =1.

e. Policy Execution

As we have seen, the decision rule 7; that is used at each
time ¢, is determined by the UVF, as presented in Algorithm
3 (equation (11)). In addition, in each execution of the deci-
sion rule, a new sample is obtained, and the empirical model
and the confidence intervals of the corresponding cell-action
pairs are updated. This process is summarized in Algorithm
4. Recall that the complete AAA algorithm is outlined in
Algorithm 1.

f. Why the Basic AAA Scheme Might Fail
To realize the problem, consider some cell s. The value of

function V at that cell is computed based on the best-case
cell s; which is the argument of maxy ccr, (s,q) Vi (') (see

Algorithm 3 Policy Calculation
At time ¢, we are within some episode (Definition 2).

If we are at the first step of the episode:

1. Calculate the UVF over S; = A\, St(a) by solving

Vi(s) = TiVi(s),s € Sy, (10)

where 77 is defined in Definition 3.

2. Calculate the corresponding optimal policy

Vi(s') b
(11)

If more than one action achieves the maximum, choose
the first one in lexicographic order.

m(8) € argmax {F(s, a)+7 max
ach s’ €Cly (s,a)

If we are beyond the first step of the episode, use previ-
ously calculated policy: V, = V;_; and w1y = m_;.

equation (10) and Definition 3). However, it may happen
that the actual process never visits s1, no matter how small s
is, or how many times it is visited. This might be the case,
for example, if some points (states) in s map under f(x,a)
to the border between s; and some adjacent cell s, and all
visits to s are to that part that maps to so. In that case, cell s;
which is not visited will remain large, hence with potentially
large error in its empirical estimates. This may lead to a large
error in the estimated value function, and consequently to an
error in the computed policy. We propose a solution to this
problem in the next section.

S The AAA Algorithm

To correct the potential pitfalls of the basic AAA algorithm
above, we need to modify the definition of the upper value
function so that it will more closely approximate the optimal
one. Two major modifications will be introduced:

1. Splitting of “virtually visited cells”. Roughly speak-
ing, for each visited cell s, we define a virtually visited
cell as the best-case cell s*, which is the argument of

MaXy cCr, (s,a) \7,5(5’ ). Virtually visited cells will be de-
fined formally in Definition 6 below.

2. Use of a smoothing operator in the DP equations. This
operator, which is specified in Definition 4 below, al-
lows to improve the accuracy of the value function in
(small) cells even if they are not actually visited (hence
not actually sampled).

In what follows we will focus on the case 70 < 1. As
can be seen in the proof of Lemma 1 (section 7), in this case
we have some sort of a contraction effect. Thus, the results
are technically much simpler than for v5 > 1. The latter
case will be briefly discussed in section 8, and is treated in
detail in [3].



Algorithm 4 Policy Execution

(i) Execute the action a; = m(s;), with s; € S; being the
current common grid cell. For the visited cell-action
pair (st,at) = (st,a), let s € Si(a) be the cell in the
action—grid that contains s;.

(ii) Update the counter: N(s,a) := N(s,a) + 1.

(iii) If (s,a) is visited for the first time, compute the model
of this pair. Namely,

(a) Compute the empirical reward and transition ac-
cording to equations (7) and (8).
(b) Compute the upper reward value

7(s,a) = 7(s,a) + aA(s), (12)

(c) Compute the transition confidence set

Clf(s,a) == {5’ €Syt dy (s’, f(s,a)) < ﬂA(s)} .

(13)
(d) Save the basic sample (x,a,z’) obtained for this
(s,a), withx = x4 and &’ = zy4;.

Definition 4 Let the continuity function of the optimal value
be defined as

o
AV (d) = d, d>0.

)= ale]
The smoothing operator at time t for any given function g :
St — Ris

Tog(s) = min {g(s') + AV (A (s) +dp (5,8))} -

Remark. Note that by definition of the biased distance d
in (5), the above minimized set also includes g(s), since for
s’ =s,

g(s) + AV (A(s) + dy (s, 5)) = g(s) + AV (0) = g(s).
Therefore, Tog(s) < g(s) forall s € S;.

