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The Linear Quadratic problem is defined as follows:

1. Dynamics: xy11 = Ayxy + Byuy + Cywy where w is the control, w is the noise, x € R"

and u € R™. We assume {w,} is i.i.d. and zero mean.

2. Cost: V(zm) =00 o (@l Qury + uf Rywy) + xJTVQN-Tn]

where @Q; > 0 (non-negative), R; > 0 (strictly positive definite).

3. The horizon is N, initial state xg.

With n counting ”steps from 0” the DP algorithm gives

Vn(z) = 27 Qno (0.1)
Vi(z) = muin [xTQt:E + v’ Ryu + E* VtH(xl)] (0.2)
= min [xTth +ul Ryu + E* Vi1 (A + Bou + C’twt)] (0.3)

Theorem 0.1 V; is quadratic in x, i.e. Vi(x) = 2T Kyx + oy for some positive definite K,
and positive oy.
Proof. We use (backward) induction. This is trivial for ¢ = N since Vi (x) «f rTQnr. As-

sume now that Vi,1(x) = 27 K;; 17+ ayy1. By the DP equation and the induction hypothesis



we have that V;(x) equals

= IIluiIl [JITQtl’ + UTRtU + EZ [‘/t-i-l (Atl’ + Btu + tht)]]

= min [.Z'TQtZE + UTRtU + ]E; [(Atx + Btu + C’twt)TKtH (Atx + Btu + C’twt) +a+t+ 1]]

= muin [xTth +ul Ryu + E* [(Atx + Bau)T Ky (A + Btu)ﬂ

+2(tht>TKt+1 (Atl’ + BtU) + (tht>TKt+1tht + Oét_,_l”

= min [.Z'TQtZE + UTRtU + ]E; [(Atx + BtU)TKH_l(AtZE + BtU)] + 0+ O{t]

for some non negative oy, where we obtain the last equation since Ew; = 0, and since

(Cyw;)T Ky Cywy is positive, and therefor its expectation is non negative. So, we have

Vi(x) = muin [[ETQtZE +u Ryu + (A + Bou)" Koy (Avr + Byu) + at} )

To minimize, differentiate with respect to u and set to 0: this gives

Rtu + BtTKH_l (Atl’ + BtU) =0

(0.4)

(0.5)

and since R; is by assumption strictly positive definite and B! K, B; is non-negative, their

sum M = R, + BtT K1 By is invertible and we have
uw* = —(R,+ Bl K, 1B) "B K, 1 Awx
as the minimizer. Substituting back into the equation for V;(x) we have
Vi(z) = 2" Ko + oy
where
K Q,+ AT[K\y1 — Koy BM BT K] Aja
The optimal decision rule at time ¢ is thus

de —
/,Lt(l') :f Ltl’ = _Mt 1BtTKt+1At$

(0.6)

(0.7)

(0.8)

(0.9)

and where K; can be computed recursively via (0.8)—the discrete-time ”Riccati equation”.



