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1. Let ξ1, ξ2, . . . be independent with Eξi = 0 and Eξ2

i
= σ2

i
. Let Sn =

∑
n

1
ξi, s2

n
=

∑
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1
σ2

i
.

Show that S2
n
− s2

n
is a martingale.

2. Let Xn be a submartingale. Show that it is a martingale if and only if EXn = EX0 for all n.

3. Let Y1, Y2, . . . , be nonnegative i.i.d. random variables with EY1 = 1. Let Xm =
∏

n≤m
Yn.

(a) Show that Xm is a martingale.

(b) Assume that P (Y1 = 1) < 1. Use the positive supermartingale convergence theorem,

and an argument by contradiction to show that Xm → 0 a.s.

(c) Use the strong law of large numbers on log Yn to arrive at the same conclusion.

4. Give an example of a martingale Xn with Xn → −∞ a.s. Hint: Let Xn = ξ1 + . . .+ ξn, where

the ξi are independent (but not identically distributed) with Eξi = 0.

5. Let Xn be a martingale with X0 = 0 and E(Xn)2 < ∞. Using the fact that (Xn + c)2 is a

submartingale and optimizing over c, show that

P{ max
1≤m≤n

Xm ≥ λ} ≤ EX2

n
/(EX2

n
+ λ2).
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