The definition of the smoothing operator will be formally
justified in Lemma 3 of section 7, which states that if g is an
upper value function, thatis g(s) > V(z) forall sand = € s,
then so is 73g. Thus, the smoothing operator 75 tightens the
upper value function g based on the values in adjacent cells.

Now, using the smoothing operator, we modify the defi-
nition of the upper DP operator (Definition 3).

Definition S The smoothed upper DP operator at time t is
defined by T 2 T\ Ty. That is, for given function g : S; — R,

7’29(8’)} :

This new operator smoothes g(s) before applying to it the
DP operation. As before, we define the UVF as the solution
of the fixed point equation:

Vi(s) = TVi(s),s € S,.

Our second modification involves splitting of “virtually
visited cells”. We next define the required notation.

Tg(s) = ma 7(s,a ma;
g( ) aeg{ ( )+78’€C1f(xs,a)

Definition 6 (Virtually Visited Cells) Ar any period [to, t1]
of the algorithm’s execution:

1. Let {si};,  be the actually visited cells s, € S; that
are visited during this episode, and {at}ilzto be the cor-
responding actions, with a; = m(sy).

2. Let {(s}, at)}i;to be the actually visited cell-action
pairs during this episode, with s, € S(a), such that
st C s

3. Denote the virtually visited cells during this episode
by {sf}iffolﬂ where s; € S, and is the argument of
the maximization

Sj. & argmax TV,(s).
s'€Cly(s},a¢)

4. For each virtually visited common grid cell s} € Sy,
let {5}, cp be the action-grid cells (s, € S¢(a)) which
contain s;. We define the virtually visited cell-action
pair as the pair (¢, dy) = (84, a) with the smallest cell
Sq among those action-grid cells.

In the course of the algorithm, both actually and vir-
tually visited cell-action pairs will be split (using a count
threshold as before). We note that the splitting of virtually
visited cells is needed in the common grid S;, to avoid the
problem presented in section 4. This splitting can be done
directly in S;. However, we have chosen to keep the rela-
tion Sy = A c 4 St(a). Thus, we will split the smallest cell
5 € Si(a) which contains the virtually visited cell s* € S;
that is candidate for splitting. In this way, the split is inher-
ited by S;.

Finally, we need to modify Definition 2 of an episode, to
account for the fact that we split also virtually visited cell-
action pairs.

Definition 7 (Episode) An episode is a period of time [tg, t1],
in which:

(i) All actually and virtually visited cell-action pairs till
time t1 — 1 satisfy

A(SQ) S Ae» A(SNt) S Aév

and in addition, {(s}, at)}?:;ol were previously sampled
(that is, were previously visited).

(ii) At time t = t1, the algorithm encounters a pair for
which the condition in (i) is not true.

We present the modified algorithm for policy calculation
in Algorithm 5 and the modified algorithm for policy execu-
tion in Algorithm 6. The splitting algorithm and the AAA
outline remain the same (Algorithms 2 and 1).

6 Main Results (73 < 1)

In this section we summarize the main results regarding the
AAA algorithm. Proofs are deferred to the next section.

Recall the definition of the mistake count (2) and the cor-
responding near—optimality criterion. Also, recall that S, is
the coarsest (feasible) grid with A(s) < A, which satis-
fies (9). First we present the main theorem, which provides
a mistake bound of modified AAA scheme in terms of the
number of cells in S..



Algorithm 5 Policy Calculation (Modified)
Same as Algorithm 3, except that

1. Episodes are defined in Definition 7.
2. Equation (10) is replaced by
Vi(s) = TVi(s),s €Sy, (14)
where 7 is defined in Definition 5.
3. Equation (11) is replaced by
Tﬁz(s’)} :
s5)

m:(8) = argmax {f(s, a)+v max
a€A s'€Cly(s,a)

Algorithm 6 Policy Execution (Modified)

(i) Execute the action a; = m;(sy).

(i) Update the the counters of the actually and virtually vis-
ited cell-action pairs:

N(s},ar) := N(sj,a1)+1, N (5,a¢) := N (54, a)+1.

(iii) If (s}, ay) is visited for the first time, compute the model
of this pair as in Algorithm 4.

Theorem 1 Let € > 0 and assume that the AAA algorithm
receives an input

A L=00-90),
2a(y+2)

Then, the policy-mistake count of the algorithm is bounded
by

6) < |S€| |A| (2N+ 1) In 2 (Tmaac - rmin)

PM( I e(l—7)

In addition to the above theorem, we can obtain a possi-
bly tighter mistake bound in terms of the posterior number of
cells actually used in the course of the algorithm. In fact, the
purpose of adaptive aggregation is that as time progresses,
the algorithm will split cells only in the vicinity of the op-
timal trajectory. Therefore, the actual number of grid cells
“at infinity” will be much less than |S.|. We make this more
formal below.

Definition 8 Ler x be the initial state and let N (xq, a) be
the number of cells in the grid limy_, ., S¢(a), that is

Noo(z0,a) = tll)rgo ISt(a)] . (16)

Also, let N (1) = Y aecs Noo(0, @).

We note that the limit in (16) exists and is finite, since |S;(a)|
increases in ¢, while |S;(a)| < |S.| due to the enforced ““stop-
splitting” rule. For the same reason, we have the trivial bound
Noo(0) < [Sef |A.

Theorem 2 Let € > 0 and assume that the AAA algorithm
receives an input A, as in Theorem 1. Then, it holds that

< 4Noo (LU())./\[ ln 2 (Tma:v - Tmin)

1—vy e(1—19)

Note that the bound of Theorem 2 becomes better than the
bound of Theorem 1 if Noo (z0) < 3 [Sc| |A].

PM(e)

Remark. Since the action-mistake count satisfies AM(¢) <
PM(e), the policy-mistake bounds of Theorems 1 and 2 ap-
ply also to the action-mistake.

Discussion. Theorem 1 implies that the mistake bound is
linear in |S.|. Therefore, using Lemma 6 of section 7 (see
also remark after this Lemma), we obtain the following ex-
plicit dependence on € (ignoring the log factor):

PM(e) < C (/)" |A| (2N + 1), 17)

where the constant C' is polynomial in «, 1/(1 — «y) and in
1/(1—~p). Note however the exponential dependence on the
dimension n of the state-space, which is an obvious artifact
of the dense aggregation approach.

In the context of the posterior bound (Theorem 2), it
should be noted that there is a trade-of between the choice
of the count threshold A/ and the number of cells at infinity
Noo(zp). If we choose N too small, the algorithm will per-
form many splits, and consequently N, () will be large.
In this case it may happen that the algorithm will produce re-
dundant cells, which are not actually needed for near-optimal
performance. On the other hand, if we choose large N,
the algorithm will perform less splits, resulting in a smaller
Noo (o). This however may lead to a slower convergence to
the optimal trajectory.

7 Analysis of the AAA Scheme

Below is the outline of the analysis. First we show that the
optimal value function V' possesses some continuity prop-
erty, which will justify the use of the smoothing operator 75.
Then, we show that there exists a unique solution to equation
(14), and that this solution upper bounds the optimal value V.
Finally, we prove that under certain conditions on the grid,
the optimal policy with respect to the UVF (equation (15)) is
an e-optimal policy, which will enable us to prove a polyno-
mial bound on the policy-mistake count of the algorithm.
For ease of exposition, throughout the analysis we write
CI for the transition confidence set (instead of Cl¢), and de-

note by V;, £ ﬁ(rmam — T'min) the maximal difference
between two returns of any two policies. Also, recall that the

proofs presented below are limited to the v3 < 1 case.

a. Continuity of the Optimal Value Function

In this subsection we show that under the continuity As-
sumption 2, the optimal value function is also Lipschitz con-

tinuous>.

Lemma 1 For any given x1,x2 € X, we have that

|V(l‘1) — V($2)| S d(xl,xg) é AV (d(ml, 1‘2)) .

Q
1—-93

In case ~v(B > 1 it is Holder continuous, see [3] for details.



Proof. Fix x1,x2 € X. From the optimality equation (1), we
have that

[V (21) = V(22)]
< mgx|r(x1,a) —r(x2,a)|

+ ’ymgx |V (f(xha)) -V (f(x27a))|
< ad(x17$2) + ’)/ngX ‘V (f(xlaa’)) -V (f(x27a))| )

where the second inequality follows by Assumption 2. Also
by this assumption, we have that

d(f('rlva)7f(x2’a)) < ﬂd(ﬂ?l,ﬂﬁg),

for any a. Applying the above inequalities iteratively, for any
integer H > 0, we obtain the following bound:

H-1

|V (21) = Viwo)| < ad(1,22) Y (18)" + "V,
k=0

Now, since v < 1, we can take H = oo in the above bound,
and obtain the desired result. O

b. The Upper Value Function

First we prove the contraction property of the upper DP op-
erator used in the fixed point equation (14).

Lemma 2 The operator T is a contraction mapping in the
Lo norm, with the contraction factor ~y. Thus, there exists a
unique solution to equation (14).

Proof. Given two functions g; and g5, we have the following
sequence of inequalities:

|(Tg)(s) = (Tge)(s)|

< 75 — 75
’yrcrbleali( s’ ég%i(a) 291( ) s’ enclﬁi(a) 292( )
<~ymax max |T291(s") — Taga(s')|

a€hA s’eCl(s,a)

< ymax |Tog1(s) — Toga(s)]
Now, since
1 T291(5") — T2g2(s")]

min {g1(s") + AV (A (') +dy (', 8"))} ~

s'’e

— min {g2(s") + AV (A (s') +dp (s',8"))}

5" €S

< . my —
Ihax l91(s") — g2(s")| = |l

it follows that ‘(%gl)(s) - (’j'gg)(s)‘ < vllg1 — 92||, for

all s € S;. Hence,

_92”007

- jtng <7 lg1 — g2l , which
oo
proves the result.

We will need the following property of the smoothing
operator 75.

Lemma3 If g1 : S; — R is an upper bound on the value
Sunction (that is, g1(s) > V(z) forall s € S; and x € s),
then so is go 2 Tog:.

Proof. For given s € S, let s* be the cell that achieves the
minimum in the smoothing operator 75:
s* = argmin {g1(s") + AV (A (s) + dp (s,5))}.
s’ €Sy
If s = s*, then by definition of the biased distance (5) we
have that db(s s*) = —A(s), implying that

V(A(s)+dy(s,8")) = AV (0) = 0.
Thus, g2(s ) = g1(s ) > V(z) for all z € s. Otherwise,
let Tomin e s and z¥, € s* be such that dp(s,s*) =
A(Tmin, 1, )- We have that

A

g1(s™) + AV (A (s) + dy (s, 5%))
> V(xn,,) + AV (A(s) +dy (s, 57))
> V(z),

where the first inequality follows by hypothesis for the state
xy.n € 8%, and the second inequality holds for every x € s
by Lemma 1, since

d(fE 'Imlﬂ) < d(xMZna‘T;kmn)+d(x7$m“’L) < db(sa 5*)+A(5)
O

92(s)

Lemma 4 The UVF ‘N/t is indeed an upper bound on the op-
timal value function. That is, at every time t, we have that

Vi(s) > V(z), Vs € Sy, Va € s.

Proof. Since, by Lemma 2, 7 is a contraction operator, we
can prove the claim by induction on the steps of value itera-
tion. For the base case, let VO(s) = Vi00 > V(2), V2 € X.
Now assume that the claim holds for n-th iteration. For n+1-
th iteration we have by the Lipschitz continuity of the reward
(Assumption 2) and by the definition of 7(s, a), that for all
s€S;and z € s,

7(s,a) = r(zs,a) + aA(s) > r(z,a),
where x4 is a sample point in s. Also, by Assumption 2 and

by the definition of CI(s, a), it follows for any € s, that
f(z,a) € &, with s’ € CI(s, a). Thus,

max TV"™(s') > TV"™(s': f(z,a) €
s’ €CI(s,a)

s') 2 V(f(x,a)),

where the last inequality follows by the induction assump-
tion and Lemma 3. Therefore, we have

Vitl(s) = max{f(s,a)Jr'y max 7'217”(5')}

achA s’ €CI(s,a)
> max {r(z,a) + 7V (f(z,a))}
= V(x).
which completes the induction proof. Since Vn — V, the
result follows. l

c. Near-Optimality of the UVF Optimal Policy

In this section we provide a sufficient condition on the grid,
which ensures that the return obtained by the policy A; =
{m-}>2, which the algorithm implements at time ¢, is e-close
to the UVE: V;(s) — Jiy' (z) < ¢, for a given s € S; and all
z € s. This will imply that V (z) — J53 (x) < e, since V; is
an upper bound on the optimal value; namely, this will imply
that A; is an e-optimal policy.

To proceed, we introduce the definitions of known cell-
action pairs and the escape event.



Definition 9 (Known Pairs) At any time t, define the set of
actually known cell-action pairs:

AK; 2 {(s,a) € S(a) x A: A(s) < A, (s,a) was sampled} .

Also, define the set of virtually known cell-action pairs:

VEK; = {(s,a) € St(a) x A: A(s) < A},

Definition 10 (¢/2-Horizon Time) In an MDP M, the €/2-
horizon time is defined to be

Vb
Tepo = 10g1/»y

Definition 11 (Escape Event) Ar any time t, define the ac-
tual escape event from a given starting cell s € S;:

In a path starting from cell s and following
AFE;(s) £ { Ay for T, /5 steps in M, an actually visited
pair (s}, a;) not in AK} is encountered.
Also, define the virtual escape event from a given starting cell
s E Sy

In a path starting from cell s and following
VE(s) = { A for T, /5 steps in M, a virtually visited

pair (8¢, a;) not in V K, is encountered.

Finally, the escape event is defined as

() JVE(s

We note that the definitions of the known pairs and the
escape event depend on the cell size threshold parameter A..
The next lemma formulates the condition on A, which will
imply that the execution of the algorithm’s implemented pol-
icy A; from time ¢ will obtain a return which is e-close to the
UVE

Ey(s) = AE(s

Lemma 5 Let € > 0 be given and assume that

1-1A-96)

A, =
2a(y+2)

(18)

Then,
Vi(s) = T3 (2) < e + {E4(5)}Vs
holds for all t, s € S; and x € s.

Proof. At given time ty, we consider the execution of the
(non-stationary) policy Ay, for T,/ time steps in M. We
will use the notation of visited grid cells specified in Defini-
tion 6, with t; =ty + T, /2 — 1. Now, we have two mutually
exclusive cases:

(a) For all (s}, a;) it holds that A(s}) < A, and (s}, a;)
was sampled, and for all s} it holds that A(s}) < A..

(b) There exists at least one ¢ € [to, t1] such that the above
condition regarding either s} or s} does not hold.

The case (b) above is easy — if it happens, we have that
either a pair (s, a) not in AK is encountered, or a virtually
visited cell s* with A(s*) > A, is encountered. In the lat-
ter case, since the corresponding virtually visited cell-action
pair (8, a) satisfies s* C §, we have that this pair is not in
V K. Thus, the escape event Ey, (s) occurred during the ex-
ecution of Ay, for T /5 time-steps, which is expressed by the
I{E:,(s)} V} term in the bound.

Now, if (a) is the case, during the execution of A, for
T, /7 time steps we stay in the same episode, and thus the
algorithm’s policy remains unchanged and it is the stationary
policy Tto- For simplicity, assume tg = 0, write 7 for my and
V for Vb, and recall that 7 is the greedy policy with respect

to V (equation (15)). Thus, V(so) = 7 (s}, ao) +vTa Vi (7).
Also, by Bellman’s equation,
I (o) = 1 (w0, ao) + v Jir (21).

Now, we have that

V(s0) = J31 (o)

< 20A(sy) + 7 (BVi(s1) = I (1))

< 2aA(sp)

9 (V(s1) + AV (A (1) + dy (55, 51)) = Ty (1))
< 2a/A(sg)

+ YAV (A (57) + 264 (s0)) + 7 (V(51) = Ty ()

The first inequality follows by the definition of virtually vis-
ited cells, and by the continuity assumption on the reward,
since

7 (sh,a0) — 7 (z0,a0) = r(2',a0) + aA(sy) — 7 (20, a0)
< 2aA(sp),

where 7’ is the sample that was received for this cell-action

pair. The second inequality follows by looking at cell s,

which is the next actually visited cell, instead of looking at

the cell that achieves the minimal value under the smoothing

operator (Definition 4). Finally, the third inequality follows
since both s} and s; are in CI(s(), ag), having

db (ST,Sl) S db (8?,]‘%86,@0)) +db (f(séaGO);Sl)
< PBA(sp) +BA(sp) -
Thus, proceeding iteratively, we obtain the following bound:

V(s0) — Ji (o)
Tej2—1

< Z
+ 7y Te/2 V.
By the definition of T, /5 (Definition 10), we have y7</2V}, <

5. Now, we have to check that the condition (18) of the

lemma regarding A, implies that

[MA s;) + AV (A (s74,) +28A (82))}

T, /-1
Z 7" [20A (51) + YAV (A (s744) +28A(s1))] < %
=0

(19)



It is sufficient to show that if we use the bound on A(s) spec-
ified in (18), then

D 4 20Ac + YAV (A + 28A,)] <
t=0
holds. This will imply (19).
By the definition of AV (see Definition 4), we have to
check that

N

(0%

1
— |2aA,
1 'y{a T

5(1 +20)Ac| <

DO ™

implies the desired bound on A.. This yields
cel— ’Y)7
1—~6 — 2
from which (18) follows. O

d. Number of Cells in e-Optimal Grid

Before proving the mistake bounds, we provide an upper
bound on the number of cells N, = |S|.

A 2a+ ya)

Lemma 6 For a fixed feasible splitting scheme, with param-
eters Cspir and A\, and a single initial grid Sy, we have that

log spli
Ama:c 0%1“(0 plit)
A, ’

Proof. For every s € Sy, consider performing k(s) splits
iteratively, such that at each iteration we obtain new cgp;¢
cells instead of the original one. It follows that after k(s)
such splits, the size of a split cell s’ C s satisfies A(s’) <
Me(5) A(s). In addition, the number of cells in the grid that
contains all such cells s’ is

N=Y"db (20)
sE€So

Ne S ‘SU| Csplit (

Thus, for each s € Sy, we need to find the minimal &(s),
such that

MEA(s) < A (21)
From (21), it follows that this minimal k(s) = k*(s) satisfies

log, (AA(f)) < k*(s) < logy ) (AA(‘:)) +1.

Substituting the last inequality in (20) yields

_ k™ (s)
N€ - Z Csplit

SESo

A@))

1
< Csplit Z (Csplit) Ogl/x( Be

sESo
Als log, /5 (cspit)
= Csplit Z < A( ))
SESo €
Amaw IOgl//\(cSPlit)
S ‘SO| Csplit (A) )
which completes the proof. O

Remark. We note that Lemma 6 shows an exponential de-
pendence of N, on the state space dimension n since in most
cases log; / (csplit) is of order of n.

e. Proof of Theorem 1

First, we note that the escape event F;(s) (Definition 11) can
be viewed as an exploration event. If it occurs at some time
t > 0, the algorithm will encounter (in an execution of length
T, /2) a cell-action pair (s, a) (either actually, or virtually),
with s that is not in S,. In addition, in case of actual escape
event (see Definition 11), this pair was not sampled. This
fact can be interpreted as a “discovery” of new information,
since every such occurrence of an “unknown” pair will lead
to an increase of the count of such pair, and, eventually, to
split of such a pair.

Next two lemmas show that the number of times that “ac-
tual” and “virtual” escape events can occur is bounded.

Lemma 7 The number of times that AE;(s) can occur is
bounded by N, |A| (N + 1) T, .

Proof. Note that any cell s € S;(a) for any a and ¢, can be
visited no more then N times — after this number of times,
the cell is split. Now think of the grid representation of
the state space as a tree, with cells as leaves. The inter-
nal nodes in such tree represent the larger aggregations, that
were used in previous episodes. Now, the number of such
internal nodes is less or equal to the number of leaves, since
the splitting coefficient is greater or equal to 2. Using this
tree representation, the visit to the “unknown” pair can be
interpreted as a visit to an internal node of S.. Since the
counter of this pair is incremented in this visit, by the Pi-
geonhole Principle, the number of times that the algorithm
can encounter an internal node of S, is bounded by

(number of internal nodes of S.) - N - |A| < NN |A].

Finally, when the algorithm encounters a leaf of S, then only
one such occurrence is sufficient in order to the desired cell
to become sampled. Again, by the Pigeonhole Principle, the
number of times this can occur is bounded by

(number of leaves of S¢) - |[A| = N |A].

To conclude, the number of times that an “unknown” cell-
action pair can be encountered is bounded by

NN |Al+ N Al = N. (N +1) |A].

Ateach time ¢, consider the execution of a (non-stationary)
policy A; for T, /, time steps in M. We have two mutually
exclusive cases:

(a) If starting at time ¢, we execute the policy A; for T /5
time steps, without encountering an “unknown” pair (that
is, a pair not in AK}), there is no occurrence of the es-
cape event AF;(s).

(b) If starting at time ¢, we execute the policy A; for T, /o
time steps, and encounter at least one unknown pair at
time t <t < 14T, /s, the escape event AE}(s) occurs.

We then wish to bound the number of time steps that (b) is
the case. In the worst case we will encounter an unknown
pair at the end of the execution episode of length T /5. In
this case, we have that all the succeeding executions for ¢ <
' <t+T. /2 Will also encounter this unknown pair. That
is, if AF;(x;) occurs at some time ¢, also AFEy (xy) for
t<t <t+T. /2 will occur, in the worst case. Since after



N (N + 1) |A| visits to unknown pairs, all the pairs will be-
come known, AE;(s) can occur at most N (N + 1) [A| T /5
times. O

Lemma 8 The number of times that V E.(s) can occur is
bounded by N |A|N'T, 5.

Proof. The proof is similar to the proof of Lemma 7, with
the difference that the virtual escape event can not occur on
the leaves of S.. ]

Lemma 9 The number of times that the escape event Ey(s)
can occur is bounded by N |A| (2N + 1) T /.

Proof. Follows by Lemmas 7 and 8 and Definition 11. [

Finally, we prove the main theorem regarding the mistake
bound of the AAA algorithm.

Proof of Theorem 1. For each time ¢, we consider the execu-
tion of policy A; for T, /, time-steps in M, with the initial
state in each such execution x; (x; € s;). We then have that

Tip(x) = Vilse) —e—I{E(se)} Vs
> V({Et) — € — ]I{Et(st)} ‘/177

where the first inequality holds by Lemma 5, and the second
inequality holds by Lemma 4. However, by Lemma 9, the
number of times the event Fy(s;) can occur is bounded by
Ne (2N + 1) |A| T, /5, implying that

B {JAJ‘/‘[t(xt) < V(xy) — e} < N |A| 2N + 1) T, o,
t=0

which completes the proof of the theorem, using the defini-
tion of the €/2-horizon time, and the fact that log, /v C <

ﬁlnC7 for any C. 0

f. Proof of Theorem 2

Recall the definition of the posterior number N, () of ac-
tually used cells in the course of the algorithm (Definition 8).
We only need to prove the analog of Lemma 9 in this case.
The rest of the proof is exactly the same as that of Theorem
1.

Thus, we need to bound the number of times that an es-
cape event occurs. Here we consider the trees that repre-
sent the grids “at infinity”, namely S, (a) = lim,,— St(a),
a € A, instead of the e-optimal grid S,. First, consider the
actual escape event. As previously, this event can occur on
internal nodes of S, (a) no more than

(number of internal nodes of S. (a)) - N < Noo (g, a) N

times. The leaves of the tree (which are the cells of Sy, (a))
can be classified into two groups:

(a) “Small” leaves, with A(s) < A..

(b) “Large” leaves, with A(s) > A..

On “small” leaves, only one occurrence of the escape event
is possible, since such a cell becomes known (Definition 9)
after one sample. On “large” leaves, there can not be more
than NV occurrences of the escape event — otherwise these
cells would have been split. Thus, the number of times the
escape event can occur on leaves is bounded by

(number of leaves of S (a)) N = N (20, a)N.

To summarize, the number of times that the (actual) escape
event can occur on all nodes, for all actions a € A, is bounded
by > e a 2Noo (w0, a)N.

Similarly, the virtual escape event can not occur more
than 3 4 2Noo (20, @)V times. Note that there is no dif-
ference in bounds on the number of occurrences of actual
and virtual escape events, since the cells of Sy (a) can be
“large” ones, that is having A(s) > A.. Thus, the virtual
escape event can also happen on leaves. By the same argu-
ments as in proof of Theorem 1, the sum of the above two
bounds times the ¢/2-horizon time T 5 is the mistake bound
of the algorithm.

8 The Expansive Case (75 > 1)

Our analysis above focused on case 75 < 1. When v3 > 1,
the analysis becomes more involved. This can be observed
for example, from the bound on the distance between optimal
values of two states, presented in proof of Lemma 1:

H-1

V(1) = V(wa)| < ad(z1,22) Y (18)" +4" V. (22)
k=0

If v3 > 1, instead of bounding the infinite sum of distances
between future rewards, we have to employ a “cut-off tac-
tics”. Specifically, we have to make a balance between the
first term in (22), which grows exponentially in H, and the
second term, which decays exponentially in H. A detailed
treatment of this case can be found in [3] and is omitted here
due to space limitations. Using the approach outlined above,
it is shown that to obtain the mistake bounds of Theorems 1
and 2, the cell size threshold should be taken as

A, = K,

where ¢ £ log(1/7), and K is polynomial in a, 3, 1/(1 —
) and exponential in &; compare this condition to (18) in
case 73 < 1. As a result, in the expansive case we obtain
a worse explicit dependence of the mistake bound on e, as
follows:

PM(e) < C' (1/e)"™ |A| 2N + 1),

where C" is polynomial in o, 3, 1/(1—+), and is exponential
in &; compare this bound to (17).

9 Conclusion

We presented a model-based learning algorithm that aims to
solve the online, continuous state space reinforcement learn-
ing problem in deterministic domain, under continuity as-
sumption of model parameters. We note that we did not ad-
dress at all the issue of the computational complexity. The
goal of the analysis was to show feasibility in the sense of
sample efficiency.



Some ideas for improvement of the proposed algorithm
and its analysis follow. First, it would be interesting from
computational perspective, to formulate an on-line asynchro-
nous variant, that will perform only one back-up of Value
Iteration each time-step, instead of exact calculation, and an-
alyze its performance. Also, the explicit dependence of the
posterior number of cells on the number of cells needed on
the optimal trajectory remains an open and difficult ques-
tion which requires new tools for its analysis. In addition,
more elaborate splitting rules and possible merging schemes
should be considered. Finally, evaluation of the algorithm
using simulations would be interesting from the practical
point of view.

The extension of similar ideas to the stochastic domains
seems possible, under a different continuity assumption (na-
mely, under continuity of transition density as in [9]). Pre-
liminary results for this case can be found in [3]. A possible
future direction here is to formulate an algorithm that will
work for both the stochastic and deterministic cases, under
a unified continuity assumption. Another possible extension
is to the case of continuous action space A, which can be
approached using aggregation, similarly to the state space.
Finally, other reward criteria should be considered — aver-
age reward (with associated loss bounds), and shortest path
problems (total reward). In particular, the shortest path for-
mulation is more natural in such deterministic problems, as
navigation in maze.
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